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The Nash problem for surfaces

By JaviEr FERNANDEZ DE BoBADILLA and Maria PE PEREIRA

Abstract

We prove that Nash mapping is bijective for any surface defined over an
algebraically closed field of characteristic (.

1. Introduction

The Nash problem [18] was formulated in the sixties (but published later)
in the attempt to understand the relation between the structure of resolution
of singularities of an algebraic variety X over a field of characteristic (0 and
the space of arcs (germs of parametrized curves) in the variety. He proved
that the space of arcs centered at the singular locus (endowed with an infinite-
dimensional algebraic variety strueture) has finitely many irreducible compo-
nents and proposed to study the relation of these components with the essential
irredueible components of the exceptional set of a resolution of singularities.

An irreducible component E; of the exceptional divisor of a resolution
of singularities is called essential if given any other resolution, the birational
transform of Ej to the second resolution is an irreducible component of the
exceptional divisor. Nash defined a mapping from the set of irreducible com-
ponents of the space of arcs centered at the singular locus to the set of essential
components of a resolution as follows. To each component W of the space of
arcs centered at the singular locus he assigned the unique component of the
exceptional set which meets the lifting of a generic arc of W to the resolution.
Nash established the injectivity of this mapping. For the case of surfaces, it
seemed plausible for him that the mapping is also surjective, and he posed the
problem as an open question. He also proposed to study the mapping in the
higher dimensional case. Nash resolved the question positively for the surface
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1. Introduction

In this paper we investigate the Weil-Petersson volume of the moduli
space of curves with marked points. We develop a method for integrat-
ing geometric functions over the moduli space of curves, and obtain an
effective recursive formula for the volume V. (Ly, ..., Ly) of the moduli
space My (L), ... . Ly) of hyperbolic Riemann surfaces of genus g with
n geodesic boundary components. We show that V, ,(L) is a polynomial
whose coefficients are rational multiples of powers of . The constant term
of the polynomial V, (L) is the Weil-Petersson volume of the moduli space
of closed surfaces of genus g with n marked points.

Volume of the moduli space of curves. When studying volumes of moduli
spaces of hyperbolic Riemann surfaces with cusps, it proves fruitful to con-
sider more generally bordered hyperbolic Riemann surfaces with geodesic
boundary components. Given L = (Ly,... . L) € (R=g)", the mapping
class group Mod, , acts on the Teichmiiller space T, ,(L) of hyperbolic
structures with geodesic boundary components of length Ly, ..., L,. We
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1. Introduction

Ome of the basic aims of this paper is to study the relationship between the
geometry of “hypersurface like” subsets of Euclidean space and the properties
of the measures they support. In this context we show that certain doubling
propertiss of a measure determine the geometry of s support. A Radon
measure 15 said to be doubling with constant O if © times the measure of
the ball of radivs r centered on the support 15 greater than the measure of
the ball of radins 2r and the same center. We prove that if the doubling
constant of a measure on R™ s close to the doubling constant of the n-
dimensional Lebesgue measure then its support is well approdmated by n-
dimensional affine spaces, provided that the support is relatively Hat to start
with. Primarily we consider sets which are boundaries of domains in Rt
The n-dimensional Hausdorff measure may not be defined on the boundary of
a domain in R*. Thus we turm our attention to the harmonie measure which
is well behaved under minor assumptions (see Section 3). We obtain a new
characterization of locally flat domatns in terms of the doubling properties
of their harmonic measure (see Section ). Along these lnes we investigate
how the “weak” regularty of the Poisson kernel of a domain determines the
peometry of its boundary, Sections 5 and 6 pursue this goal, as in Alt and
Caffarelli's work (see [AC], [C1], [C2]), and also Jerison's [J]. In both cases the
goal is to prove that, under the appropriate technical conditions at “Hat points™
of the boundary, the oscillation of the Polsson kemmel controls the oscillation
of the unit normal vector. The difference between our work and the work in
[AC] s that we measure the oseillation in an integral sense [BMO estimates)
while they do so in a pointwise sense (Holder estimates).

In [KT1] we studied a boundary regularity problem. Namely, we proved
that if the boundary of & domain 3 C R™ can be well approximated by
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