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Abstract

In endogenous growth settings, long-run growth effectsraportant for welfare,
but they should not be the only consideration for policy eatibn. In this paper,
welfare effects along the first periods of the transitiohoiwing a fiscal policy reform
are found to be of opposite sign to long-run effects. Hengly tharacterizing the
transitional dynamics is crucial when characterizing tfieats of downsizing public
investment, an important fiscal policy issue in industziedi economies.

Starting from a standard fiscal position and a benchmarkopetex calibration, we
show that downsizing public investment improves welfardarreither capital or gross
income taxes, provided public capital is not very produeti®n the other hand, down-
sizing is found to improve welfare with independence of thedystem considered for
high levels of the unproductive public expenditure/outratio, or for low values of
the elasticity of intertemporal substitution, the discofactor and/or the public capital
elasticity in the aggregate technology.

Additionally, for high levels of the output elasticity ofipate capital, downsizing
is shown to be optimal under the less distorting taxes, butinder gross income and
capital income taxes.

Keywords: Transitional dynamics, endogenous growth, distorting taxes, publistimasnt,
simulation methods.
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1. Introduction

Reconsidering the fiscal role of governments is a central issue on mgopolicy in in-
dustrialized economies, and there is a wide consensus on the potentiakvgalifias from
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downsizing policies relative to the observed size of public sector in mosstndiized
economies. Public resources could be at a minimum classified as eithed#xpesthat
may directly affect productivity (infrastructure, public firms investment,)etor expendi-
tures that do not have such effect (health, social security, law aled, atefense, etc.) [Mus-
grave (1997)]. Itis a standard characteristic in developed econonaiegdilernments face
a level of mostly precommitted expenditures of the second kind becausevidys social
policies, and this paper characterizes the welfare-maximigroductive public expendi-
tures/output ratio in a stylized endogenous growth model with private ang¢oogested
public capital. We do not question how the level of unproductive publieedjture size

is determined which,as in Cassou and Lansing (1998, 1999) and Marrero and Novales
(2005, 2007), we assume to be exogernouEhe analysis is performed under alternative
tax systems, since welfare effects of a public investment policy could wealiffezent, as
suggested by Burgess and Stern (1993).

This paper relates to the vast literature on fiscal policy in dynamic settinggtin§ta
with Lucas (1990), Jones and Manuelli (1990) and Barro (199@pgenous growth mod-
els have become a standard environment to analyze the incidence opfi$icas. Ad-
ditionally, the link between public expenditures and the private productiooepsowas
emphasized in Ratner (1983) and Aschauer (1989). Barro (19a@g&mi et al. (1993),
Glomm and Ravikumar (1994, 1997, 1999), Turnovsky (1996, 2088¢hauer (2000),
Chen (2006), Marrero (2005, 2008), all discuss the optimality of prindupublic expen-
ditures in growth models. Barro (1990) shows that the growth-maximizingjgumvest-
ment ratio coincides with the one maximizing welfare. In contrast, most otherrautbo-
clude that the welfare-maximizing ratio is strictly lower than the one maximizing growth
Futagami et al. (1993) point out that the reason for this discrepancy iexistence of
transitional dynamics, which arises because public capital does not pediate every
period. Alternatively, in Glomm and Ravikumar (1994), public and privatgital fully
depreciate and thus the economy does not display transition. Howetierabpredictions
then differ from Barro (1990) because tax revenues are convigrtiedhfrastructure with
some lag. Turnovsky (2000) extends the Barro (1990) model of pta@ugovernment
expenditure by introducing an elastic labor supply, and analyzes fistiey gffects in the
form of changes in public expenditures under diferent modes of tarding. However,
the economy always lies on its balanced growth path, so there is no possibditglgzing
dynamic effects of such policies. Discrepancies from Barro then coone tihe presence
of alternative tax systems and because leisure is a choice variable rdo/2068) reexam-
ines the optimal choice of public investment in a more general framework hvetliows
for long-lasting capital stocks, a lower depreciation rate for public caghital for private
capital, an elasticity of intertemporal substitution that differs from unity anchted to

1See Chen (2006) for a detailed analysis on this issue. This author stthaseertain economic factors
(mostlyexogenous) that alter the marginal utility of private consumption relative to the margitilitly of public
consumption, would affect the size of public consumption.

2|n fact, this is not an unrealistic assumption.cérrent government must often take as given some items
included in public consumption, such as public wages, interest paymergsldic debt and bureaucratic or
administrative disbursements, since they were approved before hasgibly by previous governments. As a
percentage of GDP, these public expenditure concepts are far franazé have even increased over time in
most developed countries. In addition, the political cost of cutting dowsetitems could be high, even if their
levels are above theaptimum values.
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finance a non-trivial share of public, unproductive services in dutgnder an income tax
system, he showed that all this factors might be relevant in determining the optibia
investment policy.

In this paper we consider a framework with elastic labor supply which skzowsn
trivial transitional dynamics. We study, simultaneously, the sensitivity of tbhdane-
maximizing public investment/output ratio to alternative tax scenarios and thet effe
public expenditure policies on welfare. In dynamic settings, an optimal poéinybe de-
scribed in terms of a trade-off between initial and future consumption. lergénthe
optimal policy induces a sacrifice in initial welfare (by reducing initial constiompand/or
leisure), with a faster accumulation of capital along the former periods ofréimsition.
This accumulation allows for an eventual faster growth in output, investnmeid@nsump-
tion, compensating the initial loss of utility. Our contribution is twofaldto study in detalil
the relationship between this welfare trade-off and the tax system in ardext&arro-type
framework with transitional dynamics, atigl to characterize and interpret the magnitude
of the welfare trade-off, which happens to be tax-dependent.

A complex framework like this easily becomes analytically intractable, so nurherica
techniques are needed to characterize the transitional dynamics. Hpwer®guting a
numerical solution is not easy either, since the variables in the economgengeegrowth
in steady-state. To avoid this problem, approximated equilibrium conditionsedtidom
the model written in stationary ratios are combined with the equilibrium equatiorbdo
level of the variables [similar to Novales et al. (1999)]. In computing weHaBaximizing
policies, careful attention is given to the transitional dynamics associated waithttre
economy responds to such optimal policy. We compute the associated pathatfles
such as consumption, leisure, public and private investment and outgufiaally, we
characterize the time path for utility.

In addition to lump-sum taxation, four tax scenarios are alternatively ceresid taxes
on total income, gross capital income, labor income and private consumphiater each
tax system, a constant tax rate is chosen so that, in steady-state equilibridmudia
expenditures are entirely financed with the selected tax system, and lumpeames
zero. For simplicity, we assume that any possible deficit along the transitioeaysstate
will be financed with lump-sum transfers, while any surplus will be translatedpositive
transfers being assigned to the private sector.

We start by characterizing the welfare-maximizing public investment/output eatie
phasizing the effect of such policy on the dynamic properties of welfatethe main
macroeconomic variables. We relate the welfare-maximizing ratio to the initial ¢tével
7% considered in the benchmark setting, and we discuss whether a dogmsigublic in-
vestment is welfare improving, as well as the dependence of this analybie tax system
considered. After that, we performacal sensitivity analysis for the structural parameters
in the economy to understand which are the main determinants of the welfamiziag
policy. The robustness of conclusions obtained in the previous sectibiabges in param-
eter values is also discussed.

The rest of the paper is organized as follows: the model economy igpeesa section
2; in section 3, the competitive equilibrium is described and a procedurdve few the
dynamics of the level of the variables is proposed; in section 4, we dbearacthe welfare-
maximizing public investment/output ratio; in section 5, we carry out a localitsétys
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analysis; finally, in section 6 the paper is closed by setting the main conclasidmmssible
extensions.

2. The Environment

There are three different economic agents: a continuum of firms indsxed [0, 1], house-
holds and a government, who cares only about fiscal policy.

2.1. Firms

A large number ofdentical firms, indexed byi € [0,1], produce the single consumption
good in the economy. Each firm rents the same amount of private inputshivaseholds
(private capitalk, and Iaborft) to producey{ units of output. The total amount of physical
capital used by all the firms in the econorfly, is taken as a proxy for the index of knowl-
edge available to each firm [as in Romer (1986)]. Additionally, public capit}l affects
the production process of all individual firms. Except for these eat#ies, the private
production technology is a standa@dbb-Douglas function presenting constant returns to
scale in the private inputs and increasing returns in the aggregate. yman

yt = f(ﬁvkaktvlztg) = FI}].*GRGKPI( (Rtg)ega 997 ac (07 1)7 ek Z 07 (1)

wherea is the economic share of capitély and 6y are, respectively, the elasticities of
output with respect to public capital and the knowledge index, Fnsl a technological
scale factor, common to each firm.

Since firms are identical, from (1), aggregate outpytis produced according to,

% = FLEORET o (RE)™, )
whereL; is aggregate labor.

During period, each firm pays the competitive-determined wagen the labor it hires
and the rate; on the capital it rents. The dynamic problem faced by firms turns out to be
static at each point in time,

Max f(ﬂ,ﬁt,ﬁt,ﬁtg) — Vgl — rtﬁu
{lek}

and optimality leads to the usual marginal productivity conditions:

= aFEf“E“flﬁtek(th)eg:aé:ai, (3)
@R )

W = (1—0‘)F|~tGfﬁaktek('ztg)eg:(l—a))lﬁ:(1—0‘)E(t7 4)
t 1

where we have used the fact that each firm treats its own contribution taytregate
capital stock as given, rents the same amounts of the private inputs ahatpsathe same
amount of output.
Aggregate private capital stock evolves according to,
Kesr = (1- )R+ I (5)

whereiX is gross private investment.
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2.2. Households

The representative consumer chooses the fraction of time to spend as,lbisuShe is
the owner of physical capital, and allocates her resources betwesnraption,C;, and
investment in physical capitall(. The price of the single consumption commodity and the
time endowment of households are both normalized to one, and zero popgedieth is
assumed every period.

Decisions are made each period to maximize the discounted aggregate vihlei&ioke
separable utility function,

max _ S BU(G,1-hy) 6)
{éthu'zwl}:o:ot:

subject to her resource constraint in every period

(A+1)G + Rea+ T <V (1 1) + Ko [1- 841 (1-1) [, & = 0Rya > O andiy € 0,1]

(7
and to the transversality condition, that places a limit on the accumulation ofl¢capita

ou(G.hy)
oC,

whereK;.1 denotes the stock of physical capital at the end of timeith Ky > 0, T,

™ andt® are the flat tax rates on capital income, labor income and private consumption
respectively, and; is a net transfer made by households to the public sector, which may be
either positive or negative} € (0,1) is the discount factor and (Ct, h) is aC? mapping,
strictly concave, increasing (1 and(1—h;) and satisfying Inada conditioﬁsu(d,h)

is particularized to be of the constant elasticity of substitution family [King anbleRe
(1988)],

lim B'Kis1 =0. (8)

prq 1— 179_
UG, h) @ T)_ep} 1,p6[0,1], if 6> 0andd # 1, (9)

U(c[7ht) = plnét"‘(l_p)ln(l_ht)ape[ovl]ve:ly

where 10 is the constant elasticity of intertemporal substitution of private consumption
andp denotes the importance of consumption relative to leisure in utility.

Optimality conditions are standard: the consumption-saving decision, (18), th
consumption-leisure choice, (11),

1_ (1-p)(1-8) ==
T )T ]} w
P

_ G (141
I p ~ A-h) W (D)

the budget constraint (70 > 0, Ki.1 >0, h; € (0,1) and the transversality condition (8).

3Corner solutions in (6)-(8) are avoided, and restrictions (7) and (8} fiold with equality for utility to be
maximized.



20 Gustavo A. Marrero and Alfonso Novales

2.3. The Public Sector

The public sector collects distorting and non-distorting taxes to finance its tatant
expenditures, divided intproductive public expenditured, andunproductive public ex-
pendituresCP. For any tax system considered,

étg = %C?t ’ (13)

wheres is the policy instrument and. is assumed to be exogenous and fixed. Gnds
chosen, we assume it remains constant forever. Public capital accunadateding to

0 =P+ (1K, (14)

whered? € (0,1) is the public capital depreciation factor, which we consider to be different
from that of private capital.

The government is not allowed to issue any debt, and only flat taxes as@eced"
The budget constraint must balance every period,

T = G2+ 1P — 16 — ThW — T¥Ary. (15)

In the simulation exercise, four tax scenarios are alternatively considierdadg only
total gross income, gross capital income, labor income or private consumptio

3. The Equilibrium, the Calibration, the Simulation and the
Government Problem

In this section, we define the competitive equilibrium and the balanced gratthamd
characterize the transitional dynamics of variables in levels.

3.1. The Competitive Equilibrium and the Balanced Growth Path

Starting from an initial stateio,K§ > 0, the competitive equilibrium is a set of alloca-
tions { G, h, L, Kepa, 1%, G2 KE, 1, 1P}, @ set of pricep = {r, Vit };~_o and a fiscal pol-

icy ft=(54,n, 151, {Tt}_,), such that, giverpandft (i) {G, h,Ke 1}, maximize
households’ welfare [satisfying (7), (8), (10) and (1)) {K:1, Lt }i~ Satisfy the profit-
maximizing conditions [(2)-(3)], ank; accumulates according to (%)ii) {C2, K 1. 1P}
evolve according to (12)-(14}jv) the budget constraint of the public sector, (15), and the
technology constraint (2) to produteholds; finally,(iv) markets clear every period,

I:t = h'[a (16)
Yo = GH+E+IF+R. (17)

4Focusing on taxes as the public finance instrument has empirical justificdéxation represents more
than 80% of total public revenue in industrialized economies. Additionallyate-®wned industry could be
treated in the similar way as taxes [see section 4 of Burgess and Stef3)](486 printing money to finance
public deficit is not permitted in developed countries. Allowing for publictdeduld extend the model beyond
the scope of the paper.
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A balanced growth path (bgp) is defined as an equilibrium path along which aggregate
variables either stay constant or grow at a constant rate. Hereinaitiles with bar—
denote values along thmp. Jones and Manuelli (1997), among others, have shown that
cumulative inputs must present constant returns to scale in the privateqgbian process
for the existence of a steady-growth equilibrium (i@+ 64+ 6x = 1). Additionally, r
must be constant and high enough for the equilibrium to display positiveystgawth.
From now on, we will focus on the special caset- 84+ 6x = 1. Under these conditions, it
is easy to show from the equilibrium conditions, thaC, K;, K&, C? andT; must all grow
at the same constant rate along bgp, denoted by hereinafter, while bounded variables,
such as tax rates, andh;, must be constant.

Particularizing condition (10) to bgp equilibrium, a positive long-term growth rate is
achieved whenever

1 k
T={p[1- 3+ -]} -1 0e s HPALEE

However, even thoughwill then be positive, it cannot get so high that it allows house-
holds to follow a chain-letter action [(8) must hold on thggp],

(18)

p(1—h) PO, (14 y) B (14Y)'

1p(1-0) =0&BL+y)PHY <1 (19)

lim

e [Co(1+V)!]

which ensures that time-aggregate utility (6) remains finite.

3.2. Alternative Tax Scenarios

Four alternative single-tax scenarios are considered, with taxes onteiidlegross income,
gross capital income, labor income or private consumption. In each tteséx rate is
chosen so that total public expenditur€8,+ i, can be entirely financed along thgp
with the single tax being considered. Thilis= 0 along this equilibrium path:

P+C = T(W+TK,) & T=5+ 5, (20)
12+C = 7K <18 = g+ 5) /a, (21)
124+C0 = ™MW e ™= (4+x)/(1—0), (22)
124G = 1C < 1° = (344 5) % /C), (23)

where we have imposedt = ™ = 1 in (20), the tax rate applied to total income. By
combining (15), (3) and (4), we obtaik = 0 every period under either output, capital or
labor tax systems. Hence, it is only under consumption taxedtmaay be different from
zero along the transition.

Regarding the alternative tax systems, we point out that (i) giesnd s, tax rates
are time-invariant; (i) any change i affects contemporaneously the tax rate being used
as fiscal instrument; (iii) that change is more than proportional under eiipial, labor or
consumption taxes, while being proportional under income taxest¥jii) andt must be
between zero and one, whité cannot be so large th& might ever become negative.
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3.3. Benchmark Calibration

The economy is calibrated following the standards in the literature. Wheneesled, we
have chosen ratios of variables or parameter values so as to approximhasérialized
economies during the eighties, considering the time unit to be one quartenndalaafter-
tax net capital rate of return of 6%, an average labor shweua,1/3, and an annual growth
rate of 25%, are all replicated in steady-state under the benchmark calibration.

Private capital depreciates at a 10% annual rate, h8hee.025. We assume public
capital depreciates at a lower rate of 5% , so 8#fat .0125° For the instantaneous utility
function, Mehra and Prescott (1985) suggest a relative risk avepsi@ameter betweenQ
and 20, and we choos® = 1.20 . The elasticity of private capitady, takes a standard
value of.36, hencéy + 6 = .64. The empirical literature discussing the productive nature
of public capital shows controversial conclusions, different datacesuand econometric
techniques leading to rather different estimation8gh a Cobb-Douglas production func-
tion® In the benchmark calibration, we se§ = .20, but we will perform a sensitivity
analysis in section (5.), allowing f@ to vary between06 and.30.

Two different public expenditure concepts are considered: Sclohkaad Tanzi (1997)
is used to set the public consumption-to-output ratig, equal to.17. Calibration of the
initial level of the public investment ratio, is less evident. In international accounts of
fiscal policy variables, public investment generally includes just centnagrmment activ-
ities, leaving aside local expenditures and public enterprises. EasterliRetmelo (1993)
try to correct for this deficiency. They estimate levels#®in the eighties of07 for New
Zealand,.11 for Portugal,07 for Australia,.08 in Japan,02 inUS, among others. Barro
and Sala-i-Martin (1995) set total consolidated public investment to be 806&t of total
investment. For industrialized economies, this leads to an averageaifout 7% in the
eighties. We usé7 as benchmark value feg. In section 5., we will show that the welfare-
maximizing public investment/output varies only slightly with the levebgf which will
have important qualitative implications.

Finally, using steady-state equilibrium conditions for the model in raffpg and
F are chosen accordingly. In general, these values vary 8ithind with the tax system
considered. Table 1 shows calibrated values for all parameters, coraditio;;; = .07 and
6y = .20. Among the alternative tax systems, the main difference refers to thefactle
F. As expectediF must take a higher level to replicate th&% annual growth rate under
capital income taxes than under less distorting tax scenarios.

SAuerbach and Hines (1987) estimated a depreciation rate in the U.SL3# fbr equipment and 0.033
for structures. Since private capital includes a larger share of eguipthan public capital, the estimated
depreciation rate for private capital is expected to be larger. Ai anddDgd4995) found support for this in the
form of an estimatedy of just over half that ob.

6Aschauer (1989) and Munnell (1990) estimate high valueBgpfequal to 0.39 and 0.34, respectively.
Accounting for non-stationarity in the data, Lynde and Richmond (198d)Ai and Cassou (1995) obtain
lower but still significant estimates: the former ¢igt= 0.2 using time series techniques, while the latter
estimated between 0.15 and 0.2, using a GMM method. In a more recent pameji @001) uses dynamic
panel techniques to estimate the elasticity of output with respect to infrageuo be somewhere around 0.1
and 0.15. On the other hand, papers by Holtz-Eaking (1994), Hultérsahwab (1991) and Tatom (1991),
among others, put that estimate very close to zero. S¢tian (1997) offer a selective review of these empirical
studies. See also Cazzavilan (1993), Munnell (1992) and Glomm arikuRaar (1997).
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Table 1. Benchmark calibration

Taxes H Ok \ a \ 6y \ F \ & \ h \ B \ 0 \ p \ e \ i \ &Y \ T
Income 44 | 36| .20 | .30 | .025| .33 | .996| 1.20| .35 | .17 | .07 | .012 | .24
Capital 44| 36| .20 | 59| .025| .33 | .996| 1.20 | .34 | .17 | .07 | .012 | .67
Labor 44| 36| .20 | 24| .025| .33 | .996| 1.20| .36 | .17 | .07 | .012 | .38
Consumption|| .44 | .36 | .20 | .24 | .025| .33 | .996| 1.20| .35 | .17 | .07 | .012 | .52

Note: Each row shows the benchmark calibration under each tarmsytor 8y = .20. They all
reproduce a rate of growth= .62%, an after-tax capital rate of return dd15andh = .33. The
column fort' shows the tax rate under each of the four tax rules.

3.4. Simulating the Competitive Equilibrium

The competitive equilibrium cannot be solved analytically, so a numericalicolis re-
quired. Unfortunately, computing a numerical solution is far from trivialgsitihe variables

in the economy experience growth in steady-state. In that setting, it is fairplesto solve

for stationary ratios, but level variables are needed to analyze wédfares. The normal-
ized level of a variablé;, Z, = Z;/(1+Y)", will grow at a zero rate along tHagp, but the
steady-state value & is not well defined, so standard numerical methods applied directly
to normalized variables cannot be used either. In the Appendix we desciibocedure
that uses the dynamics of stationary ratios to recover the equilibrium pattoforalized
level variables, starting from a given initial state of the econémy.

3.5. Solving the Government’s Problem

The public sector maximizes welfare of the representative household thierwgmpetitive
equilibrium. The policy instruments asg and the associated tax rate, and the government
commits itself to the announced policy. The economy is assumed to start bgpthesoci-
ated to the benchmark calibration, with an initial public investment/output ratio cdndo
a public capital stock&?, of 1008 A standard search method is used to numerically handle
this control problem.

Given the tax system, the initial stafio, K3) and a level of4: (a) (27)-(32) is solved
for the bgp and the level ofy is obtained;(b) the process described in the previous sub-
section allows us to recover time series @randh; (c) the utility of the representative

"Novales et al. (1999) describes an alternative method to solve for thandgs of level variables in
endogenous growth models. _

8The initial state isKéJ = 100 andKg = 100/k8. The welfare-maximizing policy is shown to be invariant to
this choice.
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consumer is evaluatéd

[BL+yPr-9]' [CPa—h)rr]° B }

51 = -

(d) the process is repeated for any feasible levekoaind the one maximizing (24) will be
the welfare-maximizing choice.

To evaluate the infinite sum in (24), a truncated version Witperiods is used, where
t* is chosen so that equilibrium time series are close enough togh®’ For each policy,
time series{C;, ht }1_, are used to estimate welfare up to peritd

(BP0 [P —hyte]" }_ 1 (25)

t;{ 1-9 (1-p)(1-86)

After periodt*, the economy is considered to dese enough to thebgp associated to
the implemented policy. Therefore, according to (24), sipce+y)P1-9 < 1 [by (19)],
the term

(24)

[B(1+y)Pl- e] [cP(1- h)L- p] -0

1-6
[B(l+ Wp(l—e)]turl
(1-6) [1—B(1+y)P-9)]

approximates aggregate utility after peritdd which is added-up to the numerical value
obtained from (251

(26)

3 !

t=t+1

= [Ra—hre?

4. The Public Investment Policy under Alternative Tax Scenar-
l0s

In this section we discuss the transitional dynamics and its relevance fectigicharacter-
izing the welfare-maximizing public investment/output ratio. An optimal policy will-gen
erally imply a sacrifice in initial welfare (by reducing initial consumption and/csuee),
with a faster accumulation of capital along the former periods of the transifibis ac-
cumulation allows for an eventual faster growth in output, investment ansuoggtion,
compensating the initial loss of utility. We examine in detail the relationship betwéen th
welfare trade-off and the tax system characterizing and interpreting thaitunde of the
welfare trade-off, which happens to be tax-dependent.

9The range of feasible lifetime utility values for (24) is bounded becatistte(paths of; andh; converge
to bounded limits, since the numerical procedure imposes the competifiitbgum to be on the stable
manifold; (i) y is bounded from above by (19). In addition, the single period utility funcisocontinuous
and strictly concave, and the choice set is convex, conditions thateeti®iexistence of at most one interior
solution to the problem of maximizing (24).

10+ js chosen so thake- — X| < 1073, with t* < 1500, due to computational restrictions.

1INotice that (25) and (26) must be computed simultaneously, bedaumed G- depend on the whole
transitional dynamics up to periadl.



Transitional Dynamics and Welfare Effects... 25

The theoretical analysis is supplemented by numerical results, focusitige @lepen-
dence of the welfare-maximizing policy with respect to the tax system and thestna
tural parameters. Moreover, to make the welfare analysis clear, we cerniawelfare
dynamics in the following situations: (i) when thg-ratio is chosen to maximize long-run
growth, 54", (ii) when thesg-ratio is chosen to maximize welfare over 4 period8, and
finally (i) when 4 takes the value that maximizes welfare along the entire transion,

By comparing the obtained optimal ratio with the initial benchmark of 7%, we can
discuss whether downsizing improves welfare, and its dependence textlgstem can
be evaluated. Notice that the utility paths are not comparable among the altertaati
scenarios considered, since their calibrated scale fadtoere different. However, ratios
of variables are unaffected by scale factors and hence, the resukifigrevmaximizing
public investment ratios under alternative tax scenarios can be compared.

4.1. Maximizing Steady-State Growth

As in a Barro-type setting, changessinmay have two different effects an (i) a highers

has apositive effect on output, since public capital is productive, and (iiegative effect,
because an increment ip leads to a parallel rise in the corresponding distorting tax rate,
accordingly with (20)-(23). Hence, an inverted U-shaped relationsbtpreeny and
should be expected. The growth-maximizing public investment ratipmust equalize, in
the margin, these two opposite effects. First, notice that the governmenisaisdlistorting
taxes to finance unproductive expenses, which has an additionaivesgféect on growth.
Secondly, the endogeneity of labor supply makes consumption and laloonéntaxes to
also have adverse effects on growth, although they should be expedtedmall.

Figure 4.1 shows the long-run savings ritg, C/Y andh as a function o, for the
benchmark economy witBy = .20 and under the four alternative tax systems considered.
The domain ofx is restricted to satisfy conditions (18) and (19) on growth, in addition to
C > 0 and O< h < 1. On the other hand, figure 4.2 shows the relationship betwfemd
8y, for 6y between06 and.30 under the alternative tax scenarios.

For the benchmark calibration, Figure 4.1 shows the inverted U-shafstmship
betweeny and 55 only under capital, labor and income taxes. Precisely, under these tax
scenarios, the positive influence of public capital dominates whes low enough (the
upward part of the curve). Thus, an increasednwhen is initially below sz (3.8%,
31.8% and 166%, under taxes on total income, labour or capital income, respectively)
would produce faster growth. On the other hand, levelssaibovess” would lower the
long-run saving rate, inducing a negative relationship betwelss. Under consumption
taxes, the disincentive effect on savings of an increase in the tax raieleage enough to
compensate the positive impactaf and the relationship betwegrand s is positive and
monotone, although strictly concave.

Several additional comments regarding the growth-maximizing public investat#mt
are of interest.

12The savings rates, is equal toK‘—‘lﬁKt as in Barro (1990). Dividing this expression Ky, = V/M in the

bgp.
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Steady State under Income Taxes
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Figure 4.1. (a). Steady-state under alternative tax scenarios.
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Figure 4.1. (b). Steady-state under alternative tax scenarios.
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Note: Figures 4.2 shows the growth-maximizing public investtrtio, »4", as function of the
elasticity of public capital, under income taxes (_gx capital income taxes (tak), labor income
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the annual after-tax capital rate of return is a%1/3 andy=.62%, with an initial public investment
ratio of .07 (the solid line.)

Figure 4.2. Public investment ratio maximizing steady-state growth.

First, under income taxes, the negative impacthatiue to a tax raise is very small,
since the tax burden is shared between labor and capital income. Hgnisdn that case
only slightly lower tharBy(1— s«), as obtained in section V in Barro (1990) and Marrero
and Novales (2005, 2007) under a perfectly inelastic labour supplfetigvels 0By and
lower values op in the calibration would surely magnify the impact on labor supply of an
increase ir, making s to depart fromBg(1— »«). For the benchmark calibration, éig
moves betweerD6 and.30, 55 goes from 497% to 248% (see figure 4.2) whil8g(1 — »)
is between 88% and 240%.

Second, as expected, the tax system on capital income is the one that bettalizes
the positive effect of public capital on growth. An incrementdrraises the associated tax
rate more than proportionally [see (21)]. Hence, savings and growtkteongly discour-
aged above a level of; well below8y4(1— s). Consequently;s* goes from 12% to just
5.8% asfy changes betwee6 and.30 (figure 4.2). _

Third, an increment in¢ has a significant (and negative) impacttoanly under labor
income taxes, and just for high levels gfffigure 4.1]. Consequently, for the mentioned
range offg, 4" falls between 238% and 345%, far above the levels obtained under the
previous tax scenarios (figure 4.2).

Finally, even though the effect on labor along the transition is significadémuoon-
sumption taxes (as it will be seen latter), the steady-state effect is lesanelélence
is around 50%, the maximum feasible value, which driv@gY down to a value close to
zero. Clearly, this should be expected to be very different from theanesethaximizing
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policy.

4.2. Short-run Welfare Effects

Downsizing public investment would reduce the ratidoelow its initial level of 7%, leav-
ing a higher fraction of additional resources available to the private rsedtich could be
reassigned as additional consumption and savihidsgiditionally, the single tax rate being
used to generate revenues will be permanently reduced. Figure 4.8 8fepercent initial
impact on working hours and public investment, for the benchmark econatngyv= .20
and for alternative levels of;. The domain oy is restricted so that conditions (18) and
(19) hold, together witlZ; > 0 and O< h; < 1 for all periodt.

Figure 4.3 shows that, with independence of the tax system considerextotiing-
out of private consumption by public investment is shown to be less thaegbesince
the initial impact on private investment is different from zero for chariges;. A cut
in »; accompanied of a reduction in the tax rate on either labor income or capitahénco
will initially produce an incentive to work or save, respectively, affectngsumption and
saving decisions. Under consumption taxes, the cut in the associatetbtesinamediately
transmitted as an incentive to work [by (1#fjwhich has a positive effect on the net return
to capital and hence on short-term savings and private investment.

Under capital income taxes, saving becomes increasingly more attractivechsum-
ing as the tax rate declines. Consequentlstrang enough public investment downsizing
policy might take the substitution effect to the point of being more important thaatirdet
income effect on private consumption, becoming optimal for householdgiadlinreduce
consumption and accumulate more assets (as is shown in figure 4.3 (afapidarincome
taxes fors; < .04). This will be more evident for low levels of the public capital elasticity,
8y, for which the income effect of downsizing on consumption is lower. Uradleother
tax systems considered, private consumption initially increases with redsiatior;, the
higher impact being obtained under consumption and labor income taxes.

Figure 4.4 shows the public investment ratio achieving the maximum discounted utility
over 4 periods following the policy intervention. This ratio is denoteddyhereinafter,
and it is shown in the figure as a function &, 64 < [.06,.30], under the four alternative
tax scenarios. Under capital income taxes, a strong reductignhas a negative short-run
welfare effect, since private consumption, as well as leisure, initially del{see figure
4.3). As a consequence, under capital income taxes, if the governnigmiaoses about the
very short-run (i.e., 4 periods), the best strategy is toxjsmbove the benchmark 7% when
By is higher than16, the level ofxs being between 2% and 100% for the range 06y
considered.

Under the remaining tax scenarios, downsizing initially increases privatguoaption
but it also produces a decline in leisure, and the global impact on shovteliare is un-
clear. Initial effects on main macroeconomic variables are very similar ualder income
and private consumption taxes, and in figure 4.4, the two lines coincid¢h&benchmark

13For illustrative purposes, only the short-run welfare impact of dovimgipolicies is discussed. A sym-
metric reasoning could be made for upsizing policies.
14Even though this incentive is lower than under labor income taxes.
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attained one period after the policy intervention, undeome ( taxy), capital income (tax),
labor income (taxh) and private consumption taxes (te®. The new level ofx; is shown in the
X-axis. Initial public investment ratio is .07 (where cusveatersect) and elasticity of public capital
is .20. Structural parameters are such that the annualtakexapital rate of return is 6%3=1/3 and
V=.62%.

Figure 4.3. (a). Initial impact of main macroeconomic variables.

economy,<™ falls between93% and %% under these two tax systems Sgsakes values
between06 and.30. Hence, under these two tax systems, a certain amount of downsizing
is always preferable, since it induces higher initial levels of privateseomption without
encouraging work excessively, which improves short-run welfaieally, under income
taxes, < falls between BB% and 83% asfy changes in the range considered. Downsizing
enhances short-run welfare in this case onlygpbelow .26.

4.3. The Welfare-Maximizing Policy

In Barro (1990), the public investment ratio that maximizes welfare, derimted/” here-
inafter, is equal tos", the public investment ratio maximizing steady-state growth. Fu-
tagami et al. (1993) point out to the lack of transition among steady-staites derucial
feature behind this result, while Glomm and Ravikumar (1994) point out thatiént pub-
lic capital is considered as the productive factor instead of curredicdabestment, there
exists a one-period gap between tax revenues and its positive effeatmut, inducings,"
to be strictly lower thans". Precisely, these two forces contrary to the result of Barro (1990)
are present in this model, implying" to be strictly lower thans, with independence of
the tax system considered [for this result, see also Marrero and Ndzal@s, 2007) and
Marrero (2008)].

Under each of the four tax scenarios considered, we have obtaimdchigoresults
when characterizing short-run effect on welfare and the long-rtectebn growth of a
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Figure 4.3. (b). Initial impact of main macroeconomic variables.

public investment ratio. In general, downsizing public investment below thé&fth-
mark improves steady-state growth under capital income taxes, but rexttivedhlternative
tax systems. However, the opposite happens when trying to maximize shosteifare.
Therefore, it is essential to analyze the entire transition to find out the tinagiam public
investment ratio that equilibrates welfare loses and gains in the short- alwheun.

Figure 4.5 showss" as a function 0By under the four tax systems. From these figures
and the results previously discussed in section 4.2., several chanicterfsthe welfare-
maximizing public investment policy can be pointed out:

1. The direct relationship betwees” and6y is independent of the tax system consid-
ered, since the positive effect of public capital on growth and welfaneases with
8y. This relationship is linear under total income [as in Barro (1990)] andadap-
come taxes, while being concave under labor income and private consartgptas
(asitis also the case for the growth-maximizing rag.

2. Figure 4.5 shows that downsizing improves welfare urdpital income taxes for
any 6y, with 5" falling between 10% and 50%. The associated lower tax creates an
important incentive foprivate capital accumulation, with a negative initial impact on
private consumption and leisure (figure 4.3 shows these initial impacts oagial
income taxes and low enough levelssa). After a number of periods, the higher
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Figure 4.4. Public investment ratio maximizing welfare over 4 periods.
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Figure 4.5. Welfare-maximizing public investment ratio.
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accumulation ofrivate capital along the transition allows for private consumption
and leisure to increase after a short number of periods. Besidesgrgence to
steady-state is now faster, and the steady-state rate of growth is highece Hhe
welfare-maximizing policy favors higher future increases on privatsaoption and
leisure in detriment of lower levels in the first periods after downsizing camdesult
shows that the positive medium and long-term effects are more importaméftare
than the short-run effects.

. On the contrary, undéabor income taxes, 5" is always above 7% (between.80o

and 282% for 6g in [.06,.30]. Hence, it is now optimum to initially sacrifice private
consumption and private investment in favor of leisure and public investiseafig-

ure 4.3 fors; > .07 under labor income taxes). Production and private consumption
start growing faster after a short number of periods. Contrary to gewader capital
income taxes, now thengine for the recovery of these variables is the accumulation
of public capital in the short-run and along the whole transition, together with a small
disincentive on the accumulation of private capital.

. Undertotal incometaxes, 5" falls between those obtained under capital and labor in-

come taxes. Consequently, the welfare effect of downsizing on pubksiment de-
pends orBy. As itis shown in figure 4.5, downsizing raises welfare@ge[.06,.12],

s falling between 3% and the benchmark @b, while »5" goes from 70% to
19.4% for By € [.12,.36). When6y is below.12, public capital is not productive
enough to compensate the negative impact on welfare of an increase i tiageta

and the welfare gain due to a reduction in the tax rate on capital income prevails
(recall that downsizing was optimal under capital income taxes).

. Even though the short-run behavior of the main macroeconomic variatdes con-

sumption and labor income taxes is very similar whernrises above the bench-
mark 7% , private consumption is greatly discouraged under consumpties ax
the economy approaches its new steady-state, while the opposite happarsng
savings and growth (see steady-state analysis from figure 4.1). @argdy, the dif-
ference between short- and long-run welfare effects of a particuldicpavestment
policy is more pronounced under consumption taxes. However, for thehbeark
calibration and for the range 6f consideredz;" is higher under consumption than
under labor income taxes, falling betweend® and 349%, although this difference
is lower than when comparing the growth-maximizing ratios. As it was the case un
der labor income taxes, the engine of the optimal behavior under consurtgtas
is the strongaccumulation of public capital along the transition.

. The welfare-maximizing ratio is always lower than the one maximizing growgh. F

6y = .20, the difference is .6, 39, 7.3 and 212 percentage points under taxes on
capital income, total income, labor income or consumption, respectivelylréady
mentioned, this difference is more pronounced under less distorting teeasy/spe-
cially under consumption taxes, since, under that tax system, the growiminiex
strategy initially reduces private consumption and leisure to a level closedo ze
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This section has analyzed the welfare effects of a time-invariant publistmesnt ratio
policy, emphasizing the need to account for welfare along the transitiorlhasvthe im-
portance of the tax system being implemented. Starting from a 7% public investotent
ratio, certain level of downsizing is welfare-improving under capital inctemes or under
total income taxes, provided public capital is not very productive. On tierdiand, wel-
fare is lower when downsizing from the initial 7% ratio under labor incomepasamption
taxes (the less distorting tax systems). As we are about to see in the nigo seus re-
lationship between the welfare effect of downsizing and taxes revenssesme parameter
values.

5. Sensitivity Analysis

The main aim of this section is to clarify the determinants of the welfare-maximizing, time
invariant public investment ratioﬁ, and to discuss the robustness of the main findings in
the previous section to changes in parameter vaities.

In our setting, the transitional dynamics is affected by all economic fundiaisesmd,
consequently, so is;". Even tough the competitive equilibrium cannot be analytically
characterized, we use the numerical method described above to chaeaatene-to-one
mapping between<" and any structural parameter. We show that parameters of special
importance in determining;” are: (i) the public capital shar@y, and the discount factoB,
with whom <" is positively related, a standard result in this literature; (i) the unprodeictiv
public expenditure ratioz, with whom " is negatively related [as in Marrero (2008)
and Marrero and Novales (2005, 2007)]; (iii) the inverse of the elastidisubstitution 8,
and the private capital elasticity, with whom the relationship of;" depends on the tax
scenario. We also show that, at least in a neighborhood of the bencpararketerization,
changes in the values of the public and private capital depreciation $aatdhe initial
public investment-to-output ratio just imply slight changes4n

Figure 5.1 shows the relationship betweehandp, s, 8, a, displaying some interest-
ing features. The direct relationship betweeh and6y arises because the positive effect
of public capital on growth and welfare increases wth The relationship is found to
be linear under total income [as in Barro (1990)] and capital income theésg concave
under labor income and private consumption taxes. On the other hand Sarémuces the
importance of growth on welfare, sinfandicates the relative preference between present
and future consumption. A higher slope betweeh and is found under labor income
and consumption taxes than under capital income taxes. Consequ&ntipproaches the
initial level of 7% for low values off independently of the tax system, although the ranking
of 5" stays constant under changegirthe largest<" arising under private consumption
taxes and the lowest under capital income taxes.

A high level of > implies less resources for the private sector to save and consume. In
addition, it amplifies the distortions on the strategies of the private sectouseecapro-
ductive expenses are also financed with distortionary taxation. Comsthygjithe negative

15The sensitivity analysis just considers the set of parameter values ightbnehood around the benchmark
levels, restricting initial growth to be non-negati@,> 0, 0< hy < 1 for allt, and theNPG condition to hold.



34 Gustavo A. Marrero and Alfonso Novales
Optimal Public Investment Ratio: Sensitivity Analysis on the Unproductive Public
Optimal Public Investment Ratio: Sensitivity Analysis on the discount Expenditure Ratio (gsc)
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Figure 5.1. (a). Sensitivity analysis: the optimal public investment ratio asdidun of 3
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Figure 5.1. (b). Sensitivity analysis: the optimal public investment ratio asctituin of6
anda.

impact on consumption and leisure of a given public investment/output ratioriermore
harmful for welfare the higher is, which explains the negative relationship betwegn
ands. In absolute value, the slope of this relationship is higher under less digttatias.
Hence, for large enough values =, even if unrealistics" will even get below the initial
level of 7% independently of the tax system considered.

The elasticity of intertemporal substitution of private consumption is constaiggual
to 1/6. A smaller marginal rate of substitution between present and future cotismmp
means that households have a higher preference for currentroptisn, relative to future
consumption. Sinc@ < 1, the long-run is less important than the short run for aggregate
welfare under these circumstances. Consequently, a public investrtierthed strongly
stimulates growth at the same time that significantly reducing private consumpgtialtyin
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Figure 5.1. (c). Sensitivity analysis: the optimal public investment ratio asctitun of 3%
andd”.

should not be expected to be optimal for high value® ¢fow values of ¥6). In the
policy experiment, fo® > 13, 55" is systematically below 7% and far below the value
of the investment ratio maximizing steady growth, with independence of the sy
considered.

Finally, the relationship betweeg" anda depends crucially on the tax system consid-
ered [see figure 5.1]. Sindk + 64+ a = 1, then, for a given value dy, an increase i
amounts to a decreaseflip. But 6y refers to a learning-by-doing externality in the produc-
tion function, as in Romer (1986). It is well known that this externality leadsjinlibrium
to infra-accumulation of private capital, suggesting that welfare maximizatiohtrttign
require lower taxes on private capital. Effectively, we show that theioalship between
4" anda is positive (i.e., a negative relationship betweghand®6y) under capital as well
as under total income taxes. However, when capital income is not being, telxanges
in the tax rate cannot reduce the learning-by-doing externality and htéreceslationship
betweens" anda is positive under labor and consumption taxes. As a consequence of all
that, when the share of private capital is sufficiently high,may be lower undeless dis-
torting taxes, and downsizing might improve welfare under private consomer under
labor income taxes, but not under either capital or total income taxesy aelevant result
for fiscal policy making.

Summing-up, several important implications are found in this section:

¢ Under the alternative tax scenarios, the welfare-maximizing public investrgmito
ratio depends only slightly on its initial value. Consequently, downsizing public
investment improves aggregate utility for economies starting with a public invest-
ment/output ratio slightly higher than the welfare-maximizing ratio characterized in
section 4.3.. For example, for the benchmark economy, if the initial levet i
higher than 18%, 33%, 235% and 29%%, respectively under total income, capital
income, labor income and private consumption taxes, certain downsizingolit pu
investment would improve welfare;
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e For economies with high enough levels»f, or 8, and/or sufficiently low levels o8
or 8y, the welfare-maximizing public investment ratio is very similar, and generally
lower than the benchmark 7%, with independence of the tax scenario ectsid

e In economies with a high share of private capital in outptit,may be lower under
labor income or consumption taxes than under capital or total income taxes.

6. Conclusions

We have characterized the welfare-maximizing, time-invariant, public investougout
ratio in an endogenous growth model with non-congested public capitad amshstant
ratio of unproductive public expenses.

In the first part of the chapter, the model was calibrated to be in line with indlized
economies in the &) under alternative distorting tax scenarios and different values of the
share of public capital in output, a rather controversial parameter tosgeallihe economy
was assumed to be initially along the balanced path associated to the bencaliagkion,
the initial public investment-to-output ratio being 7% (a broad definition of publiest-
ment is used, as described in Easterly and Rebelo (1993)). Main findingisition to this
first part are:

(al) Independently of the distorting tax scenario considered, shdrtcaug-run welfare
effects are of opposite sign, and the welfare-maximizing public investmgatisastrictly

lower than the growth-maximizing ratio;

(a2) These differences are more important under less distorting taxrsydabor income
taxes and, specially, consumption taxes);

(a3) For the benchmark calibration, a downsizing in public investment impradfare

when taxing only capital income or total income, provided that public capitabtis/ery

productive.

Since the assumed tax scenarios are too extreme to be realistic, these heslitsiet
be interpreted as strict policy recommendations. However, they emphasiireghbrtance
of considering the transition between steady-states, as well as the mHedaine specific
tax system in effect, when characterizing a welfare improving policy intdiwe.

In the second part of the paper, a local sensitivity analysis was pestbr The sim-
plicity of previous models implied a simple relationship between the welfare-maximizing
time-invariant public investment/output ratio and economic fundamentals, wisiappgbars
in the more complex framework used in this paper. As in previous models, twudisfac-
tor and the public capital share of output positively affect the welfargimiaing ratio. In
addition, theunproductive public expenditure/output ratio, the private capital share and the
elasticity of intertemporal substitution of private consumption also affecifsigntly the
welfare-maximizing ratio. On the other hand, changes in the initial public investrago
only barely affect the welfare-maximizing policy. In relation to this second, plae main
findings are:

(b1) Qualitative findings (al) and (a2) are robust, at least locally, angbs in structural
parameters;
(b2) Regarding results in (a3), downsizing public investment becomesanaéihproving
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independently of the tax system when the elasticity of intertemporal substitdtprivate
consumption and the output elasticity of public capital are low enough or Wigennpro-
ductive public expenditure-to-output ratio is sufficiently high;

(b3) Moreover, for a high value of the elasticity of intertemporal substitytioeno-Ponz
game condition limits the positive effect on growth of the public investment policy unde
labor income and private consumption taxes. As a consequence, theipubditnent ratio
can be then only slightly higher than the 7% benchmark, so the welfare-maxgmétio
might be lower under less distorting taxes than under total income taxes;

(b4) Finally, when the output elasticity of private capital is sufficiently hagtipwnsizing in
public investment is welfare improving under private consumption and laborrie taxes,
but not under capital income or under total income taxes.

Appendix: Solving the Dynamics

In this Appendix we show a procedure to solve for the dynamics of the ditiwpequilib-
rium. The outline of the procedure is as follows:

(i) Redefine competitive equilibrium conditions in terms of stationary raﬁps,ét/lzt,
Vi = KP /Ke, My = Y; /K andk; = Ky, 1/K;. After consolidating some equations, competitive
equilibrium conditions reduce to a system of 6 equatiomsg, im and thez;, \t, My, K, ratios:

1

(1-p)(1-6) 1-p(1-0)
Ktz‘zfl - {B(ll‘_h‘hf) [1—6k+<1—rk>n+1}} . @)
1+197
1Ep - El—a))leﬁtht’ (28)
M = Z + M+ 26My + kg — 1+ 3, (29)
rr = o, (30)
M = Fhi-ow®, (31)
KWt = (1—38%)W + gM. (32)

Condition (27) comes directly from (10); (28) comes from (11) &né- h; (29) from
combining (1), (7), (15), (12), (13); (30) and (31) come from (B4 d4), respectively;
finally, (32) comes from dividing b¥; in (12) and (14).

(i) Pick structural parameters to solve (27)-(32) for byp.1®

(iii) Log-linearize (27)-(32) around thegp to solve for the dynamics of stationary ratios
[Uhlig (1999)]. Let us denote bw/(t) = (k) the single beginning-of-period state variable
and byQ(t) the vector of real variable®(t) = (Z;, M, rt, hy, K¢) ,and byw(t) andd[t) their
log-deviations around their values along thgp, W andQ. The log-linear approximation
to conditions (27)-(32) can then be rewritten more compactly as:

0 = Aw(t+1)+Bw(t)+Cq(t), (33)
0 = Fw(t+2)+Gw(t+1)+Hw(t)+J§(t+1)+Kq(t), (34)

181n general, analytical expressions characterizingagyeara unavailable, so the existence and uniqueness
of thebgp is checked through the numerical computation.
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where those conditions showing dynamics of any variabl®(i) [(27) in our case] are
included in (34), and matrices, B, C,..., are functions of all structural and fiscal policy
parameters. Details for the log-linearization of (27)-(32), together withices#, B, C,...,
are shown below.

(iv) The following log-linear law of motion foQ(t) andW(t) is assumed:

wit+1) = Pwt), (35)
ait) = (1), (36)

whereP andS are free matrices of dimensi@x1) and(5x1). Next, conditions (33)-(34)
are directly solved by the undetermined coefficients method, imposing thesaiges ofP
to be inside the unit circle, since otherwi®é) andW (t) would present explosive paths.

(v) Starting at(Ko,Kg), we havekd = K3 /Ko, and values o€q, Yo, o, ho andk, are
directly obtained from

Co Ko 0O 0 0 O
Yo 0 Ko 0 0O
o =] 0 0 1 0 0]Qo), (37)
ho 0O 0 010
ke 0O 0 00 1

where, from ??), Q(0) = exp[S(Inkg— In Eg) +In(5} = (Zo Mg 1o hg Kl)l, andW is ob-
tained from @?).
(vi) Kg andKfJ (the state of the economy next period) are easily recovereddgpom

KoKo

K
1 Tty

andK} = WiK;. (38)
(vii) Time series for normalized variables for successive periods aoveeed by going
recursively through stepw) and (vi). Stability of the resulting time series is guaranteed

since appropriate stability conditions were implemented when solving (3%)-(36

6.1. Log-linear Optimal Conditions

Uhlig (1999) proposes a procedure where optimal conditions are logrizesl without
need of differentiating. Let;"andy; denote the variables in log-deviation to their steady-

statext = In (X% /X) andy; = In(Y;/Y). X2 can be approximated:

(é)a = exp(aln <§>> = exp(aX) ~ (1+aX) = X® ~ X3(1+aX). (39)

In addition, Xy ~ 0O if variables are close enough to their steady-state values. Log-
linearized versions of (27)-(32) are (all variables in log-deviatiormiabteady-state):
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0 Ark Tk
2un- ko PG Ry - TADh, o (40)
s 1.
2—M+—h = 0 (41)
Iy — Z2 — M1y — scMify — (1+ )Ry = 0, (42)
ek —amm, = 0, (43)
m—(1-a)k—68,% = O (44)
(Ry +Wer1) (1YW — (1— 3)W — ssMiy = 0, (45)

wherek, = [in (81) ~In(149)], 8= 1-5kg), B = (1-p)(1-8), Y= PR~ -

89, M = Fhl-8-18 % — qM — &, andR = (1+ (1—T)rK —f"é"). Tax-rates are con-
stant. Steady-state conditions have been used to simplify these expreSdiensndoge-
nous state variable i = InW — InW, denoted in general terms byt f. Endogenous con-

trol variables are included y(t)' = (rfiv, 2, ., K, Kt). From (40)-(45), log-linear conditions
can be rewritten:

A1 +BX%+Cl = 0, (46)
FX2+GCXi1+H% + 1+ K% = 0, (47)
where
A= (0000 (1+yW),B=(0 0 0 -8, —(1-3)W ),
-1 1 & 0 0
M(1—s—3) —Z 0 0 —(1+vy)
C = —aM 0 0 K 0 ,
1 0 —(1-a) O 0o
0 0 0 (1+yW

_ (o 1 Bh BT 0>,K:(0 1 8o 1),
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