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1 Panel data sets

Economic data sets that combine time series and cross sections are increasingly
being available. Sometimes, they are created by a researcher that collects data
on a given set of variables over a period of time for a set of countries. But
often, they are produced because a cross section of individuals or firms are
followed over time, and the values of some of their characteristics and decisions
are collected in what is known as a Panel Data set. Examples of the latter are:

e National Longitudinal Surveys on Labor Market Experience (NLS) http://www.bls.gov/nls/nlsdoc.htm,

e Michigan Panel Study of Income Dynamics (PSID) http://psidonline.isr.umich.edu/
in which 8,000 families and 15,000 individuals, interviewed periodically
from 1968 to the present.

e The Bank of Spain puts together the Encuesta Financiera de las Familias,
http://www.bde.es/estadis/eff /eff.htm, a still short panel data on finan-
cial decisions.

e British Household Panel Survey (BHPS), http://www.iser.essex.ac.uk/ulsc/bhps,
follows several thousand housegholds (over 5,000) anually, since 1991.

e German Socioeconomic Panel Data (GSOEP), http://dpls.dacc.wisc.edu/apdu/gsoep cd TOC.html,
e Medical Expenditure Panel Survey (MEPS), http://www.meps.ahrq.gov/

e Current Population Survey(CPS), http://www.census.gov/eps/, is a monthly
survey of about 50,000 households. Each household is interviewed each
month over a 4-month period, followed by a 8-month period without in-
terviews, to be interviewed again afterwards. These are known as rotation
panels.

A panel data has a cross section (N) and a time dimension (T'). Depending
on the type of panel Usually, the time dimension of the panel (T) is short,
with a very large cross-sectional dimension (N). In that case, we search for
consistency of estimates along the N-dimension. This is because panel data are
usually oriented toward cross-section analysis, and heterogeneity across units
is the central focus of the analysis. However, other possibilities also exist, like
having relatively long time series for a short number of countries.

The general, linear panel data model is of the form:

Yit = T3 + zia+ e, i = 1,2, N, t =1,2,...,T

in which variables in vector x;; change over time and across individuals,
while those in vector z; change only across individuals while remaining constant
over time for each individual. The specification above is generally designed for
a large N, short T. The model above would then imply estimation of a large
number of parameters, so it is usually assumed that coefficients are the same
for all individuals, to allow for enough degrees of freedom. An example would



estimate how family income, as well as the age and the level of education of the
household head help affect family savings:

family savings;y = a + Biincome; + fyageir + Bseduciy + wi

A panel data is very different of a SURE system of equations. In the latter,
we have a set of equations with a different endogenous variable in each one
of them. In a panel data we have always the same endogenous variable. We
could see it as a system of equations for each time period, but it has a tight
structure, that determines the correlation structure of the error term,as we will
see later, contrary to what happens in a SURE system where we have to proceed
by assumption. A panel data set is said to be balanced when all individuals are
observed for the same number of time periods, while it is unbalanced when the
opposite happens. If there is some self-selection, with individuals deciding when
to be interviewed, or some systematic decision on when to interview subjects,
then estimates may easily be biased. This requires some special treatment.

Some examples:

In(wager) = By + BoDILt + By D92: + Bycomputeryy + 4 expery +
+Bseducit + B¢ female; + w;t

which is considered by Wooldridge (2002) to estimate the effect of computer
usage (measured by hours of use in year t) on wages. The dummy variable
female; is invariant through time, as it might be the case with the number of
years of education (educ;;). Two dummy variables, invariant across the cross-
section, are also included to allow for a time effect on wages. This specification
allows for intercepts specific of each decision unit, while slope coefficients are
assumed to be the same for each individual. We could also allow for cross effects
by introducing the product of some explanatory variables like computer;; and
female;.

A difficulty when working with panel data is that since we repeatedly observe
the same units, it is usually no longer appropriate to assume that observations
are independent, which may complicate the analysis in dynamic and nonlinear
models. On the other hand, an advantage is that it allows us to deal with
unobserved characteristics, and to identify certain facts at the individual level.
Panel data are not only suitable to model why individuals behave differently,
but also to model why a given unit behaves differently at different points in time.
The double dimension structure of the panel data allows for testing hypothesis
that could not be addressed in either a single cross-section or in a single set
of time series: does consumption increase by 2% because everybody increases
consumption by 2% or because half of the population increases consumption by
4%?. Ben-Porath (1973) observed that over time, 50% of women appear to be
working at any time period. However, it is unclear whether these are always the
same women or rather, each woman has a probability of 1/2 of being working at
any time period. The two possibilities would have very different policy implica-
tions. Another typical example refers to the possibility of separating economies



of scale from technological change. The former could be explored in a cross
section, while the second is a proper hypothesis for tine series data, although
then, the two effects would be confused. Usually constant returns to scales is
assumed and then the time series data is used to test for technological change.
A panel data can provide information on both issues at the same time.

Panel data techniques have clear advantages in dealing with unobserved in-
dividual characteristics. Consider estimates of a Cobb-Douglas production func-
tion with data on a number of firms. Suppose the true model is,

Yit = po+ x5, B +mify i + i

where m; is the management quality for firm ¢, which is assumed to be
constant over time. The unobserved m; variable is expected to be negatively
correlated with the other explanatory variables, since a high quality manage-
ment will possibly require a more efficient use of inputs. Therefore, excluding
m; from the estimation because of not being observable will bias estimates for
the other parameters. With panel data, we can consider a firm specific effect,
defined as a; = p+m; 3,1, and even hope to estimate its size, although it will
be impossible to identify 3, by itself.

Similarly, a fixed time effect can be included in the model to capture the
effect of all (observed and unobserved) variables that do not vary across the
individual units. A final, more technical advantage, is that panel data models
provide internal instruments for regressors that are endogenous, or are subject
to measurement error. Usually, it can be argued that some transformations of
the original variables are uncorrelated with the model’s error term while being
correlated with the explanatory variables themselves. This is interesting, since
external instruments, which are often harder to justify, or for which data may
be hard to find, may not be needed. For instance, if x;; is correlated with an
omitted explanatory variable a; (which will then be part of the error term), it
can be argued that z;; — Z;, where T; is the time average for individual i, is
uncorrelated with a; and hence, it provides a valid instrument for ;.

1.1 Estimation approaches

The individual or group time-invariant effects in z; may be observed, like sex,
race, location, or unobserved, like family specific characteristics, individual het-
erogeneity in skill or preferences, all of them being constant over time. If z;
is observed for all individuals, the model can be handled easily, as a standard
regression model, to estimate vectors 8 and « in,

Vit = B + 2zl tey, i=1,2,.., N, t=1,2,...,T

which is identified by the standard condition,

E(eit/ i, z;) = OVi, t

This condition implies,



E(yit/mit, z) = 25,8, + zie, i =1,2, ., N, t =1,2,...,T

As in any regression model, this expectation is what we are interested on.
Often, the error term e;; is also assumed to be independent and identically
distributed over individuals and over time, with mean zero and variance o2.

Obviously, in the usually available short panels, the individual specific effects
cannot be consistently estimated. Besides, the small number of observations
would lead to a huge loss of precision. Hence, we need to collapse the linear

combination of individual characteristics zjc into a single number, zia = «;,

Yit = z;’tﬁi +a;4+€i,0=1,2,...,N, t=1,2,....T

We then substitute our interest on the previous conditional expectation, E(yit/Tit, 2;),
by a focus on:

E(ye/xi) = B (oi/xie) + 23,8

An important complication arises under standard estimation procedures
when z; is unobservable. Examples include the determination of wages on the
basis of experience and education, with no observation of the productivity of
the worker, or a study on health status of individuals with no data on usage
of health services.Also, the determination of profits at the firm level lacking
data on the quality of management. We cannot then compute the expectation
conditioned on the values of these unobserved variables.

Here, there are two possibilities: if we are willing to accept the Mean-
independence assumption, that the unobserved individual characteristics are
independent of the variables in x;: E («;/x;+) = p;, constant, we will have,

E (ye/it) = p; + 2343

and the model has an error term with two different components,

Yir = p1; + 5,8 + [eir + (o — ;)]
Under the Mean independence assumption, this specification does not pose
serious estimation difficulties. This leads to the Random Effects model.
However, in many applications it may be natural to believe that z; and x;;
will be correlated, so that E («; /i) = p; + h(z;t), and this dependence will be
incorporated into the error term,

Yit =t + 3B+ [eir + (o — {E (ai/wi) — h(zir)})]

This leads to the Fized Effects model. The correlation between explana-
tory variables and the error term will then lead to inconsistent least-squares
estimates, so whenever there is reason to believe that unobserved individual ef-
fects are correlated with the observed explanatory variables, we need to explore
alternative estimation approaches.!

1We are usually interested in estimating the partial effects:



The estimation approach suggested depends on the assumptions on the cor-
relations between ¢;; and either z;a or a;.

e Pooled regression: Vector z; contains only a constant term, the same for
all individuals in the sample. Ordinary least squares estimates of the
common parameters o and [ in

Vit = o+ x50+ eit

using all the data on all the individuals for all time periods are then consis-
tent and efficient.

o Fized effects: If some z; are unobserved, but correlated with some z;;, we
have,

Yit = T30+ i + €t

where a; = zja captures all individual specific effects. The least squares
estimator of § is biased and inconsistent, because of the omitted variable bias.

The Fized Effects approach considers «; as an individual-specific constant
term in the regression. The term "fixed" does not refer to the individual effect
being non-stochastic but rather, to being correlated with the variables in x;;.
It will be impossible with this specification to distinguish between «; and any
other individual effect that is constant over time, so can just hope to identify a
single individual-specific effect. The estimation approach in this situation will
consist of transforming the data so as to get rid of the individual effects pro-
ducing the inconsistent estimates. We can estimate constant individual specific
effects, a;, that can be treated in estimation as N unknown parameters, and the
model is referred to as the Fized Effects model. Because of these data transfor-
mations, we will have some difficulty in identifying the effects of time-invariant
characteristics, like race or gender.

e Random effects: If the unobserved heterogeneity can be assumed to be
uncorrelated with any other explanatory variable, and we assume that
individual effects can be jointly considered as zja = p + «;, with a; ~
[0,02], the model can then be written,

yit = 2B+ E(zia/zu)+za—E(zio/z)ltei = 2f S+pt(cuitei) = 2 +utui

OBlye/jtl _ g i 19k forallt

6xjt J
after correcting for individual characteristics. These marginal effects can be identified even if
the conditional mean is not. For instance, it is possible to identify the effects on earnings of
an additional year of schooling, controlling for individual effects, even though the individual
effects and the conditional mean are not identified.



where u;s = «a; + €54, with «; being an individual specific element similar to
€it, except for the fact that there is a single draw for «; that enters the regression
identically every period. Individual intercepts are then treated as draws from a
distribution with mean o and variance o%. The essential assumption is that these
draws are independent of the explanatory variables in x;;. The error term has
then two components, a time invariant component, «;, and the ;; component,
which is uncorrelated over time. It is sometimes referred to as Random effects
model or Error Components model.

The presence of the ; component in the error term induces necessarily some
autocorrelation structure, even if the original error term in the model ¢;; was
independent over time and across individuals, since:

E(wipwis) = E (o +€4) (o +€45)] = 0(21 if t #sand = ai +O’§ ift=s

2 The static linear model

2.1 Pooled OLS estimates

Consider the general panel data model,

Yie = zia+ B+, i=1,2,...,N; t =1,2,....T
where we assume that individual characteristics are either observable, or
non-observable but uncorrelated with the variables in x;;.
Suppose that we are willing to make the crucial assumption:
E(zja/X;) = p Vi
Then,

vie = p+ x5, B+ [enr + (Zja — E (zia/X;))], i =1,2,...,N; t =1,2,...,T

and we will have the same vector of coefficients across individuals or decision
units. Here X; includes both, the observable z; and the x; variables. We can
then write the panel data model as the system:

Y1t = :E/ltﬂ + U1t, t= 1725 "'7T1
yor = x5S+ ug, t=1,2,.,T
ynte = TBtune, t=1,2,.. Ty

with error term: u; = e + (#ja — E (zja/X;)), and we can think of the
model as having a single regression with:



X1 Y1
S e T R
XN YN

)
5

where each X; matrix is T;xk, while y; is T;x1.

But the central point of this model is that the assumption we have made
on FE (zla/X;) = p is inappropriate in most panel data situations, in which the
opposite will be likely to occur.

The pooled OLS estimator consists of applying OLS to the stacked y and X
above:

-1

N -1 /N N T N T
pross = (Lxix) - (Soxn) = (L) (L3
i=1 i=1 i=1 t=1 i=1 t=1
The properties of the alternative estimators will depend on two things: a)
the stochastic characteristics of the errror term in the original model, &;;, and b)
the relationship between the unobservable, ommitted individual characteristics,
and the variables included in the model.

Regarding the first point, alternative possibilities are:

e The x;; are contemporaneously exogenous: E(g;/x;t) =0

e A stronger assumption: The x;; are strictly exogenous: FE(gi/wis) =
0Vt,s

Strict exogeneity fails if x;; = (1,y;—1), because: E(g;/xi1 Tizy ..., TiT) =
E(eit/yo, y1, - Yr-1) = €it

For the OLS estimator to be consistent we need lack of correlation between
explanatory variables and error term, together with existence of second order
moments of explanatory variables.

Consistency

The estimator is consistent for N — oo under conditions: i) E(z}u;) =
Ox,t =1,2,...,T, it) rank {E(ZZ;I x;t:c”)] = k,with an asymptotic probability
distribution:

\/N (BPOLS — B) 7 N <O,A_1BA_1)

where A = E(X/X;) is estimated by A = N~! Zf\il X/X;, and B =
Var(Xiu;) = E(XuuX;) is estimated by B = N=' SN | X!4;0/,X;,2 so that

2Thi§ is the generalization of the standard variance-covariance matrix for the OLS estima-
tor: S(Bors) = (X'X) "L (X'EX)(X'X)~1



the covariance matrix is estimated by:3

S(BporLs) = ;,(;,ZXZXJ (;IZX{UZQQXJ (;,ZX{XJ =
(zzxitx;t) 5 (z ) 5 (z ) (z

i=1 t=1 i=1 \t=1 i=1 \t=1 i=1
Efficiency
It will not be an efficient estimator, because the structure of the error term
induces autocorrelation: E(u;u;s) = Ui when t # s. The variance-covariance
matrix above incorporates the fact that unobserved individual characteristics
introduce autocorrelation in the error term. The practical consequence of the
described autocorrelation is that with the panel data we have less information
than with NT independent observations.

Unobservable individual effects We now suppose that some of the indi-
vidual effects are not observable, and we include them into a single variable «;.
Let us denote u;y = €4 + 4, 1 =1,2,..., N; t = 1,2, ..., T. That would have two
implications:

1. if any of the unobservables in «; is correlated with any of the x;; variables,
then condition 7) above will no longer hold, and the pooled least squares
estimate will be biased and inconsistent,

2. estimating by pooled least-squares we have that the presence of individual
effects in the error term introduces a specific form of autocorrelation,
because error terms corresponding to a same individual will be correlated
with each other:

E(uituis) = Uia t#s

The estimate of the variance-covariance matrix proposed in White (19xx) is
robust against possible cross correlation among error terms across equations in
the same time period, or against a different variance for the error term in each
equation (time-varying variances). The conditional variance is also allowed to

) Ti11 - THT N
3Since X; = , then: s XIX =
Tik1 co o TikT
T 2 T
N Doie1 T o Dope1 TiltTikt
Dica ,the same kxzk matrix we obtain
T T 2
thl TiktTilt  --- thl Tikt
from adding up over ¢ = 1,2,..,N and over time the kxzk matrices of products:
Tilt
A
TitT;y = e ( i1t - Tkt )
Tikt

10

T
/
Tty

t=1

v



depend on X; arbitrarily. However, it does not take into account the possible
autocorrelation of the error term, as it will be the case if we estimate by Pooled
least-squares the Fized Effects model. This is taken into account in the esti-
mate proposed above. Alternatively, we can follow the Newey-West approach
to obtain a panel-robust estimate of the variance-covariance matriz:

X N LN N -1
L(BpoLs) = (ZXZ/Xz> (Z XéﬁiﬁéXz) (Z Xsz) =
i=1 i=1 i=1

If the conditional covariance of u;; is independent of x;, for all s, then,

N

S(Brors) = (Z ZT: a:itx;t> B [Z XT: (i ufu> a:itxés] (i XT: mit$;t> -1

i=1 t=1 t=1s=1 \i=1 i=1 t=1

We need to be aware of the fact that the term 'robust’ applied to the variance-
covariance matrix produced by some statistical packages may refer to just the
correction for heteroskedasticity. However, in many relevant cases, the impor-
tant effect in panel data is the autocorrelation induced by the repeated obser-
vations in a same individual.

Ezample: Using the Cornwell-Ruport (1988) data set, Green (6ed.), p187,
example 9.1, show estimates of the returns to schooling by an equation in which
logged wages are explained by working experience, their squared value, weeks
worked, years of education, and a set of dummy variables to represent whether
a given worker: has a blue collar occupation, works in manufacturing industry,
resides in the south, resides in an SMSA, is married, the wage is set by a union
contract, is a female, is black. The sample is made of 595 workers, which are
followed over a 7-year period, 1976-1982. Each year of education is estimated
to increase wages by 5.67%. OLS standard errors are in this example of similar
size to White’s robust standard errors, while both of them are about half size
of the Panel robust standard errors. It means that ignoring the within-group
correlations in this case matters a lot, substantially affecting inference through
the implied autocorrelation of the error term.

The model can also be estimated using individual sample means, for a sample
of 595 observations. We will still have the inconsistency of least-squares esti-
mates in the fixed effects model, but the within-group autocorrelation now dis-
appears. Table 9.2 in Green (6ed.) shows similar coefficient estimates. White’s
robust standard errors are now similar to the Panel robust standard errors for
the whole Panel data sample.

11



2.1.1 Hypothesis testing

Linear hypothesis of the form: Hy : R3 = r can be tested by the usual Wald
statistic:

W = (B8 —r) (RE(Bpors)R) (RS =)

that obeys a chi-square distribution with g degrees of freedom, ¢ being the
number of rows in R and r (the number of independent restrictions being tested).

2.2 Generalized pooled least squares estimation

When we have some structure on the form of the conditional covariance matrix
of u;, we can prefer to use GLS estimation, in search of improved efficiency.
Since we use random sampling, the unconditional covariance matrix should be
the same for each observation unit: Q = E(u;u}), a TxT matrix. As usual, the
numerical values of the elements in the variance-covariance will be unknown, and
we will have to estimate them first, then moving into what is usually known as
Feasible GLS estimation (FGLS).

Remember we have one equation for each time period, with N observa-
tions in each equation. It is important to bear in mind that consistency of
GLS estimator needs of a stronger condition on lack of correlation between
explanatory variables and error terms. Now, each element in X; must be un-
correlated with u; [Wooldridge (2002)]. This is because for consistency we now

need plim (% Zi\il X{Qu,) = 0. A typical case when this will not hold is in
dynamic panel data estimates under autocorrelation of the error term.

To construct the GLS estimator, we would follow the standard practice of
pre-multiplying the equation by Q~/2, and:

N -1/ N
BGLS = (Z XQQXz) (Z Xnyz)
i=1 =1

The reason to need a more strict condition on lack of correlation to show
consistency is that we now need: E(X/Qu;) = 0. The asymptotic distribution
is:

VN (BGLS — B) — N (0,A7'BA™)

where A = BE(X/Q71X;) and B = B(X/Q uu,Q71X;) which are estimated
by using a consistent estimate  of  , computed using the residuals from a first-
step set of consistent, but inefficient least squares regressions.

In most applications, it is natural to assume that: E(X/Q luu/Q71X;) =
E(X!Q7'X;) , which implies B = A and hence, the asymptotic variance of
Bors becomes: Y(Bapg) = A1/N = [E(X{Q*X,;)]fl /N, which can be esti-
mated by: S(Bars) = (Zivzl X!Q71X;). This assumption essentially requires

12



conditional homoskedasticity (constant conditional variances and covariances),
i.e., that the expectation E(uQ~1X;) does not depend on X;.

3 The Fixed Effects model

This model embeds the idea that all the unobservable individual effects for each
observation are aggregated in a single term «;.Under the assumption that:

E(a;/Xi) = h(X3),

is constant over time, that constant being the Fired individual Effect, each
individual effect «; can be treated as an unknown parameter to be estimated,
and we get a linear regression model in which the intercept is allowed to vary
across individuals,

Vit = a; + T30 + Ui,
with

Uit = Eit + (Oéz' - h(Xz)) , with g ~ z,zd(O, 0'?)

The model will usually imply a rather large number N of regressors which
it could lead to a noticeable loss of precision. It can be implemented in a
simpler way by taking into account that individual effects disappear if we apply
the Within transformation, to transform the data in deviations with respect
to individual means. Taking averages in the previous equation: u; = &; +
(a; — h(X;)), so that u;; — @; = €54 — ;, and:

Yit — gi = (xit - ji)/B + (Eit - g75)7 1= 1727 7N7 t= 1327 7T

Applying least squares to this model, we get the Within estimator of the
Fized Effects model,

T
Z(l’it —Z:) (Yir — Ui);

N
=1 t=1

A N T -1
Bre = (Z > (@ie — 3i) (it — fi))

i=1 t=1

K2

The estimator will be consistent as N — oo if E[(zy — Z;)es] = 0.This will
hold if z;; is uncorrelated with ¢;; and Z; has no correlation with the error
term. These are implied by strict exogeneity of the regressors:

E($it€is) =0 Vt, S

Strict exogeneity precludes the inclusion in x;; of lagged dependent vari-
ables or variables that depend upon the history of y;;. For instance, explaining
labour supply of an individual, we may want to include as a regressor years of
experience, but experience will clearly depend upon the person’s labour history.

13



By applying the Within transformation, the individual specific constant
characteristics will have dropped from the model. Individual effects can later
be recovered by,

& =i — %' Bpg, i=1,2,...,N

which are unbiased, but will not be consistent if just the cross-section di-
mension tends to infinity. For consistency we will need T — oo. The reason
that these are not consistent as N — oo if T' is short is that that leaves us with
a very limited amount of information to estimate each individual fixed effect,
and x and y averages do not converge to any well defined limit as the number
of individuals increases. This is an interesting situation in which it is possible
to estimate the 3 coefficients consistently, even if the a; cannot be estimated
consistently because of a short time dimension.

As we can see, we can just recover a single «; variable for each individual,
which is the reason why the specific effects for a same infdividual need to be
considered as aggregated in a single variable «;.

If there are some observed individual effects z;, their joint influence can be
recovered by regression,

(5i — %/ Bpg) = 27 + [Oéi +& — (3FE - 5)}

leading to consistent estimates of « if each variable in vector z is uncorrelated
with &;; and with a;. As in the case of the unobservable, time invariant individual
effects, the estimated coefficient will not be very reliable with a short time
dimension 7T .

The variance-covariance matrix,

Var(Bp (ZZ Tip — i) (Tir — T4 ))

i=1 t=1

assumes that individual effects are independent across individuals and time.
Unless T is large, this will underestimate the true variance. The reason is that
the error covariance matrix in the transformed regression is singular (since the
T transformed errors for each individual add up to zero), and the variance of
it —E&i is (T —1)/To?, rather than o2. If, for instance, T' = 3, then the variance

2
of g, — &; will be 2‘;5. A consistent estimator for 02 can obtained from the
Within groups estimation,

A 1 a N Iy 2 1 - 7Y 3 ?
62 = NIT-1) ZZ(yit—ai—xitﬁFE> TNT -1 ZZ { vir = i) = (@ie = T:) 5FE]

i=1 t=1 i=1 t=1

although the appropriate number of degrees of freedom would be N(T—1)—k,
and we will have to introduce a correction factor.
A panel-robust estimate of the variance-covariance matrix is,

14
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(

] =
[M]=

“lrr o1
(it — @) (vir — wi)l> lz Z

t=1 s=1 i=1

E(BPOLS) = (

A variance for individual effects can be obtained from:

Il
A

t

Il
-

(it — T4) (@i — ffz)/)

] =
1M

1

2
Var(a;) = % +ZVar(Brg)T;

showing that estimates of individual effects a; are inconsistent, since even
though Var(BFE) converges to zero with N, that is not the case with the first
term in Var(&;). This is because of estimating each individual effect with a
small number T of observations.

Defining N individual dummy variables (D;; = 1,if i = j,5 = 1,2,..., N, and
D;j = 0 otherwise) the model can also be written,

N
Yir = Z%‘Di]‘ + 2,8+ e
j=1
which is known as the least squares dummy variable (LSDV) estimator. As men-
tioned above, a limitation of this model is that all time invariant, unobservable
individual effects get confused with each other in a single «; variable for each
individual, and we are just able to estimate their aggregate influence over y;;.

3.0.1 Testing the significance of the group effects

Even though we can use the above results to tests for significance of either one
of the individual effects, the natural hypothesis is to test that they are all equal
to each other. If that is the case, the restricted model leads to the pooled least
squares estimate, and we have an F-test,

NS LNT = D

The correction for the F-test comes from the fact that in the Pooled OLS
estimator we have NT — k — 1 coefficients, while in the LSDV estimator we
estimated NT — N — k coefficients, with a difference of N — 1.

3.0.2 Fixed time effects

The model can be extended to accommodate fixed time effects through time
dummy variables. However, to avoid perfect collinearity, we should just include
T — 1 of the possible time effects. Alternatively, we can specify the model,
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N T
Yit = TS+ 1+ a; + 0y + €44, with Zai = Zét =0
i=1 t=1
Least-squares estimates of the slopes 8 can be obtained by a regression of
Y, on vector x7,, with,

Yir =Yt —Yi — Ut + 9
_ 1T _ 1N _ 11N T
where §; = T3, yirs 0 = N™' 302 yie, @ = NT71 30,00 300 v,
and similar expressions apply to vector x.
Once we have estimates for the vector 3, we can recover estimates for the
remaining parameters from,

po= y-ap
& = Wi—9) - (@-2)B
o = G-y — (T —2)B

The variance-covariance matrix is obtained from the standard cross-moment
product of transformed explanatory variables, with an estimate of &§ being
obtained from 62 = RSS/[NT — (N —1) — (' —1) — k—1]. As we will see below,
there are more general models allowing for time effects.

Ezample: Green (6ed.), ex. 9.4, estimates the model in the previous ex-
ample, for logged wages, with a constant intercept and 7' — 1 time dummies.
The constant individual characteristics: education, sex (female-dummy) and
race (white-dummy), need to be dropped now, so that we lose the main inter-
est of estimating the returns to education. Pooled least squares estimates are
obtained for an initial specification that includes a single, common intercept
and no time dummies. A second model includes again a single intercept but
also time dummies. A third specification allows allowing for individual specific
intercepts and no fixed time effects, while a final model allows for both, fixed
time and individual characteristics. In this final specification, we need to drop
an additional time dummy variable, because the Experience variable is a nat-
ural time trend. The significance of individual effects and/or fixed time effects
can now be tested by comparing the Residual Sums of Squares of appropriately
chosen specifications. Green also suggests comparing the conventional estimate
and the robust estimate, the latter with data in group mean deviations form, of
the variance-covariance matrices as a specification test for the individual effects
model. If the specification is correct, there should not be any heterogeneity in
the error term and hence, not heteroscedasticity or autocorrelation left. In the
example, robust standard errors are of the order of 20 times as large as the
conventional ones, clearly pointing out to misspecification errors.

4 Within and between estimators

The original Panel data specification,
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Yit = ; + TS+ €it

can be written in terms of group means,

i = o + T8+ E

and in deviations from group means:
Yir — Ui = (@i — 23) B+ (et — &)

All three models could be consistently estimated (although possibly not ef-
ficiently) by least-squares. Consider the overall second order matrices,

N T N T
total total —\/
S E E Xit — ) mltf:c B E E Tyt — Z) (Yir — 1)
=1 t=1 =1 t=1

the within group matrices,

N T N T
Syttt = Z Z Tit — %) (Tir — Z) 5 S.%thm = ZZ (i — i) (yie — Ui)’

i=1 t=1 i=1 t=1

and the between-groups matrices,

N T N
ghetween = NN (@i - @) (@ —2) =T (2 — 1) (3 — 7)';
i=1 t=1 =1
N T N
Spper = 33 @ -D @G- =Ty (#-7) (5 -7
i=1 t=1 i=1

Notice that:

because the inside bracket is equal to zero. Therefore, we have,

N T N T N
Z Z it — T) (T4 — 56)/ = Z Z it — Z;) (Tir — g’ci)/—&—TZ (Z; — ) (% — JE)'
i=1 t=1 i=1 t=1 i=1

so that,

total wzthzn between total __ Qwithin between
Srorar = S + 5. , S = S + Say ,

17



4.1 The Within groups estimator
The Within-groups estimator is defined,

N

o T -1/, N 7T
szthzn _ [S;:szthzn] -1 S;inthin — (Z Z (xit _ :Z'i) (zit _ fi)/> (Z Z (xit . jz) (yzt _ gz)

=1 t=1 i=1 t=1

so that it is the OLS estimator in the model,

Vi — Ui = (Tt — T3) B+ (eie — &), 1,2,...,N

where the possible individual specific intercepts have cancelled out. For that
reason, it yields consistent estimates of the panel data model under the Fized
Effects assumption, whereas the Pooled OLS and the Between estimator that
we are about to see, do not. The Within Groups estimator is the same as
the Fized Effects estimator and the Least-Squares Dummy Variable estimator
that we saw above. It can also be thought of as estimating regressions from
dependent and time-varying independent variables on individual dummies and
estimating a regression between the residuals from these auxiliary regressions.
Of course, the limitation of this approach is the impossibility to estimate the
coeflicients of time-invariant individual characteristics like race and gender.

4.2 The Between groups estimator

The Between groups estimator above is obtained applying least squares to the
data averaged for each individual, in deviations from the global sample average,

i—g= T —%) B+ (vi+5), 1,2,...N
so that,

N -1/ N
g = (Zm —2)(zi - x)) (Zm - 2) (5 — y>> = [Shgrmeen] " hgmeen
i=1 =1

This estimator is a cross section regression with N data points.The Between
groups estimator uses just the cross-sectional variation in the data, while the
pooled OLS estimator uses variation both over time and across individuals. The
Between groups estimator uses only information on how each individual differs
from the global average, ignoring the variation over time for each individual in
the sample.

An interesting feature of the Between estimator is that it tends to reduce the
effect of measurement errors, since it uses time averages. It would be consistent
with T' — oo but that is un unlikely condition in most panel data sets.

Strong exogeneity is needed for consistency, since we need the individual
means T; to be uncorrelated with «;. Sufficient, although not necessary con-
ditions for consistency are: E(c;x;) = OVt, and E(eix;5) = 0Vs,t. These are
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of course very strict assumptions. The problem is that the transformation in
differences with respect to group or individual means does not solve the issue of
the possible correlation between unobserved individual characteristics and ob-
served explanatory variables: E(a;/X;) = h(X;). Mundlak (1978) analyzes the
case when it can be assumed that such expectation is a function of the group
means: E(a;/X;) = T, v . We would then have: y;; = p+ 2,0 + Tiy + €4,
and taking averages: §; = T, (8 + ) + &;, so that with the Between estimator
we would be estimating the sum [ + -,a biased estimator of the partial effects
[ we are interested on.

Even when it is consistent, the Between estimator will be inefficient, since it
does not exploit the structure of autocorrelation and heteroscedasticity in the
error term.

Relationship among estimators

The least-squares estimator can be written,

~total —1 . -1 .
_ total total __ within between within between] __
- [S:m } Swy - [Swa: +S:m ] [Swy +Sﬂcy ] -

— within between] 1 withinAWithin
= [Suithin 4 ghetween] [sm

~ Between
between
+ St ]

and if we define:

FW _ [S;Zthln + Sgitween] -1 S;v;thin
B _ w _ within between] 1 within between within between] 1 quithin _
_ within between] —1 abetween

then,

~ total

B = pw " 4 pBg”

so that the least-squares estimater can be written as a matrix linear convex
. . L A ~total ~within
combination of the Within and the Between estimators: [ =F
~between

(I -F)p . We will later see that it is not the only estimator admitting
such a representation.

5 Estimating in first differences

An alternative transformation that eliminates individual effects is to take time
differences in the model, obtaining:

Ayit = Ax;tﬁ + Agita i= 1727 "'7N7 = 2733 "7T

even though if the error term of the original model was a white noise, the
error term in the first-differenced model will have a MA(1) structure, with first-
order autocorrelation. So, we have changed the autocorrelation structure of the
error term.
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Estimating in First differences is useful no matter whether the Random
Effects or the Fized Effects models are appropriate. Estimating in First differ-
ences may be specially indicated in panels with a very short time dimension,
for which individual sample means may be subject to important sampling error.
However, a limitation of this approach is again the impossibility to estimate the
coefficients in any time invariant explanatory variable.

Consistency of the First-differences estimator requires,

El(ei —eit-1)/(wit —wip-1)] =0

a stronger condition than F [g;/xz;] = 0, but weaker than the strong exo-
geneity condition that is need for consistency of the Within estimator.
We have,

Var(Aey) = o H

where H is a symmetric, (T'— 1)x(T — 1) matrix whose elements are equal to
+2 along the main diagonal, equal to -1 in the two diagonals next to the main
diagonal, and equal to -1 everywhere else.

The least squares estimator is:

—1 N
B = lz Aﬂ?zt Awit)/‘| [Z Aﬂ?zt Ayit)
= _; N
lz (Azy) H (Azyy)

This approach will provide consistent, although inefficient, estimates. Ma-
trices in these expressions have T'— 1 rows. An alternative would be to use the
Newey-West robust estimate of the variance-covariance matrix, since we know
the exact order of autocorrelation in the error term.

Since the structure of the covariance matrix of the error term is known, we
could also try to improve efficiency by using Generalized least squares:

2
O¢

Var(B)

N
Z (Azyy) (Azy)

N -1

B=p8=>_(Azy)H ' (Azy)

i=1

N
Z szt Ayzt)

In practice, it is usually the case that Generalized least squares estimates
in levels and in first differences are noticeably different, which suggests the
existence of unobservable individual effects that bias the estimation in levels.

This approach is not preferable to other estimation methods.

It is specifically appropriate for estimation of Treatment effects in two-period
panels, with a specification like,

Vit = a; + x5, 8+ 05y + e,
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with ¢t = 1,2, where Sy =0in ¢t =1, and S; = 1 in t = 2. The first period is
the before-treatment period, while the second period comes after the treatment
has been applied. The treatment effect is:

which it can therefore be estimated as the constant in the model in first
differences.

The first-differences estimator is less efficient that the Within estimator for
T > 2 if € is 4.,i.d.. It coincides with the between estimator in panels with
T = 2, since: y;1—7 = yil_% _ yil;yiQ and y;o—7 = yiQ_ZJI;QZ _ _yilgyiQ’
and similarly for the x;; variables. Under the assumption that the e;; are i.,i.d.,
then it can be shown that the GLS estimator of the First-differences model
equals the Within estimator. However, the First-Differenced model estimates
the first differenced equation by OLS and it is therefore less efficient than the
Within estimator.

6 The Random Effects estimator

Under this approach, we view all the factors that affect the dependent variable
and have not been included as regressors, as being included in the random error
term. The usual assumption for this model is that the unobserved «;-terms are
independently and identically distributed across individuals. The model is then,

Yir = p+ 2B+ ( + €ir), €ir ~ i.,i.d.(O,Uﬁ), o ~ i.,i.d.(Opi)

with assumptions:

E(ey/X) = E(a;/X)=0,Vi
E(ef,/X) = of

E(af/X) = oa
E(eqoj/X) = 0Vi,4,t
Eleusss/X) = OVt sis]
E(ajo;/X) = 0Vij

Even if ¢;; is uncorrelated, there will be some serial correlation in the error
terms «; + €, coming from the «; component. We assume that the components
a; and e; are independent from each other, as well as independent of the
explanatory variables z;¢ for all time periods ¢, s. This leads to a particular form
of time correlation, and the standard OLS covariance matrix is inappropriate,
while the estimator itself is inefficient. For each individual 7, all error terms can
be stacked as the T'x1 column vector: a;1l7 + £;4, with covariance matrix,
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o2 +o2 o? o2

0(2l 0? + 0(21 0(2l

Var (ailT—t—sit) :Q:O'ilTllT—F()gIT =
o4 o4 of+ 0,

o4 o4 o4

To compute the GLS estimator, we transform the data by premultiplying
each vector of variables by Q~!, where:

2
-1 _ -2 Ta ) 1 ! 1
O = . Ir — 0’3 +TO_3 1T1/T:| =0, |:<IT — TlTlT) +’¢)T1T1/T:|

2
where: ¢ = Ufzf:i;gz, Since It — 171} transforms the data in deviations
£ «

from their individual means and 7171} takes individual means, the GLS esti-
mator for § can be written as,

Bars = (Z S (i — @) (@i — 7:) +UT Y (7 — 7) (7 — m))

i=1 t=1 =1

;

Two special cases deserve some discussion:

E
M~

1t

1 i=1

N
(it — 24) (yie — 5i) + T Z(i‘i - 2)' (g — y))

e when T' — oo, the unobserved becomes observable, and it is unlikely that
«; can be constant, unless it is not random. The Fized Effects estimator
would then be efficient, and it would coincide with GLS,

e if 02/02 — 0, then the stochastic component is dominated by «;, which
are constant over time, so we are left again with the Fized Effects estima-
tor. In these two cases, the GLS estimator coincides with the Fized Effects
estimator.

6.1 Relationship to other estimators

As it was the case with the Pooled OLS estimator, we can show that the Random
Effects GLS estimator is a vector convex linear combination of the Between and
the Fized Effects estimators.

From the general expression for the GLS estimator, it can be shown that,
Bars = Ix — A)Bg + ABrg

where:
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_ within between] 1 quwithin __

N T N “IrnN
= T (Z > (@ie — 3 (it — ) + T Z(a‘: —z) (2. — :77)) lZ(x -

i=1 t=1
0_2

The matrix A is proportional to the inverse of the covariance matrix of B B
so that the GLS estimator is a matrix-weighted average of the Between and the
Within estimators, where the weight depends on the relative variances of the
two estimators, the more accurate estimator receiving the heavier weight.

The Between estimator discards the time series information in the data set.
The GLS estimator is the optimal combination of the Between and the Within
estimators, and is therefore more efficient than either one of them. The POLS
estimator is also a linear combination of the two estimators, as seen in previous
sections, which differs from the previous one by the presence of the 1 parameter
in the definition of the A weight. It is a special case of the previous linear
combination, for ¥y = 1. Hence, the Pooled OLS estimator is not the efficient
linear combination of the Between and the Fixzed Effects estimators. GLS will
be more efficient than OLS, as usual.

It is easy to see that for ¥ = 0 we get the Fized Effects or Within estimator,
since then, A = 0. As we saw above, since ¢ — 0 when T' — o0, it follows that
the Random Effects and the Fized Effects estimators are equivalent for large
T. If ¢p = 1, the GLS estimator reduces to the Pooled OLS estimator. The v
parameter can be thought of as being the relevance given to variation across
individuals in the panel. The Fized Effects or Within estimator, with ¢ = 0,
ignores that variation. The Pooled least squares estimator, with 1) = 1, assigns
to variation across individuals the same importance as to the variation over time
among observations from a given individual, without taking into account that
some of their variability comes from variation in «; across individuals.

The GLS estimator will be unbiased if the explanatory variables are inde-
pendent of all €;; and all «;. It will be consistent for IV or T or both tending to
infinity if in addition to ) E[(z;: — Z;)ei] = 0 we also have @) E(Z;e;) = 0,
and even most importantly, i) F(Z;«;) = 0. These conditions are also required
for the Between estimator to be consistent (Verbeek).

Under weak regularity conditions, the Random effects estimator, B rE; also
known as the Balestra-Nerlove estimator, is asymptotically Normal, with co-
variance matrix,

with i being the parameter that we defined above: ¢ =

. N T N -1
Var(Brp) = o? <Z Z(Jiz‘t — 7)) (zi — @) + YT Z(j‘ - z) (7 — x))

i=1 t=1

which shows that the Random Effects estimator is more efficient than the
Fized Effects estimator as long as ¢ > 0. The gain in efficiency is due to the use
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of the between variation in the data (Z; — Z) as it appears in the second term in
the expression of the variance-covariance matrix. The covariance matrix above
is obtained when estimating by OLS the transformed model (?7?).

We must remember that if we do not feel very confident on the analytical
structure we are imposing on the variance-covariance matrix of the error term,
we can always proceed by applying ordinary least-squares and a robust inference
by using an appropriately corrected empirical covariance matrix, as explained
in previous sections.

6.2 Practical implementation of the Random Effects esti-
mator

An easy way to compute the GLS estimator is obtained by applying OLS to
transformed variables:

Yir — 0Y = (1 —v) + (24 — 0T;)' B+ £i

where v =1 — ’(/Jl/ 2, so that a fixed proportion v of the individual means is
subtracted from the data to obtain the transformed model.

The error term in this transformed regression is still i., i.d. over individuals
and over time. Again, v = 1 (¢ = 0) corresponds to the Fized Effects or Within
estimator, while v = 0 corresponds to the Pooled OLS estimator. As T —
00, v — 1, and we get the Fized Effects estimator.

We need estimates of the variances of the two error components «; and &;,to
implement GLS. To that end, we use the variance of the Fized Effects residuals,
with denominator NT — N — k as the estimate of o2. The denominator relfects
the fact that we are estimating N intercepts and & slope coefficients. The error
variance for the Between regression is 02 + o2/T, which can be consistently
estimated by,

N
1 A
~2 2 : = Y 2
UB_ N_k i:1(y1 :LLB xlﬁB)

This leads to a consistent estimator for o2 :

Again, the correction for degrees of freedom can be achieved by subtracting
k -+ 1 from the denominator of 67%.
As an alternative, Green (6 ed.) proposes the equality,

2 2 2
OpoLs = O¢ + On

to compute an estimate of 02 after estimating by POLS and Fized Effects.
The Residual sum of squares from the Pooled OLS estimator must be divided
by NT — k — 1, since there is a single intercept.
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6.3 Summary

e The Between estimator exploits the differences between individuals, and
it is determined as OLS in a regression of individual averages. Consis-
tency, for N — oo, requires two types of conditions: i) F(Z;q;) = 0, and
it) E(z,€;) = 0, which will usually require explanatory variables to be
uncorrelated with the individual effects a;, as well as strictly exogenous.

e The Fized Effects (or Within) estimator exploits the differences within
individuals, and it is determined as OLS in a regression using all observa-
tions in deviations from individual means. It is consistent for " — oo or
N — oo provided E[(z;; — Z;)e;:] = 0. This requires explanatory variables
to be strictly exogenous, but it does not impose any restrictions upon the
relationship between z;; and «;.

e The OLS estimator exploits both dimensions, although less than efficiently.
It is determined as OLS in the original model, and it can be written as
a convex linear combination of the two previous estimators. Consistency
for T — oo or N — oo requires that E[z;(ei + ;)] = 0. This requires
explanatory variables to be uncorrelated with «;, but it does not impose
that they are strictly exogenous. It suffices with z;; and £;; to be contem-
poraneously uncorrelated. It also requires explanatory variables to have
no correlation with the unobservable individual effects «;.

e The Random effects estimator combines the information in the Between
and the Within estimators in an efficient way. It is consistent for 7" — oo
or N — oo under the combined conditions that imply consistency for the
Between and the Within estimators. It can be obtained as the efficient
weighted average of the Within and the Between estimators, or as the
OLS estimator in a regression with variables transformed as y;; — vy,

withv=1-9"2=1- /%

e Fized Effects estimation is a conditional analysis, measuring the effects of
x;¢ on y;, controlling for the individual effects a;. Prediction is possible
only for individuals in the particular sample being used, and even then
it is only possible if the panel is long enough that «; can be consistently
estimated. Random Effects estimation is instead an example of marginal
analysis or population averaged analysis, as the individual effects are in-
tegrated out as ¢., i.d. random variables. The Random Effects estimator
can be applied outside the sample. If the true model is a Random Effects
model, then whether to perform a conditional or marginal analysis will
vary with the application. If analysis is for a random sample of countries,
then one uses random effects, but if one is intrinsically interested in the
particular countries in the sample, then one does Fized Effects estimation
even though this can entail a loss of efficiency. However, if some unob-
served individual specific effects are correlated with regressors, then the
Random Effects estimator does not make sense, being inconsistent, and
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we will need either the Fized Effects estimator or the First Differences
estimator.

6.4 Testing for random effects

The treatment applied to the individual effects can imply substantial differences
in numerical estimates in the usual case in which the time dimension of the panel
data is small. The Fized effects approach { E(y;/xit) = 4,0 + «;} is conditional
upon the values for «;. It considers the distribution of y;; given «;, where the a/s
can be estimated. This makes sense if the individuals in the sample are "one of a
kind", and cannot be taken as random draws from some underlying population.
That would be the case if the number of units is relatively small. Inferences
are made with respect to the effects that happen to be included in the sample.
The Random effects approach {E(y;:/z) = 2,0} is not conditional upon the
individual /s but "integrates them out". We are then not usually interested in
the value of «; for a given individual. Inferences are made with respect to the
population characteristics.

Even if we are interested in a large number of individual units and the
Random effects approach seems appropriate, we may prefer the Fized effects
estimator if z;; is clearly correlated with «;, since that would lead to inconsistent
least-squares estimators as used in the Random effects estimator. This problem
disappears in the Fized effects estimator because «; is eliminated from the
model.

6.4.1 Hausman test

Hausman (1978) suggested a test for the null hypothesis that z;; and «; are
uncorrelated. T'wo estimators are compared: one that it is consistent under both
the null and alternative hypothesis, and a second estimator which is consistent
only under the null hypothesis. A significant difference between both estimators
is interpreted as the null hypothesis not being true. In our case, the Fized Effects
estimator is consistent with independence of the possible correlation between x;;
and «; , while the Random Effects estimator will be consistent and efficient only
if the null hypothesis of lack of correlation is true. Usually, to compare the two
estimators, we would have to compute the covariance between the two estimates.

The essential result in Hausman (1978) is that the covariance between an
efficient estimator and its difference with respect to an inefficient estimator is
zero. Hence, since the Random Effects estimator is efficient under the null, then
if the null hypothesis is true, we will have:

COU(@RE»BFE - BRE) =0
so that,

Cov(Brpg, Bri) = —Var(Bry)

and therefore,
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V‘”"(BFE - BRE) = VC”"(BFE) - VaT(BRE)
and the test statistic is computed as:

-1

H = (ﬁFE - BRE)/ [VW(BFE) - VC””(&RE)} (BFE - BRE)

where the two variance-covariance matrices must be substituted by their re-
spective estimates. Under the null hypothesis, the statistic follows a chi-squared
distribution with & degrees of freedom, where k is the number of elements in 3.
A word of caution: the matrix in square brackets may not be positive definite
in small samples. We should in that case conclude that the covariance matrices
are not different, thereby not rejecting the Random effects model, since if the
two estimators were different, then the statistic should be positive and relatively
large. Even if the statistic turned out to be negative, we would still be able to
implement the test for a subset of elements in 5. Another strategy would be to
move to asymptoticalley equivalent versions of the test statistic. One of them
is,

H = (BFE - BB)/ VGT(BFE) + V‘“”(BB) (BFE - BB)

Hausman test can be applied to any other pair of estimators with properties
similar to the ones we have used here, as the estimator in First differences versus
the Pooled OLS estimator, since, in the absence of Random Effects, the POLS
estimator is efficient.

6.4.2 Alternative tests for the comparison between the Fixed Effects
and the Random Effects models

When we introduced the Between estimator, we mentioned Mundlak (1978)
assumption that the conditional expectation E(«;/X;) can be assumed to be a
function of the group means: E(a;/X;) = Z; v . That led to the model:

yit = p+ T3, B+ Ty + e

Mundlak’s assumption preserves the specification of the Random Effects
model while modelling the correlation between individual effects and the ob-
served time varying explanatory variables. This specification is also a com-
promise between the Fized Effects model and the Random Effects model, the
difference between them coming from the vector of coefficients . Hence, a sig-
nificance test for this vector of coefficients is an alternative to the Hausman
specification testy described above, so long as the assumption on E(«;/X;) is
approximately correct.

An asymptotically equivalent way to implement the specification test is to
perform the Wald test of v = 0 in the auxiliary OLS regression,

Yir — v = (L= v) g+ (zip — v&;) By + (wae — &) v + wae
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where v is the same parameter used in the alternative implementation of the
Random Effects estimator, which is a special case for v = 0. If instead, the Fixed
Effects estimator is appropriate, then the error term (u;; = (1 — v)a; + (g5 — VE;))
will be correlated with the regressors, and additional functions of the regressors
such as (z;; — ;) may have significant coeflicients in the previous equation.

Breusch and Pagan (1980) proposed a Lagrange multiplier type of test for
significance of random effects, Hy : 02 = 0, versus the alternative that it is
positive, based on OLS residuals. We therefore, test for lack of autocorrelation

in the sum €;; + «;. The Lagrange multiplier statistic,

2
N T .
NT | 2i=1 {Zt:l 6z't] NT
LM = N T2 1| =
2r-1) Dim1 i1 Eit 2T -1)

va1 [T§¢]2 _1r

T .2
Zz 1 2.t=1%it

follows a chi-square distribution with one degree of freedom. The residuals
in this expression come from the restricted model, estimated with OLS.

Ezample: Green (6ed., examples 9.5 and 9.6) applies this test for the logged
wages model that excludes the time invariant characteristics, and also computes
estimates of the variance component parameters.

6.5 Goodness of fit in panel data models

Goodness of fit under panel data has peculiar features, since we want to weight
differently the ability of a model to explain the Between and the Within vari-
ation in the data. On the other hand, the R? is appropriate only under OLS
estimation. It is standard to use a R? defined as the square of the correlation
between the actual and fitted values, which is always in [0, 1], and collapses to
the usual R? under OLS estimation. Since Total variation can be decomposed
into Between and Within variation:

1 T N 1 T N 1 N
ﬁzzyzt ;Zyzt +Nizzl(gz_7

t=1 =1 14=1

The Fized Effects estimator is constructed to explain the Within variations,
and it maximizes the Within R?:

N N 112 _ ~FE 112
Rwlthzn = [COTT {le;;'E - yiFanit - y}] = |:COTT {(wzt - 331)6 y Yit — y}]

The Between estimator maximizes the Between R?:

. 2
Rb?tween = I:COTT {y137 y}:l ? = |:COTT {j;/BB’ g}]

The OLS estimator maximizes the Overall goodness of fit:
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Rgverall = [COTT {gitv yit}]2

where §; = % Zthl Jir and §; = ﬁ > > §i+ where the intercept terms are
omitted. If we take into account the variation explained by the N estimated
intercepts &;, then the fixed effects estimator captures perfectly the between
variation. This however, does not mean that it fits the data well, since it is only
that the dummy variables capture the data perfectly, and that should not be
incorporated into a goodness of fit measure.

The point is that it is possible to define Within, Between and Overall
R? measures for any arbitrary estimator, using fitted values §;; and averages
~ 1 T « ~ 1 T ~ srLs .

Ui = 7 211 Uit and i = 77 ;1 O ;=1 Yit, omitting intercept terms. As we
have mentioned, for the Fixed Effects estimator, this would ignore the variation
captured by the &; individual intercept estimates.

For the Random Effects estimator, the Within, the Between and the Overall
R? will necessarily be smaller than for the Fized Effects, Between and OLS
estimators, respectively. This again, shows that goodness of fit measures by
themselves are not adequate to choose between alternative (potentially non-
nested) specifications of the model.

Ezample: Verbeek (p. 358), logged wages. RATS program.

6.6 Instrumental variables estimators of the Random Ef-
fects model

As we have seen, the use of the Fized Effects estimator to solve the problem

of correlation between explanatory variables and individual effects may be un-

desirable, if we are interested in the effect of time invariant variables on the

dependent variable.
The Fized Effects estimator can be written:

X N T iry T
Bre = (Z Z(i’fz‘t - fi)'ifz't) [Z Z(ﬂﬂz‘t - fi)/yit]

i=1 t=1 i=1 t=1
which can be interpreted as an instrumental variable estimator in model:
Yie = b+ x50+ i + i

where each explanatory variable is instrumented by its value in deviations

from the individual specific mean. Since ZZ\LI 23:1 (@i — %) ay] = Zfil Zthl(xit - %) | a;

0, then all that it is needed for consistency is F [(x; — Z;)'e;r] = 0, which is
implied by the strict exogeneity of the x;; variables. If a particular element in
x;; happens to be uncorrelated with «a;, it can be used as its own instrument
without taking differences with respect to the individual mean. That is the case
of time invariant effects, whose effect on the dependent variable can therefore
be estimated under this approach.
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6.6.1 The Hausman and Taylor estimator

A more general approach was introduced by Hausman and Taylor (1981), in the
line of the Random Effects estimate, as follows: The random effects approach
to the linear model:

/ !
Yit = T8+ z;0 + Eit

is based on the assumption that the unobserved individual specific effects z;
are uncorrelated with the included variables x;;. This is a major shortcoming,
since it is a very strong assumption to make. However, the Random Effects treat-
ment allows for observed time-invariant characteristics, to appear explicitely in
the estimated model, while the Fixed Effects estimator does not, since they are
absorbed into the fixed effects. Hausman and Taylor’s (1981) estimator sug-
gests a way to overcome the first limitation while accommodating the second
advantage, and using only the information in the model.

These authors consider the model

! / ! /
Yit = T1;4 01 + T Bo + 21,00 + 25,00 + (€0 + ;)

where x1 is a ki-vector, o is a ko-vector, z; is a l1-vector, 25 is a ls-vector,
and all individual effects in z; are assumed to be observed. Unobserved effects
would be contained into the individual-specific random term wu;. Variables with
the 2-index are correlated with w;, while those carrying the 1-index are assumed
to be uncorrelated with u;. Hence, OLS and GLS estimates will be biased and
inconsistent. Assumptions on random terms are:

E(ui/®1it,215) = 0, although E(u;/T2;t, z2;) # 0

Var (w; /@1it, Tait, 214, Z2i

Il
Q

Il
=

Cov (€it, Ui/fEun T4ty 2145 224

2, 2.
Var (it + wi/T1ie, Tait, 214, 22i) = 0 =02+ 0y

)
)
) 2
Corr (€51 + Ui, Eis + Ui [T1it, Tit, 214, 22i) = p=04/0°

The group mean deviations x1;; — %14, T2;+ — T2; can be used as ki + ko
instrumental variables. Since z; is uncorrelated with the disturbances, it can be
used as a set of [{ instrumental variables for themselves. So, we need another [
instrumental variables. Hausman and Taylor show that the individual (group)
means for z; can be used as such, so the identification condition® is k1 > .

Feasible GLS is better than OLS, and it is also an improvement on the simple
instrumental variable estimator, which is consistent, but inefficient.

Taking deviations from group means:

4To estimate the original model, Hausman and Taylor suggest using 1i¢, 214, T2it — &2
and Z1; as instruments. We can use time averages of those time-varying regressors that
are uncorrelated with a; as instruments for the time-invariant regressors. The identification
condition is then that we have enough of those instruments: ki > la.
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Yir — Ui = (210t — T13) By + (T2ie — T2i) Ba + (23t — &)

which can be consistently estimated by LS, in spite of the correlation be-
tween x2 and w. This is, of course, the Fixed Effects, Least-Squares Dummy
Variable (LSDV) estimator. However, it would not identify the values of coef-
ficients for time invariant variables. It is also inefficient, since x1; is needlessly
instrumented.

We can describe four steps to compute the Hausman and Taylor instrumental
variable estimator, the first three of which provide us with the -parameter
neded to transform the data and compute the estimator in a last step.

e Step 1: Obtain the LSDV (fixed-effects) estimator of 8 = (8, 85) based
on x7 and z5. The residual variance from this step is a consistent estimator
of 2.

e Step 2: Form the within groups residuals e;; from LSDV regression in
Step 1. Stack the group (individual) means, conveniently repeated, in a
full sample length data vector, e}, = €;,i =1,2,..., N, t =1,2,...,T. The
residuals are computed excluding the estimate of the constant term. These
are used as the dependent variable in an instrumental variable regression
on z; and 2o with instrumental variables z; and z; (assuming k1 > I3).
Time invariant variables are repeated T times in the data matrices in this
regression. This provides a consistent estimator of aq, as.

e Step 3: The residual variance from step 2 is a consistent estimator of

0*? = 02 + 02 /T. From this estimator and the estimator of o2 from step

1, we deduce an estimator: 02 = 0*2 — ¢2/T, and compute the weight for
: b = o2

the GLS estimator: 9 = ToZ 7ol

e Step 4: A weighted instrumental variable estimator. Consider the full set
of explanatory variables: w}, = (@}, T5;;, 21;, 25;) , for which we have nT
observations. We perform the usual GLS transformation as for the random
effects model: w¥ = w}, — (1—)w;, yi, = yit—(1—1)7;, and collect these
transformed data in a matrix W* and a column vector y*. For the time-
invariant variables, the group mean is equal to the original variable, and
the transformation just multiplies the original data by 1 — 1. The instru-
mental variables are: v}, = [(2;, — Z1;), (zh; — T2:)', 2};, 77;] - These are
stacked as rows in an nT'x(k; + ka + 11 + l2) matrix V. For the third and
fourth sets of instruments, the time invariant variables and group means
are repeated for each time period for that individual or group. The in-
strumental variable estimator would be:

(”7&/);‘/ _ [(W*/V)(V/V)_l(V'W*>]71 [(W*/V)(V/V)_l(vly*)]
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For the sake of comparison, the FGLS random-effects® estimator would be:
N /
(6/7 d/) — (W*/W*)_l W*/y*-
RE
The instrumental variable is consistent if the data is not weighted, that is,
if W, rather than W*, is used in estimation. But that would be inefficient, in

the same way as OLS is inefficient in estimation of the simpler random effects
model.

7 Dynamic linear models

7.1 Linear autoregressive models

Consider an autoregressive panel data model with a vector of exogenous ex-
planatory variables:

Yit = O + VYit—1 + T B + ity €ip ~ i.,1.d.(0,02)

Here the problem is that the lagged dependent variable will depend upon
«; irrespective of how we treat the individual effect «;. To see this, assume, for
simplicity, that there are not exogenous explanatory variables:

Yit = Q; + VYi i1 + ity Eit ~ i.,3.d.(0,02)

Denoting g; —1 = 2322 Yit—1/(T — 1), different from g; = (1/T) ZZ;I Yirts
the Fixed Effects estimator is:

G = > > (Wi — Ui) Wit—1 — Yi,—1) -t N(%fl) Yo (eit — &) (Yit—1 — Ui,—1)
o 22> Wit—1 = Fi1)? ﬁZZ(yitﬂ —¥i,—1)?

which will be biased and inconsistent for N — oo and fixed T'. This is because
the last term in the right-hand side does not have expectation zero due to the
correlation between g; _; and &;, and it does not converge to zero. In fact Nickell
(1981), Hsiao (2003) show that:

1 - - o2 (T —1) = Ty+~%
phmﬁZZ(Eit—Ei)(yipl = Yi—1) = T2 1-7)? #0

Notice that the inconsistency is not produced by any assumption we can
make on the «;, since it gets eliminated in the transformation, but rather, by
the fact that the Within transformed lagged dependent variable is correlated
with the Within transformed error. Therefore, at a difference of what happens

5This denotes the Feasible GLS estimator of the Random Effects model, the noe we de-
scribed in the Implementation section.
GCOU(yiyt,]_, ci+e;) =02 + vCov(y;,t—2,¢; + €;), and the Covariance would converge, for
2

T large, to 1‘7—_“5.
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in a static model, the Fized Effects estimator does not solve the inconsistency
in a dynamic model.

On the other hand, if T' — oo, then the expression above converges to zero,
and the Fized Effects estimator is consistent if both T'— oo and N — co. But
in finite samples, this lack of consistency can be a serious problem. For instance,
if ¥ = 0.5, then we have, as N — o0 :

plimAypry = —025ifT =2
plimdpy = 0.33if T =10

To avoid the inconsistency, we make a different transformation to eliminate
the individual effects «;, by taking First differences:

Yit — Yit—1 = YWit-1 — Yig—2) + (€t — €it—1), t = 2,3, ..., T €44 ~ i.,3.d.(0,02)

Once again, least squares would be inconsistent in this model because of the
correlation between ¥; ;1 and &;;_1, even when 7' — oo. But the transforma-
tion suggests an instrumental variable approach (Anderson and Hsiao (1981))
so long as g;; does not exhibit autocorrelation, since y; ;o is clearly correlated
with the explanatory variable, but not with the error term,

N T
Ay = Zi:1 Zt:z(yit — Yit—1)Yit—2
v Do iesWit—1 — Yit—2)Yit—2
A standard argument shows that consistency of this instrumental variable

estimator depends on plim ﬁ Efil 23;3(5% —€i4—1)Yit—2 = 0 for either
N, T or both going to co. Anderson and Hsiao suggested an alternative instru-
mental variable estimator, using y; ;—2 — ¥;,:—3 as instrumental variable:

A = vazl ZtT:g(yit - yitfl)(yi,t72 — Yit—3)
v szil Zt:g(yitq - yi,t72)(yi,t72 - yi,t73)

which will be consistent if p lim m Zfil 2;3(5“ —€i1-1)Yit—2—Vi,1—3)
= 0 for either N, T or both going to co. As in the previous estimator, this
condition will hold whenever ¢;; lacks serial correlation. If there are exogenous
regressors in the model, then not only their contemporaneous and lagged values,
but also their future values, are valid instruments as well. If they are prede-
termined, their contemporaneous and lagged values will be valid instruments.
The number of instruments increases with time, and it can easily get very large.
However, the latter set of instruments requires an additional lag, and hence, we
lose an additional sample period.

The instrumental variable estimator is,

o= ($502) (S50 (S0 h ($rvn) () (S m)

i=1 i=1
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where the X matrix includes the lagged endogenous variable in addition to
possible predetermined or exogenous variables, and Z is the matrix of chosen
instruments. The variance-covariance matrix is,

-1

n n -1 n
Var (é,v) =%, (Z AngZ) (Z Z;ZZ-> (Z Z;AXi>
=1 i=1 =1

where an estimate for 0% . could be obtained from the residual sum of squares
of the diferenced model: 63, = RSS/[N(T — 2)]. But this will be an under-
estimate, since it ignores the fact that the difference operator introduces first
order serial correlation. In fact, the previous footnote suggests that the previous
calculation will be an approximate estimate of 202. But there is also the addi-
tional problem that the observations are autocorrelated. Hence, the standard
IV variance-covariance matrix is inappropriate, and we must use,

n n -1 n n -1 n
Var(fry) = A <Z AX{Z,-) <Z Z{Z1;> 62 (Z Z{GZZ) (Z Z{Zz-> <Z Z{AXi) A
=1 =1 =1 =1 =1

2 -1 0
-1 2 ..
o .. .. -1
0o -1 2
n n -1 n
A= (Z AX%) (Z ZZ{ZZ) (Z Z;AXZ->
i=1 i=1 i=1

While one could discuss whether it is preferable to use levels or differences as

instruments, the Generalized Method of Moments provides a unified approach
to instrumental variable estimation.

with” G being a T2T matrix: G = ,where,

7.2 General Method of Moments (GMM) estimation

Rather than arguing about which instrumental variable estimator we should use,
a GMM argument would lead us to using both instruments, while eliminating
the disadvantage of reduced sample sizes.

The two previous instrumental variable estimators use the moment condi-
tions: E [(€it — €i4-1)Yir—2 — Yit—3)] =0 and E[(gi — €;.4—1)Yir—2] = 0. Arel-
lano and Bond (1991) suggest that the list of instruments can be extended by
exploiting additional moment conditions and letting their number vary with ¢ ,
thereby increasing efficiency. For instance, when 7' = 4, we have, for t = 2 the
moment condition:®

2 2
7Var(si2 — 51;1) = 20’5, CO’U(&ZQ — E&41,&43 — 5i2) = —0¢
8 Assuming there is an initial yo observation. Otherwise, we would have one moment

condition less at each point in time,
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El(gi2 — €i1)yio) =0

while for ¢t = 3, we have:

El(eiz — €i2)yi1)
El(eis — €i2)yio)] =

and, for t =4 :

El(eis — €i3)¥io)
El(eis — €i3)yi1)
El(gis — €i3)yiz] =

So, in general, we have a matrix of instruments:

[Yi,0] 0 0

_ 0 [yio,yil] 0

Zi = 0
0 [yianila"'ayi,T—Q]

and the vector of transformed error terms:

€i2 —E&i
Aé}' =
& T — &4, T—1

_ (-1 9
=2

andasetof 1+24+3+...4+ (T —1) moment conditions:

E[ZjAsi) = E[Zj(Ay; — vAy;—1)] = 0

Since the number of moment conditions will usually exceed the number of
unknown parameters, as it is the case in this example, we will minimize the
quadratic form:

N 4 N
. 1 1
min N Z Z;(Ayz - VAyi,l)] Wn [N Z Z:(Ayz — ’7Ayi’,1)

K i=1 i=1

where Wy is a symmetric, positive definite weighting matrix which will
depend on the sample size, N. Differentiating with respect to v and solving:

9With T = 4 time observations, we will have 6 instruments or orthogonality conditions if
there is an initial condition y;g, and 3 such conditions if there is not known initial condition
Yio-
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o= (S (S mn )| [(S ) (500

i=1 i=1 i=1 =1

This estimator is consistent for any choice of positive definite weighting ma-
trix Wy so long as orthogonality (moment) conditions are true. GMM theory
shows that the optimal choice of weighting matrix, in order to minimize the
variance-covariance matrix of the resulting estimator, is the inverse of the co-
variance matrix of the sample moments:

plimWy = [Var(ZlAe)] " = [E(ZlAeiAei Z;)]
N—o0
If no restrictions are imposed upon the covariance matrix, then it can be
estimated by the sample average of a function of the residuals £ from a consistent
initial estimate. Usually, this is obtained with the identity matrix as the initial

weighting matrix:

N -1
W]%pt _ (i{ Z Z;AéiAéiZz)
i=1

where &; denote the residuals from an initial GMM estimate obtained with
an identity as weighting matrix: Wy = I.

The general GMM approach does not need that the ¢; be i., i.d. over
individuals, and the optimal weighting matrix is estimated without imposing
such constraint. However, the moment conditions are valid only under lack of
autocorrelation. And if autocorrelation is present, there is no point in computing
a robust estimate of the variance-covariance matrix of estimates, since they will
be inconsistent.

Under weak regularity conditions, the GMM estimator for v is asymptoti-
cally Normal for N — oo and fixed T, with covariance matrix,

N 1 & /N -
plim <Z AyQ,IZZ) (N > Z;AéiAéiZz') (Z ZéAyM)
N—oo i=1 i=1 i=1

With i., i.d. errors, the middle term reduces to,
1O B
opt
O'gWNp = 0’? (N .i - Z;GZZ>

with! G being a T2T matrix: G = so long as

o .. .. -1
0o -1 2
there is no autocorrelation in the error term. Alvarez and Arellano (2003) show

IUV(ZT(EZ'Q — 61;1) = 20’?, CO’U(EZ'Q — E&41,&43 — Eig) = —0’?
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that the GMM estimator is also consistent when both, N and T tend to infinity
despite the fact that the number of moment conditions tends to infinity with
the sample size.

For large T', however, the GMM estimator will be close to the Fixed Effects
estimator, which provides a more attractive alternative.

7.3 Dynamic models with exogenous variables

In the case of the more general model:

Yit = Qi +VYir—1 + T B+ ity €t ~ i.,1.d.(0,02)

we will have different instruments as a function of the assumptions we make
on the x;; variables. If they are assumed to be strictly exogenous, in the sense
of being uncorrelated with all error terms at all time periods, we will also have:
E(zitAce;s) = 0 Vs, t, so that x;1,Z;2,..., 2,7 can be added as instruments to
the model in first differences. But that would make the number of rows in Z;
too large. Almost the same amount of information can be obtained if we use
the first differenced x;; as their own instruments. Then, we would be imposing
moment conditions:

E(AasitAat) = O7 Vit

and the matrix of instruments can be written:

[Yi,0, Axj] 0 0

7. = 0 [yio, Vi1 A"E;g] 0

v 0
0 o Yoy Yirs s Yir—2, Axiy]

If the x; variables are not strictly exogenous, but only predetermined:
E(ZEitEILs) = O,VS Z t. Then, E [(SClt — 1,‘7;7t_1) (5it — 61'7,5_1)] ;é O, and Only
Zit—1,..-, i1 are valid instruments for the first-differenced equation in period ¢
. The moment conditions imposed would then be:

E(z;—jAey) =0, forj=1,2,...,t—1, foreacht

Usually, one should expect to have a mixture of some exogenous and some
predetermined variables to be used as instruments. Arellano and Bond (1995)
explain how this approach can be integrated into the instrumental variable es-
timator of Hausman and Taylor (1981). They also discuss how information in
levels of original variables can also be used in estimation.

Ezample: Verbeek

Verbeek refers to the estimation of a demand for labour equation based on
data from 2800 large Belgium firms over 1986-1994. Using a theoretical model
of union bargaining as reference, the authors estimate a static version:
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log Liy = By + B logwir + By log Ky + B3 log Yir + B, logw;r + s

where w;; denotes the industry average real wage, acting as an indicator of
the reference negotiation wage level for unions, Kj; is the stock of capital and
Y;; is output, as well as adynamic version of the demand equation,

log Liy = B+ B logw;;+ B9 log Ky + B3 log Yiy+ B4 logwji+vlog Li ;1 +ai+ei

where it is assumed that the error term has two components, the first one be-
ing unobservable firm-specific time-invariant heterogeneity. If we first-difference
the equation, then Alog L; ;1 will be correlated with Ae;;. In addition, it is very
likely that wages and employment are jointly bargained, wages then becoming
an endogenous explanatory variable in the previous equation. Therefore,

E(Alogw;iAeiy) # 0,

and we need to use an instrumental variables approach. Valid instruments
for Alogw;; are logw; ;—2,logw; t—3,... while log L; s—2,log L; 4—3, ... could be
valid instruments for Alog L; ;—1. Hence, the number of instruments increases
with t .
Estimation Labour demand equation [Konings and Roodhooft (1997)]
Dependent variable: log L;;

Static model Dynamic model
logL; +—1 0.60(0.045)
log Y 0.021(0.009) 0.008(0.005)
log w4 —1.78(0.60) —0.66(0.19)
log w;¢ 0.16(0.07) 0.054(0.033)
log Ky 0.08(0.011) 0.078(0.006)

Test for overidentifying restrictions  29.7(df = 15,p = 0.013) 51.66(df = 29,p = 0.006)
Number of observations
The p-values for both models are clos to 1%. The estimated short-run wage
elasticity of labour demand is -0.66%, but the long-run elasticity is -1.64%,
higher than it had been estimated with macro data.'!

1T Although there were several difficulties with the way the data had been constructed. See
original article in De Economist.
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