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1 Introdu
tion

It is known that P ⊆ NP ⊆ PSPACE, though neither in
lusion is known to be

stri
t. In this draft we investigate whether the 
ondition

P = NP ⇒ P = PSPACE

holds. Proving this property would render P = NP less likely, as P = PSPACE
looks quite a strong assumption to most resear
hers.

We identify a few su�
ient 
onditions X su
h that, if X holds, then we have

P = NP ⇒ P = PSPACE. We prove that ea
h of them implies P = NP ⇒
P = PSPACE. We also dis
uss the feasibility of ea
hX , and we propose several

ways to try to prove ea
h. Unfortunately, no proof of them is given in this draft.

This do
ument is stru
tured as follows. Our basi
 statement is presented in

the next se
tion, and the feasibility of the �rst proposed 
ondition (in fa
t, a

weaker version) is dis
ussed in Se
tion 3. Three methods to try to prove it are

dis
ussed in Se
tion 4. A di�erent 
ondition is proposed in Se
tion 5, and a


urious 
onsequen
e of the �rst proposed 
ondition is introdu
ed in Se
tion 6.

We present our 
on
lusions in Se
tion 7.

2 Basi
 statement

A Turing ma
hine is de�ned by a tuple M = (S,Σ, Γ, s1, sA, ∆) where S is the

set of states, Σ is the set of input symbols, Γ is the set of tape symbols (Σ ⊆ Γ ),



s1 is the initial state, sA is the a

epting state, and ∆ is the transition set (only

deterministi
 Turing ma
hines will be 
onsidered in this do
ument). We assume

that σ : S ∪ Γ → {0, 1}∗ returns a 
odi�
ation of ea
h symbol in S and Γ
into α = plog2(|S ∪ Γ |)q bits. A 
on�guration of M where M is at state s, the
(non-blank part of) the tape is c1 . . . cv, and the 
ursor is at the i-th position,

is denoted by the sequen
e of bits σ(c1) . . . σ(ci−1)σ(s)σ(ci) . . . σ(cv). Thus, the
initial 
on�guration of M for input x = x1 . . . xn is σ(s1)σ(x1) . . . σ(xn). We

write x ⇒M y if M 
an rea
h a 
on�guration y after 0 or more steps from its

initial 
on�guration σ(s1)σ(x1) . . . σ(xn) (M does not ne
essarily terminate at

y). This initial 
on�guration will be denoted simply by σ(x).
Let Q be a de
ision problem in PSPACE. There exists a deterministi


Turing Ma
hine M ′ = (S′, Σ, Γ, s1, s
′
A, ∆

′) su
h that M ′
solves Q in spa
e

T (n) for some polynomial T . It is trivial to 
onstru
t a new Turing ma
hine

M = (S,Σ, Γ, s1, sA, ∆) from M ′
su
h that M behaves like M ′

, though it erases

the tape after it rea
hes s′A and next stops at the new a

epting state sA. In this

way, we guarantee that M will have a single a

epting 
on�guration σ(sA). Let
us denote this a

epting 
on�guration by cA.

Let us 
ompute the PSPACE problem Q in an alternative way. Given an

input x, the question x ∈ Q? 
an be de
ided in the following way:

1. Constru
t from M and x a 
omputation devi
e 
apable of 
omputing a �nite

boolean fun
tion (e.g. a propositional logi
 formula, a logi
 
ir
uit, a �nite

automaton, a Turing ma
hine, et
) behaving as the next boolean fun
tion

fM,x:

fM,x(y) =

{

1 if x ⇒M y
0 otherwise

Sin
e M operates in polynomial spa
e T (n), we may de�ne fM,x only for

those 
on�gurations �tting into that size. Thus the size of the �nite domain

of fM,x is 2T (n) ∈ O(2n
k

) for some k ∈ IN.

2. If fM,x(cA) = 1 then answer yes else answer no.

Re
all that n is the size of x = x1 . . . xn. Let us introdu
e two 
onditions (a)

and (b) that will be used later to 
onstru
t some of the su�
ient 
onditions X
mentioned in the introdu
tion. It is trivial to see that, if

(a) there exists a polynomial R su
h that step (1) 
an be performed in time

R(n), and
(b) there exists a polynomial P su
h that the 
omputation devi
e 
onstru
ted

in (1) runs in time P (n) for all 
on�gurations whose size is bounded by T (n),

then we 
an solve Q for all x in polynomial time by performing (1) and next (2).

Note that the exe
ution time of the 
onstru
ted 
omputation devi
e imposed

by 
ondition (b) (i.e. P (n)) is de�ned in terms of n (the size of x) rather than
in terms of the size of the input of that 
omputation devi
e (a 
on�guration).

However, the 
on�gurations we are interested in have a size bounded by T (n).



Hen
e, the exe
ution time of the 
omputation devi
e is also (indire
tly) bounded

by some polynomial of the size of its own inputs.

It is also worth pointing out that M is �x for Q, so the 
omplexity of this

pro
edure to solve Q does not depend on the size of M (thus, neither it depends

on the size of S, Σ, Γ , or ∆).

Let us 
onsider the following alternative 
ondition:

(
) there exist polynomials D and P su
h that, for all x, there exists a 
ompu-

tation devi
e 
omputing fM,x whose representation size (e.g. the length of

the propositional formula, the size of the logi
 
ir
uit, the number of states

of the AF or the TM, et
) is D(n), and this 
omputation devi
e runs in time

P (n) for all 
on�gurations whose size is bounded by T (n).

Let us note that the �rst requirement inside (
) (i.e. before and) implies the

se
ond one for some kinds of 
omputation devi
es whi
h always run in polynomial

time with respe
t to the size of their input (e.g. propositional formulas, �nite

automata). Indeed, for 
omputation devi
es running always in polynomial time

with respe
t to the size of their input, there must exist a polynomial P su
h that

P (n) steps are enough to pro
ess any input whose size is bounded by T (n).
The important di�eren
e between 
onsidering 
onditions (a) and (b), or 
on-

sidering the previous 
ondition (
), is that, in the former 
ase, the 
omputation

devi
e is required to be 
omputed in polynomial time, whereas in the latter 
ase

we just require that a polynomial-size 
omputation devi
e exists.

In Se
tion 2.1 we will show that, if (
) holds and P = NP , then (a) and (b)

hold too. Sin
e (a) and (b) allow us solving Q by performing steps (1) and (2)

respe
tively, we infer that, if (
) holds, then Q 
an be solved in polynomial time

provided that P = NP . Let A be the following 
ondition:

A ≡ for all M running in some polynomial space T (n), (c) holds

If A holds, then all problems in PSPACE 
an be solved in polynomial time

provided that P = NP . That is,

(P = NP ∧ A) ⇒ P = PSPACE

Hen
e A is one of the su�
ient 
onditions X mentioned in the introdu
tion.

Sadly, no proof of 
ondition A is given in this draft. The feasibility of 
ondition

A will be dis
ussed later, in Se
tion 3. Possible approa
hes to try to prove (a

weaker version of) it will be presented in Se
tion 4.

Next we prove that (
) and P = NP imply (a) and (b).

2.1 Proving that if (
) and P = NP then (a) and (b)

Sin
e (
) in
ludes (b), (
) trivially implies (b). Let us show that if P = NP and

(
) then (a). The following 
onstru
tion will, by the way, let us dis
over a new

su�
ient 
ondition A′
weaker than A.



How 
an we 
onstru
t, in polynomial time, a model of a (potentially) expo-

nentially long exe
ution of a Turing ma
hine, provided that some polynomial-size

representation of that (potentially) exponential exe
ution exists?

Let us 
onstru
t a fun
tion 
hained that, given a Turing ma
hine M , an

input x for that ma
hine, a 
on�guration c, and a boolean fun
tion f (more

pre
isely, a 
omputation devi
e 
omputing f ; in a notation abuse, both will be


alled f), 
hained(M,x, f, c) returns 1 if fun
tion f ful�lls, at 
on�guration c,
some spe
i�
 ne
essary 
ondition to be a suitable 
andidate to 
ompute fM,x.

In parti
ular, 
hained(M,x, f, c) will 
he
k whether f is well �
hained� to pre-

vious/next 
on�gurations at 
on�guration c a

ording to M , that is, whether

the answer of f to c is 
onsistent with its answer to all possible 
on�gurations

that 
ould happen immediately before c in M , as well as with the answer of f
to the 
on�guration immediately after c a

ording to M . If f says that, when

the initial 
on�guration is x, M eventually traverses c (f(c) = 1), then either

c = σ(x) (it is the initial 
on�guration) or there exists another 
on�guration c′

su
h that f(c′) = 1 and c is rea
hed from c′ in a single step of M . We 
onsider

that previousM (c) denotes the set of 
on�gurations c′ su
h that, a

ording to

the transitions of M , the next 
on�guration after c′ would be c. Similarly, if f
says that c is rea
hed, then either c = cA (the a

epting 
on�guration) or f must

say that the next 
on�guration of M after c is also rea
hed. We 
onsider that

nextM (c) denotes the (single) next 
on�guration after c in M .

Sin
e by 
ondition (
) we will assume that there exists a 
omputation devi
e

that 
omputes fM,x in polynomial time with respe
t to n (the size of x), any
fun
tion f spending a number of steps higher than P (n) for some polynomial P

an be 
onsidered irrelevant for our purposes, so only 
omputations of f for up

to P (n) steps will be 
he
ked in the exe
ution of 
hained. A
tually, hereafter

we will speak about a 
hainedP fun
tion for ea
h polynomial P , rather than

about a single 
hained fun
tion. In the following de�nition of 
hainedP , we will

denote by f(a)≤G(b) ↓ w that, in G(b) steps or less, f �nishes its 
omputation

for input a and returns w.
A

ording to these 
onsiderations, fun
tion 
hainedP is de�ned as follows.

Let us re
all that σ(x) is the initial 
on�guration of M .


hainedP (M,x, f, c) =































1 if

(

f(c)≤P (n) ↓ 0 ∧ c 6= σ(x)
)

∨




f(c)≤P (n) ↓ 1 ∧

(c 6= σ(x) → ∃ c′ ∈ previousM (c) : f(c′)≤P (n) ↓ 1) ∧

(c 6= cA → f(nextM (c))≤P (n) ↓ 1)





0 otherwise

We 
an see that 
hainedP operates in polynomial time with respe
t to the

size of its input (a tuple (M,x, f, c)). All 
alls to fun
tion f are exe
uted for a

number of times (n) whi
h is the size of a part of the input tuple (x). Besides,
let us note that 
omputing previousM (c) just 
onsists in traversing ba
kwards

all transitions that 
ould rea
h 
on�guration c a

ording to M , and the amount

of these transitions is 
onstant with respe
t to n be
ause the size M (and the



size of its transition set ∆) is 
onstant with respe
t to n. Also, nextM (c) returns
a single 
on�guration and is trivial to 
ompute.

We will use fun
tion 
hainedP to �nd a su�
ient (but not ne
essary) 
on-

dition to dete
t that f 6= fM,x: if 
hainedP (M,x, f, c) = 0 for some c whose

size does not ex
eed T (n) then 
learly f does not 
ompute fM,x, be
ause f
does not 
hain 
orre
tly its behavior for some previous/next 
on�guration. Let

us note that, even if 
hainedP (M,x, f, c) = 1 for all of those c, we 
ould have

f 6= fM,x. In parti
ular, there 
ould exist some 
on�gurations c1, . . . , cz su
h

that f(c1) = 1, . . . , f(cz) = 1 but M does not eventually traverse any of these


on�gurations when it re
eives input x. Let c∗ ∈ {c1, . . . , cz}, so c∗ is not eventu-
ally traversed when M re
eives x but we have f(c∗) = 1. Note that, if f returns

1 for some 
on�guration, it is also required to return 1 for some immediately

previous 
on�guration as well as for some immediately subsequent 
on�guration.

By going ba
kwards (a

ording to M transitions) from c∗ through some 
on�gu-

rations c′ with f(c′) = 1, we will never rea
h a 
on�guration c′′ that is eventually
traversed by M from 
on�guration σ(x): If f(c′′) = 1 then f(next(c′′)) = 1 and

so on, so all 
on�gurations in
luded in our previous ba
kwards traversal would

indeed be traversed by M (in
luded c∗, whi
h is 
ontradi
tory). Thus, f(c∗) = 1
is possible only if c∗ is part of a 
y
le of 
onse
utive 
on�gurations su
h that

none of them is a
tually rea
hed by M from σ(x) (but f returns 1 for all of

them). Let us note that M stops at cA (i.e. the single a

eptan
e 
on�guration),

so a 
y
le 
annot in
lude cA, and M 
annot es
ape from a 
y
le be
ause it is

deterministi
. That is, f(cA) = 1 i� M rea
hes cA from x indeed.

This means that any 
omputation devi
e f su
h that 
hainedP (M,x, f, c) =
1 for all 
on�gurations c whose size is under T (n) (re
all that T (n) is an upper

bound of the spa
e used by M for input x) 
an be used in step (2) of the

algorithm shown in the previous se
tion: Even if f in
ludes spurious 
y
les like

those 
ommented before, M a

epts x i� f(cA) = 1. Thus, 
ondition (
) given

in the previous se
tion 
an be relaxed. We do not need that the fun
tion having

the required size and 
omputing in the mentioned time is fM,x indeed. We 
an

also use any fun
tion f ful�lling 
hainedP (M,x, f, c) = 1 for all c within the

required size, even in f 6= fM,x. This enables the following alternative de�nition

of the 
ondition (
) mentioned in the previous se
tion:

(
') there exists polynomials D and P su
h that, for all x, there exists a 
om-

putation devi
e f su
h that its size is equal to or lower than D(n); we have

hainedP (M,x, f, c) = 1 for all c whose size is at most T (n); and f runs in

time P (n) for all c within that size.

This alternative requirement (
') enables the following alternative 
ondi-

tion A′
:

A′ ≡ for all M running in some polynomial space T (n), (c′) holds

In the rest of the se
tion we will show that



(P = NP ∧ A′) ⇒ P = PSPACE

It is easy to see that A implies A′
(as (
) implies (
'), be
ause we 
an take f =

fM,x), so proving the previous statement will also prove the original statement

given in the previous se
tion (the one 
on
erning A instead of A′
).

Before going on with the proof, we brie�y introdu
e two alternative 
onstru
-

tions whi
h 
ould also be used:

(I) It is easy to modify our 
onstru
tion so that only fun
tions without spurious


y
les are allowed by 
hainedP . We just have to 
onsider that 
on�gurations

also in
lude an additional numeri
 parameter denoting the 
urrent number

of step in the exe
ution of M . Note that exe
ution step numbers 
an be

represented in polynomial size: sin
e M runs in polynomial spa
e T (n), its
number of exe
ution steps for any input is at most exponential with T (n)
provided that M does not repeat any 
on�guration and loops forever (the

number of possible 
on�gurations is exponential with T (n)), so just a poly-

nomial number of bits is required to denote any exe
ution step number.

Given a 
on�guration atta
hed to number r, the previous 
on�guration is

ne
essarily atta
hed to number r − 1, and the next one to r + 1. This way,

y
li
 behaviors would not be allowed by 
hainedP .

(II) Let us 
onsider again that spurious 
y
les are allowed. Without loss of gen-

erality, we 
ould modify M so that, when it rea
hes cA, it does not stop

but it writes the initial 
on�guration on the tape and goes ba
k to state s1.
That is, it would go ba
k from cA to σ(x), so a path from the initial 
on�g-

uration towards a

eptation would also be within a 
y
le. In this 
ase, only

fun
tions f that represent a set of exe
ution 
y
les (and nothing else) 
ould

ful�ll 
hainedP (M,x, f, c) = 1 for all c. Still, any fun
tion f ful�lling that


ondition would also be valid for step (2) of our algorithm: sin
e cA leads to

σ(x), cA 
an belong to a 
y
le only if σ(x) also leads to cA. Thus we would
also have f(cA) = 1 i� M a

epts x.

Next we resume the proof. Let us 
onsider the following set:

GP,T =

{

(M,x, f)

∣

∣

∣

∣

∃ c : (the representation size of c is ≤ T (n) ∧

hainedP (M,x, f, c) = 0)

}

GP,T 
onsists of all triples (M,x, f) su
h that f �breaks� the exe
ution 
hain

at some point (i.e. we have 
hainedP (M,x, f, c) = 0 for some c whose size is

under the required threshold T (n)).
Let us show that GP,T ∈ NP . Given a triple (M,x, f), a non-deterministi


Turing ma
hine (NDTM) 
an determine in polynomial time whether (M,x, f) ∈
GP,T holds as follows. First, it non-deterministi
ally generates any c whose rep-
resentation size is under T (n). Next, it deterministi
ally 
he
ks whether we

have 
hainedP (M,x, f, c) = 0, whi
h requires polynomial time. Thus, this non-

deterministi
 algorithm determines in polynomial time whether (M,x, f) ∈ GP,T

holds.



Sin
e we are assuming P = NP , we have NP = co−NP , so the set

GP,T =

{

(M,x, f)

∣

∣

∣

∣

∀ c : (the representation size of c is ≤ T (n) →

hainedP (M,x, f, c) = 1)

}

also belongs to NP . Sin
e P = NP , we dedu
e GP,T ∈ P .

Let us 
onsider the following set:

HP,T =







(M,x, f, s)

∣

∣

∣

∣

∣

∣

(M,x, f) ∈ GP,T ∧
the bit sequence representing f is

lexicographically lower than the bit sequence s







We have HP,T ∈ P be
ause GP,T ∈ P and the se
ond 
ondition 
an also be


he
ked in polynomial time.

Thus, the set

WP,D,T =

{

(M,x, s)

∣

∣

∣

∣

∃ f : (the representation size of f is ≤ D(n) ∧
(M,x, f, s) ∈ HP,T )

}

belongs to NP : A NDTM just has to non-deterministi
ally generate any f
whose representation size is underD(n) and next deterministi
ally 
he
k whether

(M,x, f, s) ∈ HP,T holds, whi
h 
an be done in polynomial time.

Sin
e P = NP , we also have WP,D,T ∈ P . Thus, the problem of 
he
king

whether there exists f su
h that its size is at most D(n), f is lexi
ographi
ally

lower than a given bit string s, and f is valid for our purposes (i.e. (M,x, f) ∈
GP,T ) 
an be determined in polynomial time.

A

ording to that property of WP,D,T , we 
on
lude that the step (1) of the

algorithm proposed in the previous se
tion 
an be solved in polynomial time by

operating as follows. Given M and x, we perform a binary sear
h to �nd some

f ful�lling (M,x, f) ∈ GP,T , and this is done by performing several 
alls to

the pro
edure solving (M,x, s) ∈ WP,D,T with di�erent values of s. We start by

setting s to the midpoint of the set of possible values of f , and next we iteratively


all (M,x, s) ∈ WP,D,T and set s to the midpoint of one half of the range or

another, depending on whether (M,x, s) ∈ WP,D,T holds or not. The number of


alls to the pro
edure 
he
king (M,x, s) ∈ WP,D,T is polynomial and ea
h 
all

requires polynomial time, so fun
tion f is found in polynomial time �provided

that it exists.

By assumption (
'), f a
tually exists, so step (1) su

eeds.

After we get f in step (1), we 
he
k whether f(cA) = 1 holds, whi
h tells us

if x ∈ Q in polynomial time.

Thus, the previous pro
edure allows us to de
ide, in polynomial time, any

problem in PSPACE provided that the required 
onditions hold.



3 Dis
ussion on the feasibility of 
ondition A′

In this se
tion we dis
uss the feasibility of 
onditions A and A′
. Sin
e A′

is

weaker than A, only A′
will be mentioned hereafter. Arguments given in this

se
tion in favor or against A′
will be arguable, sometimes vague, and generally

weak.

First, let us note that A′
would be trivially met if only one of the two 
on-

ditions imposed in (c′) were required. On the one hand, we 
an 
onstru
t a


onstant-size 
omputation devi
e f that tells us whether M traverses any 
on-

�guration c when it re
eives x, though it 
an take exponential time to de
ide:

We just have to simulate M and 
he
k whether c is traversed. On the other

hand, we 
an 
onstru
t an exponential-size 
omputation devi
e f that tells us,

in polynomial time, whether M traverses c: f is 
onstru
ted as a binary de
i-

sion tree where ea
h ea
h path from the root to a leaf denotes ea
h possible


on�guration of size T (n), and leaves say yes or not depending on whether that


on�guration is traversed by M from x. An exe
ution of f 
onsists in following

the path representing the sele
ted 
on�guration from the root to a leaf (T (n)
steps) and providing the answer in the leaf. Thus, we 
an trivially ful�ll either

one polynomial boundary imposed by (c′) alone, or the other one alone (more-

over, the �rst one 
an be made 
onstant, far under the polynomial requirement).

The following question arises: Can both polynomial limits be met together?

Let us note that most of boolean fun
tions 
annot be represented by a se-

quen
e of bits of polynomial size with respe
t to the size of the input [6℄, no

matter how we 
odify these sequen
es of bits (or whether they represent Turing

Ma
hines, Finite Automata, formulas of propositional logi
, logi
 
ir
uits, et
).

If we 
onsider boolean fun
tions that re
eive n bits and return 1 bit, then there

exist 22
n

of them, and uniquely identifying them with a binary 
ode requires

log2(2
2n) = 2n bits if all of them are identi�ed with the same number of bits.

Alternatively, we 
ould assign shorter 
odes to some of them, but just a few. For

instan
e, we 
an 
odify 2n
k

fun
tions with only log2(2
nk

) = nk
bits, but then

the ratio of boolean fun
tions we 
an represent with su
h polynomial size would

be only

2n
k

22n
. That is, only a few fun
tions 
an be assigned polynomial-size 
odes.

This looks to be bad news for property A′
, whi
h requires representing, with

a polynomial-size 
ode, the boolean fun
tion identifying all 
on�gurations tra-

versed by a Turing ma
hine for a given input. However, let us note that the set

of traversed 
on�gurations is not any kind of set, but it is 
onstrained by the

Turing ma
hine under 
onsideration. In parti
ular, traversed 
on�gurations are

ne
essarily linked with ea
h other as the ma
hine transitions de�ne: if a 
on�g-

uration is rea
hed, then some previous one, as well as the next one, are rea
hed.

This requirement strongly 
onstrains the form of boolean fun
tions under 
on-

sideration.

However, the most obvious 
onstraint imposed by the Turing ma
hine is the

fa
t that the size of the Turing ma
hine is 
onstant with respe
t to the size of the

input x. Let p, n ∈ IN. Let J be the set of all pairs (M,x) where M is a Turing

ma
hine with p states and x is an input with n bits. Can the set of boolean



fun
tions identifying all 
on�gurations traversed by all pairs (M,x) ∈ J 
ontain

all boolean fun
tions from n bits into 1 bit (i.e. 22
n

fun
tions)? Though it might

be possible if p is mu
h higher than n, we just have to 
onsider a higher n to

make it impossible. Re
all that property A′
is de�ned in asymptoti
 terms with

respe
t to n, so let us 
onsider it in that way. The size ofM is 
onstant with n so,

in asymptoti
 terms, a pair (M,x) ∈ J 
an represent only up to O(2n) di�erent
boolean fun
tions (there are 2n possible inputs x with size n, and at most we

have a di�erent fun
tion for ea
h of them, so up to 2n di�erent fun
tions 
an be

denoted). That is, for inputs of size n, there are 2n possible boolean fun
tions to


onsider in asymptoti
 terms, rather than 22
n

. If there are only 2n fun
tions to

be represented, then all of them 
ould be identi�ed with some polynomial-size


ode a

ording to some 
odi�
ation. The intuitive idea is that the �simpli
ity�

of the set of 
on�gurations traversed by a Turing ma
hine arises asymptoti
ally,

when we 
onsider big inputs.

Unfortunately, there are several in
ompatible notions of simpli
ity: something

that is simple for a given representation system might be 
omplex for another.

For instan
e, it is known that the parity fun
tion 
annot be 
omputed with a logi



ir
uit with O(1) depth and polynomial size [4℄. This means, in parti
ular, that

the parity 
annot be 
omputed by a polynomial-size DNF or CNF, whi
h 
ould

be surprising at a �rst glan
e due to the simpli
ity of su
h fun
tion. However, a

trivial Finite Automaton with just two states 
omputes the parity. Thus, several

notions of simpli
ity 
ould be mutually in
ompatible, and the kind of simpli
ity

required by property A′

ould not be met, even asymptoti
ally.

Another possible argument in this dis
ussion is that many 
lassi
 Com-

putability and Complexity results dire
tly or indire
tly show us that, if you

want to know what a Turing ma
hine will do in the next n steps, then in general

you have to exe
ute/simulate these n steps, there are no short
uts. For instan
e,

dis
overing that a program will not halt essentially requires simulating it for-

ever. However, the algorithm (1)-(2) given in Se
tion 2 would allow us to know,

in polynomial time, what a Turing ma
hine will do in (potentially) exponential

time. So, if A′
were true, then we would have a way to �
heat� and infer, in k

steps, what will happen in n > k steps.

Let us note that our 
onstru
tion does not prove that we 
an 
heat like this

provided that A′
holds. It just proves that we 
ould 
heat like this provided that

we have A′
and P = NP . If P 6= NP were true (as most resear
hers think) then

su
h a way of 
heating would be impossible, whi
h mat
hes our natural intuition

indeed.

Let us 
ompare property A′
with some requirements related to Cir
uit Com-

plexity 
lasses. Typi
ally, Cir
uit Complexity 
lasses require that there exists

a Turing ma
hine that, given the size of the input to be solved, 
onstru
ts the

�nite 
ir
uit solving the problem for all inputs of ea
h size. Thus, if we want to

solve a problem for an input of size n, �rst our Turing ma
hine produ
es a 
ir
uit

that is suitable for inputs of that size, and next the 
ir
uit is used to solve the

problem. If polynomial-time or logspa
e uniformity is required, then the Turing

ma
hine 
onstru
ting these 
ir
uits is required to 
onstru
t that 
ir
uit in poly-



nomial time or logarithmi
 spa
e, respe
tively. However, our property A′
does

not require that a 
omputation devi
e f ful�lling 
hainedP (M,x, f, c) for all c
of some size 
an be 
omputed in some required time or spa
e. It just requires

that the 
omputation devi
e (Turing ma
hine, propositional formula, et
) exists,

whi
h is quite a weaker requirement.

4 Dis
ussion: ideas to try to prove A′

In this se
tion we dis
uss possible ways to prove A′
. All of these ideas are very

spe
ulative.

We 
onsider the following possibilities:

(a) The de�nition of 
hainedP shows the kind of requirement that has to be

preserved by f in order to be 
orre
t. For ea
h Turing ma
hine M , we 
an

de�ne this requirement as a fun
tional equation where the de�nition of fun
-

tion f is given as a propositional logi
 expression depending on the value of

itself for other parameters (those denoting previous and next 
on�gurations

a

ording to M). Could �x point evaluation te
hniques be used to �nd the

parti
ular form of any fun
tion f ful�lling this kind of fun
tional equations,

and show that this form will always be able to be simpli�ed up to a poly-

nomial size? If so, property A′
would hold, as propositional logi
 formulas


an always be evaluated into true or false in polynomial time with respe
t

to their size.

(b) Turing ma
hines 
an be easily simulated by one-dimension 
ellular automata

(CA). The state of ea
h 
ell in a CA at time t + 1 is de�ned by a boolean

fun
tion depending on a 
onstant number of neighbor 
ells at time t, and all


ells have the same boolean fun
tion de�ned in terms of its lo
al neighbors.

If we want to simulate a TM with a CA, we may 
onstru
t a spe
i�
 CA for

the TM, or we may use a universal CA to simulate any TM (e.g. the universal

automaton 110 [2, 5℄, where the boolean fun
tion of all 
ells depends only on

the 
urrent value of the 
ell and its two adja
ent neighbors). Let us 
onsider

a CA that simulates a TM working in nk
spa
e. In ea
h transition of the

CA from time t to time t+ 1, some fun
tion f , from nk
bits into nk

bits, is

applied to all 
ells. Thus, if x is the initial state of all 
ells, then the state of

the CA after simulating z TM steps is f ◦f ◦. . .◦f(x) = fz(x). Moreover, the

fun
tion we apply at ea
h step, f , is the result of applying the same O(1)-size
lo
al boolean fun
tion to all 
ells in the tape, so the 
omputation of a CA

is the result of applying some simple O(1)-size logi
 
ir
uit symmetri
ally

both in spa
e and time. Could this pe
uliarity imply that the set 
onsisting

of x, f(x), f2(x), . . . , f2n
k

(x) (i.e. the set of all 
on�gurations traversed by

the original TM for input x) 
an always be simpli�ed into a polynomial-size

representation? If so, A′
would hold.

(
) If we view fun
tion f as an nk
-
ube where vertexes denote 
on�gurations,

then transitions from a 
on�guration to another 
an be viewed as ve
tors in

this nk
-
ube spa
e. All vertexes have a single outgoing ve
tor (i.e. they lead



M to another single 
on�guration), so we 
an view the whole pi
ture as a

ve
tor �eld. Sin
e there exist O(1) transitions in the transition set ∆ of M ,

all ve
tors in the nk
-
ube �t into one of O(1) kinds. Let us suppose that a

transition of M says how M must 
hange when M is at state s4 and the

tape symbol pointed by the 
ursor is 1. Let us suppose that 
on�guration

substring 1011 means �the state is s4 and the 
ursor is here� whereas 0100
means �the symbol here is 1.� A

ording to the notation for 
on�gurations

proposed at the beginning of Se
tion 2, the 
ursor is lo
ated at the symbol to

the right of the 
on�guration substring denoting the state, so this transition

will be triggered for any 
on�guration 
ontaining the 10110100 substring.

In parti
ular, any 
on�guration where this substring is 
ontained (at any

lo
ation) will rea
t in the same way.

Hen
e we have this pattern of �simpli
ity� or �repetitiveness� in the ve
tor

�eld. Could it make the nk
-
ube have a polynomial number of nk′

-
ubes,

with k′ < k, su
h that all vertexes denoting traversed 
on�gurations (or


on�gurations within spurious 
y
les, as explained in Se
tion 2.1) are in-


luded in one of them? Let us note that ea
h nk′

-
ube within the nk
-
ube


an be represented by a 
onjun
tive term. For instan
e, the 
ube where x1 is

true, x4 is false, and x7 is true is denoted by the term x1 ∧ ¬x4 ∧ x7. This

term denotes all vertexes ful�lling that 
ondition regardless of their values

for x2, x3, x5, et
. A propositional formula returning 1 exa
tly for all 
on-

�gurations belonging to some of these nk′

-
ubes 
ould be 
onstru
ted just

by forming the disjun
tion of all of those terms. That is, the resulting DNF

would 
ompute f . If the number of 
onjun
tive terms in f (i.e. the number of

nk′

-
ubes) is polynomial, then this DNF has polynomial size (and, trivially,

f 
ould be 
omputed in polynomial time).

The fa
t that we 
an 
hoose whether ea
h spurious 
y
le is in
luded in f or

not (they are unne
essary but harmless) adds some �exibility to pi
k these

nk′

-
ubes. Moreover, some spurious transitions (i.e. transitions that do not


hange the behavior of M for x) 
ould be arti�
ially added to add even more

�exibility.

So far we have not 
onsidered any approa
h to proveA′
where f is represented

by a Turing ma
hine running in polynomial time (rather than by logi
 
ir
uits

or propositional formulas, as in ideas (a), (b), and (
)). Reasoning about what


an be done (or not) with Turing ma
hines whose size (e.g. number of states)

is under some given threshold is typi
ally hard. Maybe some diagonalization

argument 
ould work here?

The Kolmogorov 
omplexity studies problems in terms of the size of the pro-

grams that solve them, and some time-bounded Kolmogorov 
omplexity notions

have been proposed, in
luding polynomial-time ones (see e.g. [3℄). Unfortunately,

to the best of our knowledge there is no result 
on
erning, spe
i�
ally, the Kol-

mogorov 
omplexity of polynomial-time Turing ma
hines that identify the �nite

set of 
on�gurations traversed by some polynomial-spa
e Turing ma
hine for

some input. Anyway, we hope a deeper study of the literature on this �eld 
ould

provide some hints for fa
ing our problem.



5 A di�erent approa
h: dealing with a PSPACE-


omplete problem

In this se
tion we 
onsider a very di�erent approa
h to �nd a su�
ient 
on-

dition for P = NP ⇒ P = PSPACE. Rather than generi
ally 
onsidering

any PSPACE problem, we will fo
us on a spe
i�
 PSPACE-
omplete prob-

lem. In parti
ular, we will show a property su
h that, if it holds, then some

PSPACE-
omplete problem 
ould be solved in polynomial time provided that

P = NP holds. Sin
e all PSPACE problems 
an be polynomially redu
ed into

any PSPACE-
omplete problem, this would prove P = PSPACE.

Let us 
onsider the TQBF problem (true quanti�ed boolean fun
tion prob-

lem). This PSPACE-
omplete de
ision problem is de�ned as follows. Let ϕ
be a propositional logi
 formula over propositional symbols x1, . . . , xn. Let us


onsider the following expression:

Q1x1Q2x2Q3x3Q4x4 . . .Qkxk ϕ

where Qi ∈ {∀, ∃} and quanti�ers ∀ and ∃ stri
tly alternate through the se-

quen
e Q1, . . . , Qk. If we have a fully quanti�ed expression (i.e. there are no free

variables) then we will say that we have a QBF formula.

TQBF is the set of QBF expressions that evaluate to ⊤. Thus, solving TQBF

onsists in 
he
king whether the given expression is equivalent to ⊤ or ⊥. Sin
e
all variables are quanti�ed, all expressions must be equivalent to either ⊤ or ⊥.

A straightforward way to evaluate expressions like those 
onsists in iteratively

getting rid of quanti�ers, from the last one to the �rst one, by performing the

following repla
ements:

∀x ϕ ≡ ϕ[x/⊤] ∧ ϕ[x/⊥]

∃x ϕ ≡ ϕ[x/⊤] ∨ ϕ[x/⊥]

This method doubles the size of the resulting formula at ea
h step, so the

formula grows exponentially. However, when the last quanti�er is removed, the

expression has no variables and it is equivalent to either ⊤ or ⊥.
Let γ be a QBF expression and let n be its size. Let qγ < n denote the number

of quanti�ers in γ. Let us suppose that we evaluate γ as proposed before, though

the propositional part of the QBF resulting after ea
h repla
ement is simpli�ed

up to its minimal form before performing the next repla
ement. We denote by

sγ1 , . . . , s
γ
qγ

the sizes of the (simpli�ed) propositional parts of the formula after

the �rst repla
ement, the se
ond one, . . . , and the qγ−th one, respe
tively.

We introdu
e the following 
ondition:

B ≡ there exists a polynomial P such that,
for all QBF γ, sγi ≤ P (n) for all 1 ≤ i ≤ qγ

Let us show that:

(P = NP ∧ B) ⇒ P = PSPACE



If property B holds, then we 
an infer whether QBF is ⊤ or ⊥ in polynomial

time provided that we 
an simplify propositional formulas in polynomial time. By

simplifying the QBF expression after getting rid of ea
h quanti�er, the size of the

resulting formula always remains polynomial. This operation has to be repeated

a linear number of times, be
ause there is a linear number of quanti�ers in the

formula (qγ 
annot be higher than n). Thus the whole pro
ess takes polynomial

time.

Let us suppose P = NP . Simplifying boolean fun
tions is an Σp
2 problem (in

fa
t, it is Σp
2 -
omplete under Turing redu
tions [1℄). Sin
e the whole polynomial

hierar
hy would 
ollapse if P = NP , we know that P = NP implies that

propositional formulas 
an be simpli�ed in polynomial time.

We infer (P = NP ∧ B) ⇒ P = PSPACE.

Do we have any intuitive reason to suspe
t that B holds? Rather than ad-

dressing this issue from a general point of view, let us 
onsider a parti
ular 
ase

of QBF.

Any QBF instan
e 
an be polynomially redu
ed into an equivalent QBF

where the propositional part (ϕ) is given, in parti
ular, in CNF [7℄. Let us see

what happens in the evaluation of a QBF when ϕ is given in CNF.

Given a set S of 
lauses, we denote by Sx the subset of 
lauses of S where

the x literal appears, by S¬x the subset of 
lauses of S where ¬x appears, and

by S[x] the subset of 
lauses of S where neither x nor ¬x appear. If c is a 
lause,

we denote by c[x] the result of removing any appearan
e of x at 
lause c. For
instan
e, (x1 ∨ ¬x2 ∨ x3)[x2] = (x1 ∨ x3).

Let S be the set of 
lauses in ϕ. We have:

∃ x ϕ ≡ ϕ[x/⊤] ∨ ϕ[x/⊥] ≡
(
∧

c∈S[x]
c ∧

∧

c∈S¬x
c[x]) ∨ (

∧

c∈S[x]
c ∧

∧

c∈Sx
c[x]) ≡

∧

c∈S[x]
c ∧ (

∧

c∈S¬x
c[x] ∨

∧

c∈Sx
c[x])

∀ x ϕ ≡ ϕ[x/⊤] ∧ ϕ[x/⊥] ≡
(
∧

c∈S[x]
c ∧

∧

c∈S¬x
c[x]) ∧ (

∧

c∈S[x]
c ∧

∧

c∈Sx
c[x]) ≡

∧

c∈S[x]
c ∧

∧

c∈S¬x
c[x] ∧

∧

c∈Sx
c[x]

Let us note that the size of ∀ x ϕ is not lower than the size of the ex-

pression it turns into, that is

∧

c∈S[x]
c ∧

∧

c∈Sx
c[x] ∧

∧

c∈S¬x
c[x]. Even if

the same number of 
lauses appear, some of them 
ould be shorter. Thus, the

only risk to in
rease the formula size is due to the repla
ement of ∃ x ϕ by

∧

c∈S[x]
c ∧ (

∧

c∈Sx
c[x] ∨

∧

c∈S¬x
c[x]). If we apply the distributive law to sub-

formula (
∧

c∈Sx
c[x] ∨

∧

c∈S¬x
c[x]) to 
onvert it ba
k into a CNF, in general the

number of 
lauses grows quadrati
ally with respe
t to the size of this subformula.

The new 
lauses 
reated by the appli
ation of the distributive law to that

subformula (ea
h 
lause has up to double size) 
annot 
ontain a literal and its

negated literal: in this 
ase, the whole 
lause is trivially true and 
an be elimi-

nated from the 
onjun
tion of 
lauses. Also, after all new 
lauses are deployed,



we 
ould mat
h some pairs of 
lauses following the form (ϕ1 ∨ x) and (ϕ1 ∨ ¬x).
In this 
ase, both of them 
ould be repla
ed by a single 
lause ϕ1.

It is easy to 
reate QBF expressions where, during the elimination of the �rst

quanti�ers, the quadrati
 expansion due to the appli
ation of the distributive

law at ∃ eliminations 
learly surpasses the simpli�
ations produ
ed later in ∃
eliminations or in all ∀ eliminations. If this tenden
y is kept during many of

these eliminations, then the size of the QBF will trivially grow exponentially.

However, in some examples developed by hand we observed that the number

of available simpli�
ations also grows fast during the elimination of the �rst

quanti�ers. Could it happen that the �redu
tion for
e� begins to surpass the

�expansion for
e� before the formula has rea
hed an exponential growth? Let us

note that simpli�
ations always win: eventually, the formula will be either ⊤ or

⊥. However, when do they begin to win? Do they do so before the expression


an rea
h an exponential size?

If P = NP then propositional formulas 
an be simpli�ed in polynomial time.

This also applies to restri
ted subsets of propositional formulas, su
h as CNF

and DNF. Thus, if the simpli�
ation for
e surpasses the expansion for
e before

the QBF grows exponentially then, by iteratively getting rid of ea
h quanti�er

and next simplifying the resulting formula (in polynomial time due to P = NP ),
we 
ould solve the TQBF problem in polynomial time, so P = PSPACE.

5.1 Possible methods to study property B

Performing 
omputer experiments to empiri
ally 
he
k property A′
, given in Se
-

tion 2.1, looks like a quite di�
ult goal. First, it requires pi
king Turing ma
hines

working in polynomial spa
e (and so perhaps in exponential time) and run them

for some inputs. Colle
ting all 
on�gurations traversed by one of these Turing

ma
hines for some input requires 
olle
ting a potentially exponential number of


on�gurations. After these 
on�gurations are 
olle
ted, we have to 
he
k whether

a polynomial-size 
omputation devi
e representing them, and running in polyno-

mial time, exists. For instan
e, we 
an represent them by a propositional formula,

whi
h obviously runs in polynomial time with respe
t to its size. In this 
ase,

�nding a polynomial-size representation 
onsists in simplifying a propositional

formula that extensionally 
overs all traversed 
on�gurations. Let us note that

the latter 
an be 
onstru
ted just as a DNF 
ontaining a 
onjun
tive term for

ea
h 
on�guration traversed by the Turing ma
hine. Simplifying that extensional

expression 
onsists in solving an exponential-time problem (the best known sim-

pli�
ation algorithms are exponential) for a DNF of exponential size. So the

whole method would be doubly exponential! The di�
ulty is even higher if we

also wish to 
he
k if the simpli�
ation works better under the presen
e/absen
e

of some spurious 
y
les or some spurious harmless additional transitions.

On the 
ontrary, performing similar experiments for empiri
ally 
he
king

property B looks mu
h easier. The method proposed in Se
tion 5 to solve TQBF


onsists in applying a new simpli�
ation after we get rid of ea
h quanti�er.

Sin
e the number of quanti�ers is linear with the size of the QBF formula, an

exponential problem (simpli�
ation) has to be solved a linear number of times.



This makes this goal easier, so bigger instan
es 
ould be analyzed. Thus, our

�rst step will be performing an experiment to empiri
ally 
he
k B for a large

number of 
ases.

If experiments show that B holds for many 
ases, we would try to prove it.

A possible method to do so would be developing a formal model of the expan-

sion and 
ontra
tion for
es of the QBF during the pro
ess where quanti�ers are

eliminated, and �nding out a kind of invariant of the size of the simpli�ed QBF

along time.

6 A pi
turesque 
onsequen
e of A′

Let us brie�y present a 
urious 
onsequen
e of property A′
.

In Se
tion 2.1 we saw that if A′
holds then, for all TM M running in poly-

nomial spa
e and all input x, there exists a polynomial-size 
omputation devi
e

that is well 
hained with respe
t to M and runs in polynomial time. That is, A′

enables the existen
e of a small and fast well-
hained 
omputation devi
e for M
and ea
h spe
i�
 input x. Next we show that there also exists a small and fast

well 
hained 
omputation devi
e for M and all inputs of some size, that is, one

simultaneously dealing with all inputs of some size.

Let M be a Turing ma
hine operating in polynomial spa
e. For the sake of

simpli
ity, let us assume that inputs of M are binary sequen
es, i.e. strings in

{0, 1}∗. Let sA be the (single) a

epting state ofM . Without loss of generality, we

also assume that it also has a single reje
ting state sR (if not, we 
an modify M
so that all 
ombinations of state and symbol tape where M would stop a
tually

lead to sR, where next it really stops).

Let us modify M to make it pro
ess all inputs of some size in a single ex-

e
ution. At the initial state of M , we introdu
e new transitions to make it im-

mediately 
opy the input somewhere else in the tape (we assume that the orig-

inal ma
hine M never rea
hes the area where it is 
opied). Next, the ma
hine

goes ba
k to the beginning of the original input and rea
hes the original initial

state s1.

Besides, we also add other transitions so that, when M rea
hes sA, it erases
all the tape ex
ept the input 
opy mentioned in the previous paragraph, goes

to the left boundary of that 
opy, and rea
hes a new state s′A. Next, it adds 1
to that sequen
e, 
opies the resulting sequen
e into the area where M originally

re
eived its input, points to the �rst symbol of that new 
opy, and rea
hes s1.

We do similarly with the reje
ting state sR: we add new transitions so that,

when M rea
hes sR, it also erases all the tape ex
ept the input 
opy, rea
hes

the left boundary of the 
opy, and then rea
hes a new state s′R. Next it adds 1
to the input 
opy, 
opies it at the original working area of M , points to the �rst

symbol of that new 
opy, and rea
hes state s1.

Let m ∈ IN. We also modify M so that, when it adds 1 to the input 
opy, it


he
ks whether the 
opy is higher than m. If so then, instead of 
opying it and

going ba
k to s1 again, it just stops.



Let M ′
be the resulting new Turing ma
hine after introdu
ing all of these


hanges. We 
an see that M ′
iteratively simulates M for all inputs from its

original input up to m. Let us 
onsider m = 1 . . . 1 (n 1s), and let us 
all M
with input 0 . . . 0 (n 0s). For ea
h possible input of size n, M ′

eventually rea
hes

a 
on�guration where the tape only 
ontains a sequen
e y, the 
ursor is at the

left boundary of y, and the state is s′A i� M a

epts y. Similarly, it eventually

rea
hes a 
on�guration where the tape 
ontains only sequen
e y, the 
ursor is

at the left boundary of y, and the state is s′R i� M reje
ts y.

Let us note that M ′
operates in polynomial spa
e with respe
t to n: for ea
h

sequen
e y of length n, it exe
utes M for input y, whi
h runs in polynomial

spa
e with respe
t to n. The only additional spa
e used by M ′
whi
h was not

used by M is the spa
e used to keep the 
opy of the 
urrent input (whose size

is n). Thus, M ′
runs in polynomial spa
e.

Sin
e propertyA′
applies to any Turing ma
hine running in polynomial spa
e,

it also applies to M ′
. Thus, if A′

and P = NP , then we have an alternative

method that lets us know, in polynomial time, whether the original Turing ma-


hine M a

epts any input y of size n. We just have to �nd the well-
hained

polynomial-size polynomial-exe
ution-time fun
tion f for ma
hine M ′
and in-

put 0 . . . 0 as des
ribed in Se
tion 2.1, and next 
all f for a 
on�guration denoting

that y is on the tape, the 
ursor is at its left boundary, and the state is s′A. We

have that f returns 1 i� M a

epts y. The di�eren
e of this method with respe
t

to the method given in Se
tion 2 is that, after f is found, we 
an use it for all

inputs of the sele
ted size, that is, we do not need to �nd a di�erent fun
tion f
for ea
h input of that size.

Let us note that, even if P 6= NP , A′
implies that su
h a fun
tion f exists

for ea
h size n. That is, for any PSPACE problem, if A′
holds then there exists

a fast and small 
omputation devi
e that solves the problem for all inputs of a

given size n, even if P 6= NP . Provided that we already had f , we 
ould use it

to qui
kly solve any instan
e of size n.

7 Con
lusions

In this draft we have presented some properties that imply P = NP ⇒ P =
PSPACE. As far as we known, neither A′

implies B nor the other way around,

so the failure of one of them would not imply the failure of the other.

If our 
urrent ideas to prove A′
and B remain stu
k and we la
k new ideas

to do so, our next step will be performing the experiment about B whi
h was

mentioned in Se
tion 5.1.
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