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Abstract. The rupture of a Morse lattice is considered in the present paper. The critical rupture force Fcr

is found to decrease with the number of particles N as Fcr ∼ 1/
√

N . The partition function is obtained for
two states of the lattice – with all equal bond lengths and one broken bond. In the first case an accurate
expressions for thermodynamic parameters are obtained, and thermodynamic expressions are derived in
the harmonic approximation in the latter case. The analytical predictions are confirmed by extensive MD
simulations. Cis-trans isomerization is considered as an example. Volume fractions of trans- and cis-isomers
versus number of monomer units N are found depending on the torsion stiffnesses.

1 Introduction

In a recent work [1] we developed general methods for the
treatment of thermodynamic processes in one-dimensional
nonlinear systems. Here we will give an application to
a special problem of high interest, – rupture of poly-
meric and biological macromolecules. The problem of
macromolecule rupture and hence an irreversible transi-
tion in macromolecule form and eventually function is
of relevance for many biological and technical processes.
Polymer molecules can be broken by different reasons:
stretching [2–4], surface adsorption [5], in elongational
flows [6–10], etc. On the other hand, typical irreversible
transitions in biological systems occur due to: mechanical
failure of enzymes [11], rupture of the enzyme-inhibitor in-
teraction [12], dissociation of a biomolecular complex [13],
or conformational transformations in elastic biopolymers
at stretching [14].

A variety of methods are used to understand the
rupture dynamics of homopolymers: classical [15–17],
steered [18], and ab initio [19] molecular dynamics
(MD) as well as Monte Carlo [20–22] in combination
with different analytical investigations [16,22–24]. Two-
dimensional lattices with bond disorder were also used to
investigate the fracture behaviour under stress-controlled
conditions [25,26].

Reversible transitions in polymers are also possible.
Examples are morphological switches of reversible imine
bonds [27], phase transition between two equilibrium
states of polymer chains [28,29], coil-to-globule transi-
tion [30], reversible cross-linking and splitting of polymer
networks formed in two strain states [17]. Biopolymers are
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often in equilibrium between two states: equilibrium of two
conformational states of a polysaccharide molecule [14],
two pathways of a structural relaxation of DNA in solu-
tion [31]. See for recent reviews on bond rupture in artifi-
cial [32,33] and natural [34–36] macromolecules.

Complex polymer and biological objects are often
modelled by using simple interaction potentials, and one
of most familiar is the Morse potential [23,37–39]. The
lattice rupture is most commonly investigated under a
constant loading rate in a time-varying one-dimensional
potential well in the presence of thermal fluctuations for
evaluating the escape time for the transition to the state
with one broken bond [23,37,38]. The analysis is performed
using both the Kramers escape theory [40,41], thermally
activated processes in non-linear polymer dynamics [42]
and MD simulation. In the latter case it has been shown
that the cubic theory for Morse potential [37] gives bet-
ter results, and the rupture force scales ∝−[ln(constR)]2/3

where R is the loading rate. This approach was general-
ized for the case of arbitrary particle number in a homo-
geneous chain [43] obtaining the most probable rupture
force Fmax ∝ − ln[(constN/R]2/3 that finally approaches
a saturation value independent on N . Other approach is
associated with the reconstructing the potential energy
landscape of simple polypeptidic chains [44,45]. It allows
an effective estimations of the time scales associated with
both folding and equilibration processes.

Lattice rupture is possible at considerable deforma-
tions or high temperatures in the Morse lattice. Some
results are known about the thermodynamics of this
system [46,47]. Analogous problems were also analyzed in
references [48–50] where mechanisms and different struc-
ture types were considered.
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2 Rupture of the Morse lattice

The Morse potential for the interaction of nearest-
neighbor particles with masses m can be written as [43]:

u(li) =
C

2α
[1 − exp(−α li)]2 , (1)

where C/2α is the potential well depth (bind-
ing/dissociation energy), 1/α characterizes the potential
well width, li = (xi − xi−1) relative deviations of parti-
cles from their equilibrium positions. We shall consider as
scales of the problem the mass [m], the energy [E] = C/2α
and the length [L] = 1/α. Typical experimental parame-
ter values for polymers are C/(2α) = 3.5×10−12 erg with
α = 10 nm−1 [51]. Thus for universality in the argument
we shall use the dimensionless Morse potential

u(li) = [1 − exp(−li)]2 , (2)

where all parameters, by convention, are rescaled to the
value unity. Then additional units of time and force are
[t] =

√
2m/(Cα), [F ] = C/2, respectively. Temperature

is also measured in energy units [T ] = C/(2α) (by appro-
priately setting kB = 1).

We shall consider the thermodynamics of the one-
dimensional (1D) Morse lattice with N particles such that
L ≡ ∑N+1

i=1 li. Fixed boundary conditions x0 = 0 and
xN+1 = L ensure constant lattice length L. ε = L/(N +1)
is the specific elongation (absolute elongation of one bond
when all N + 1 bonds have equal lengths; ε = 0 in the
absence of deformation). The total potential energy is the
sum of (N + 1) bond energies, including the interaction
with the boundaries

U =u(x1)+u(x2 −x1)+ . . .+u(xN −xN−1)+u(L−xN ).
(3)

All bonds have equal lengths at T = 0: x0
i − x0

i−1 = �0.
The thermodynamics will be considered for two states

of the lattice, – with all equal bond lengths, where accu-
rate expressions can be obtained, and for the state with
one broken bond where thermodynamics can be described
in the low temperature harmonic approximation.

2.1 Equilibrium thermodynamics of the Morse lattice
in canonical ensemble

We start from the thermodynamic analysis of the lattice
when it has all equal bond lengths. The equilibrium ther-
modynamics of systems with small number of particles
has been studied using both the canonical and the micro-
canonical ensembles [52–55]. We focus here on the thermo-
dynamics of one-dimensional Morse lattice (for the anal-
ogous problem in the microcanonical ensemble see [56]).

There are two ways to analyze the thermodynamics
of 1D systems: one is using the (L, T, N) ensemble and
the other the (F, T, N) ensemble ((V, T, N) and (P, T, N)
ensembles for 3D systems). Let us show that these two
ensembles give different results for finite N due to the
possibility of lattice rupture. If the (F, T, N) ensemble is
used and T → 0 then the lattice has all equal bond lengths

if the force F is less then some critical value F#, corre-
sponding to the lattice rupture, and it has one broken
bond if F > F#. In the case of (F, T, N) ensemble the
bond lengths are independent of N because force F en-
sures constant specific elongation ε and results for finite
N and for the thermodynamic limit N → ∞ coincide. Us-
ing the (L, T, N) ensemble these results differ as we show
below. It is more convenient to use the (ε, T, N) ensemble
instead of (L, T, N) with ε = L/(N + 1) accounting for
relative lattice extension.

The total partition function Z can be written [57]
as the product Z = ZvZx =

∫
dΓx exp(−β

Up)
∫

dΓv exp(−βUk), where β = 1/T (in dimensionless
units such that m = kB = h = 1); Up, Uk are potential
and kinetic energies, dΓx =

∏N
i=1 dxi, dΓv =

∏N
i=1 dvi.

The partition function is Zv ≡ (2π/β)N/2 in the canonical
ensemble for 1D systems and gives a trivial contribution
to the total partition function Z.

Following the Toda’s approach [58], the partition func-
tion Zx can be represented as a single integral and the real
Fourier transformation is usually used. But it is more con-
venient to utilize the complex function

f(z, β) =
∫

exp[−zw − βu(w)] dw; (z = x + iy), (4)

where u(w) = [1 − exp(−w)]2 is the dimensionless Morse
potential (2). After a series expansion of exp[−βu(w)]
in (4) we get

f(z, β) =
exp(εz − β)

2 βz/2

∞∑

k=0

Γ

(
z + k

2

)
(2
√

β )k

k!
, (5)

where Γ (. . .) is the gamma-function of complex argument.
Then Zx reads

Zx =
1

2πi
Im

∫
[f(z, β) exp(εz)]N+1

. (6)

Note that (5) is a power series in the inverse temperature β
and using this expression is of doubtful validity in the limit
T → 0. The computations at low temperatures should be
done in the harmonic approximation.

Recalling that the potential energy 〈Up〉 =
−∂ ln Zx/∂β (angular brackets stand hereafter for
the corresponding ensemble average) one gets

〈Up〉 = − 1
Zx

N + 1
2πi

Im
∫

∂f(z, β)
∂β

exp(εz) [f(z, β)

× exp(εz)]N+1
dz . (7)

An expression for the entropy can be obtained as follows.
The free energy is A = −T ln Z. From the thermody-
namic identity A = 〈U〉 − TS one gets: S = (〈Up〉 +
〈Uk〉)/T + ln Zx + ln Zv. For 1D systems in canonical en-
semble 〈Uk〉 ≡ NT/2. Thus, omitting unessential numeri-
cal additional terms, the expression for the entropy reads

S = 〈Up〉 /T + ln Zx + N(lnT )/2, (8)
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and the substitution of (6) and (7) in (8) allows to find
the entropy.

The force acting on the right lattice end is defined as
〈F 〉 = β−1 d(ln Zx)/dL and differentiating the partition
function, one gets:

〈F 〉 =
1
Zx

T

2πi
Im

∫
z[f(z, β) exp(εz)]N+1 dz. (9)

The integrals (6)–(9) can be calculated numerically along
any line Re z = x > 0 in the complex plane. But the inte-
grand oscillates in the general case what makes the calcu-
lations inefficient and inaccurate. The optimal integration
path goes through the saddle point where the integrand
has Gaussian shape thus making the integration more ef-
ficient. The saddle point lies on the line Re z = x0 where
x0 is the solution of the transcendental equation

f ′(z, β) + εf(z, β) = 0, (10)

and hence x0 depends on ε and β. Some technical prob-
lems associated with the usage of complex function (5) are
compensated by considerable increase of accuracy.

The integration in all expressions above in the limit
N → ∞ is reduced to the calculation of integrands at
the saddle point x0 (and this is one more advantage of
the usage the complex function (4)). Then for the specific
potential energy Ep = 〈Up〉 /N we have

Ep =
∂

∂β
ln [f(x0, β] . (11)

The force (9) can be rewritten as

〈F 〉 = Tx0 − 1
Zx

T

2πi

∞∫

−∞
y Im

{
[f(z, β) exp(εz)]N+1

}

× dy; (z = x0 + iy) (12)

and (12) is reduced to 〈F 〉 = Tx0 in the thermodynamic
limit N → ∞.

The specific heat at constant length cL can be obtained
by the differentiating (analytical or numerical) the expres-
sion (11) for potential energy.

The force and specific heat versus temperature are
shown in Figures 1, 2. Analytical expression (12) for the
force was examined in numerical MD simulation and very
good coincidence was observed. Force acting on ith par-
ticle is Fi = ∂U/∂xi and U is the total potential en-
ergy (3). Numerically force was calculated as the mean
value 〈F 〉τ = (Nτ)−1

∫ τ

0

∑N
i=1 Fi(τ) on MD trajectory

with time τ = 105. Specific heat capacity shown in Fig-
ure 2 also coincides with good accuracy with the results
obtained by numerical differentiating of potential energy
in reference [59] for ε = 0.

If ε = const. (ε0 = 0.1 for illustration) then there
exists such lattice length N# in the (ε, T, N) ensemble
that the state with equal bonds is the ground state at
N < N# and the force at T → 0 is equal to its static value
〈F 〉st = −2 exp(−ε0) [1 − exp(−ε0)] = −0.1722 Negative

Fig. 1. Force 〈F 〉 versus temperature for different number of
particles: N = 10 (long-dash line), N = 20 (medium-dash line),
N = 50 (short-dash line), N = 100 (dotted line), N = ∞
(solid line). Inset: the same at low temperatures. Symbols show
the calculated values in MD simulation; standard errors are
comparable with the symbol sizes. ε = 0.1.

Fig. 2. Specific heat (at constant length) versus temperature
for two values of ε: ε = 0 (solid line), ε = 0.1 (dashed line).

value of 〈F 〉st means the elongated state of the lattice. The
temperature increase results in an increase of the force
(“thermal expansion” – see insert to Fig. 1).

The expressions for the thermodynamic functions ap-
pear simpler in the (F, T, N) ensemble where no problems
with the lattice rupture appear. Recall that specific ther-
modynamic parameters do not depend on N in this case
and coincide with thermodynamic limit N → ∞.

An expression for the potential energy in (F, T, N) en-
semble is obtained by replacing the last term u(L − xN )
in (3) by FxN . The partition function Zx is calculated
analogously to what was done above in (L, T, N) ensem-
ble. Zx is expressed through the complex function (4)

Zx = [f(y, β)]N , where y = Fβ. (13)

The specific deformation ε at fixed force is defined by

∂f(y, β)
∂y

+ ε f(y, β) = 0. (14)
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Fig. 3. Morse lattice. Upper panels: (a) lattice in the ground
state at ε = 0; (b) lattice at ε > 0 with all equal bond lengths;
(c) lattice at ε > 0 with one ruptured bond and other bonds in
equilibrium. Lower panels schematically show lattice energies
at different rates of deformation ε increasing from left to right:
(d) lattice in relaxed state at ε = 0; (e) state with one ruptured
bond (left potential well) appears at some specific elongation
ε∗; (f) two states of the lattice with equal bond lengths and
one ruptured bond; (g) equal energies of two states at ε#; (h)
a state with one ruptured bond is energetically preferable; (i)
instability at ε∗∗ ≥ ln 2 ≈ 0.69.

This expression formally coincides with (10) but now is
not a transcendental equation, but the equation in ε. The
specific potential energy 〈Up〉 /N is

Ep = −f ′
β(y, β)/f(y, β). (15)

The specific heat at constant force cF is obtained by dif-
ferentiating the specific potential energy (15)

cF = β2

(
f ′′

ββ

f
+

f ′′
yβ

f
F − E2

p − ε Epf

)
. (16)

In contrast to the expression for the specific heat cL

at constant length, where the second derivative of the
gamma-function appears, (16) is represented through an
analytical series.

2.2 Lattice rupture

An overview of possibilities offered by the lattice as we
vary ε from its zero value up are shown in Figure 3. If
ε < ε# then the state with equal bond lengths is the
ground state, in the opposite case (ε > ε#) the state
with one broken bond is energetically favorable. Reversible
transitions between both states are possible under the in-
fluence of thermal fluctuations.

Lattice parameters (energy, bond lengths, forces) at
critical values ε∗, ε#, ε∗∗ of the specific deformation are
determined by searching for the stationary points of the
potential energy, i.e. ∂U/∂� = 0 (� is equilibrium bond
length). For the lattice with one broken bond it can be
done in the simple case where first N bond lengths are �1

and the last broken bond has length �2 = L − N�1. The
equilibrium coordinates of particles when the (N + 1)th
bond breaks are: x0

i = i �1, (i = 1, 2, . . . , N) and x0
N+1 =

Fig. 4. Morse lattice. Potential energy U versus reaction co-
ordinate � (varying bond lengths of one bond) in the lattice
of N = 10 particles. Upper dashed line: ε = 0.36, lower solid
line: ε = 0.32. Right minima (solid circles marked with letter
‘A’) correspond to equal bond lengths �0, left energy minima

Ũ (open circles marked with letter ‘B’) – N bonds have length
�1, and one bond – length �2. Energy increase of the state with
ε = 0.36 in comparison with ε = 0.32 is due to work of exter-
nal forces on lattice elongation. Energy unit [E] = C/(2α) of
potential (1).

L. (N + 1) possibilities exist as any of the bonds can be
broken.

The transition (see Fig. 3f) from the right minimum
(equal bond lengths �0) to the left minimum (one bro-
ken bond with length �2 and N bonds with lengths �1)
of the total potential energy can be considered as the
“reaction coordinate” when any bond changes its length
from �0 to �2 with the corresponding rearrangement of
the other bond lengths. If the ground state is the state
with one broken bond then N bond lengths li fluctuate
around �1 and one around �2, and the potential energy is
Ũ =

∑N
i=1 u(li) + u(L − ∑N

i=1 li) (‘tilde’ is used hereafter
to account for the lattice parameters when there is one
broken bond).

Accurate values of potential energies are shown in
Figure 4 for two values of ε. The horizontal axis is the
“reaction coordinate” i.e. the length of a breakable bond.
One can see that the state with equal bond lengths �0 is
the ground state for ε = 0.32, but when ε = 0.36 the
ground state is with one broken bond. For ε = ε# in the
range 0.32 < ε < 0.36 there is degeneracy as both energy
minima are at equal depth.

For ε > ε∗ the energy minimum corresponds to the
lattice with one broken bond. To obtain all lattice param-
eter values (bond lengths, energy and force) when ε = ε∗
we can use the functional

Φ = Nu(�1) + u(�2) + μ (N�1 + �2) , (17)

where μ is a Lagrange multiplier. Solving the correspond-
ing variational equations

∂Φ

∂�1
= 0;

∂Φ

∂�2
= 0;

∂Φ

∂μ
= N�1 + �2, (18)
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we get �1 and �2:

�1,2 = − ln
[
1
2

(
1 ±√

1 + 2F
)]

. (19)

The plus sign in (19) corresponds to equal bond lengths
�1 of N unbroken bonds, and the minus sign to the length
of broken bond �2. The Lagrange multiplier μ is actually
the force F = −u′(�) such that

F = 2[exp(−�1,2) − 1] exp(−�1,2). (20)

Using �1,2 (19) in equation (20) permits obtaining F . The
specific elongation ε∗ = L∗/(N +1) and the corresponding
force F ∗ at the“critical” point ε∗ are

ε∗ = [N ln N − ln(N + 1)] /(N + 1)2; F ∗ = 2N/(N + 1)2.
(21)

For long lattices (N → ∞), ε∗ ∼ ln N/N and F ∗ ∼ 2/N .
Three solutions of system (18)–(20) exist when ε > ε∗:
two correspond to energy minima for states with equal
bond lengths and one broken bond, and the third to the
barrier separating two energy minima.

The energy minima of the ground states with equal
bond lengths Ug and one broken bond Ũg are given by
Ug = (N +1)[1−exp(−�0)]2 and Ũg = N [1−exp(−�1)]2 +
[1− exp(−�2)]2, respectively. Ug is the ground state when
ε < ε# and Ũg for ε > ε#. If the barrier separating two
energy minima is not high enough (when ε ≈ ε#), then
the lattice is in the “mixed” state and transitions between
broken state and the state with all equal bond lengths are
possible.

The lattice parameter values when ε = ε# are also
defined by (19)–(20) and ε# = − ln[1 − (N + 1)−1/2] and
ε# ∼ 1/

√
N and F# ∼ 2/

√
N for N → ∞. The force

value Fcr = F# is the critical force for lattice rupture.
Figure 5 shows ε∗ and ε# versus N . When N → ∞ the

lattice is unstable to the rupture at an arbitrary small but
finite ε > 0 and the only problem is how the rearrange-
ment kinetics may take place.

One more “critical” point is ε∗∗, i.e. the point of abso-
lute instability (see Fig. 3i). This value is determined from
the condition that the second derivative of u changes sign,
thus leading to ε∗∗ = ln 2 ≈ 0.69.

2.3 Lattice rupture in harmonic approximation

In contrast to simulations at a constant loading
rate [23,37,38,43], thermodynamics gives no answer on the
kinetics of the lattice rupture. Nevertheless the estimation
of time spans in both states can be done through the ra-
tio of partition functions in the vicinity of one or other
energy minimum, corresponding to the lattice state with
equal bond lengths or one broken bond. This can be done
as the partition function is proportional to the occupied
phase volume. But the phase volume is proportional to
the probability to stay in this state.

An accurate calculation of the partition function for
the Morse lattice with one broken bond is quite a difficult

Fig. 5. Critical values of parameter ε versus number of par-
ticles N . Lower dashed curve: ε∗ (one broken bond appears);
upper solid curve: ε#, when potential well depths of both min-
ima are equal.

task. But in the low temperature limit it can be done if the
harmonic expansion u(�) ∼ 1

2g�2 of the Morse potential
is used; g = u′′(�) = 2 exp(−�) [1 − 2 exp(−�)] accounts
for the stiffness of the Morse potential. There are three
stiffness coefficients: one (g0 = u′′(�0)) is for the lattice
with all equal bond lengths; the two other stiffnesses g1

and g2 correspond to bond lengths �1 and one broken bond
�2 in the disrupted state.

The major contribution to the total partition func-
tion for the lattice with one broken bond Z0 =∫
dΓ exp(−Ũ/T ) at low temperatures gives phase volumes

in the vicinities of potential energy minima, as the system
is located mainly in one or the other minimum. Then the
partition functions can be evaluated taking into account
only these regions. Initially we consider the case of small
elongations (ε < ε∗) when the only ground state mini-
mum Ug of the lattice is that with equal bond lengths.
The potential energy in the harmonic approximation can
be expressed as

U ≈ Ug + g0/2
N+1∑

i=1

(xi − xi−1)2, (22)

with Ug = (N + 1)[1− exp(−�0)]2. The partition function
Z (up to an unessential factor) is

Z =
exp(−Ug/T )

√
(N + 1)(g0/T )N

; (kB = 1). (23)

The second energy minimum should be accounted in the
case when ε > ε∗. The contributions to the partition
function from every of N + 1 minima are

Z̃ =
exp(−Ũg/T )

√
1 + N(g1/g2) (g1/T )N

, (24)

where Ũg = N [1 − exp(−�1)]2 + [1 − exp(−�2)]2.
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Thus, taking into account that there can be (N + 1)
minima, one has an approximate expression for the total
partition function Z0 for the lattice when it can be in one
or the other state:

Z0 = Z + (N + 1) Z̃. (25)

One also can get an expression for the entropy in the low
temperature limit (weak anharmonicity):

S = N ln T + ln(Z + Z̃) +
1
T

UgZ + ŨgZ̃

Z + Z̃
. (26)

Expressions (24)–(26) should be used with care: if ε is close
to ε∗ then the minimum corresponding to the disrupted
state becomes very “soft” – one of the eigenvalues is close
to zero, the vibrational amplitudes are very large and the
harmonic approximation is inapplicable.

At low temperatures the system spends more time in
the vicinity of one or the other minimum, but thermal
fluctuations are still able to trigger the transitions between
both states. The ratio of partition functions Z/Z̃ gives the
ratio of time spans t/t̃ in each of them. From (23) and (24)
the ratio t/t̃ is:

t/t̃ = exp

(
Ug − Ũg

T

)

(N + 1)3/2

(
g0

g1

)N/2 [
1 + N

g2

g1

]
.

(27)
For the particular case when the potential well depths for
the ground and “broken” minima are equal (ε = ε# and
Ug = Ũg), the ratio t/t̃ does not depend on the temper-
ature and, according to (27), is t/t̃ ≈ 0.12 for N = 10.
This ratio differs from unity due to the different statisti-
cal weights of these states.

MD simulations of reversible transitions between dif-
ferent states of the lattice are done using the canonical en-
semble when an interaction with the heat bath is modeled
by Langevin forces. Thermal fluctuations give the possi-
bility for such transitions. The stochastic MD equations
are

d2xi

dt2
= − ∂U

∂xi
+ Fi ; (i = 1, 2, . . . , N), (28)

where Fi = ξi − γẋi are Langevin forces acting on every
particle with friction γ and spectral properties 〈ξi(t)〉 = 0
and 〈ξi(t1) ξj(t2)〉 = 2γT δij δ(t1 − t2); U is defined in (3).
In MD simulations the random values {ξ} depend on the
integration step h, and are chosen from the uniform ran-
dom distribution on the interval

[
−√

6γT/h,
√

6γT/h
]
.

The special case ε = ε# is considered for illustra-
tion, when potential well depths are equal for the states
with equal bond lengths and one broken bond. It is con-
venient to consider the mean value of squared multidi-
mensional distance from the state with all equal bonds:〈
R2(t)

〉
τ

= τ−1
∑N

k=1

∫ t+τ

t [xk(t′)−k �0]2 dt′ averaged over
a time interval τ ; k�0 is the coordinate of the kth particle
for the lattice with all equal bond lengths in equilibrium,

Fig. 6. Distribution function G(
〈
R2

〉
τ
) of a squared distance

from the ground minimum at specific elongation ε#. Averaging
over τ = 5. Temperature T = 0.0125. Barrier height separating
minima E# = 0.0193. The ratio of areas is equal to the ratio of
time spans and is 0.16 ± 0.07. A log-linear scale is used. Inset:
the temporal behavior of

〈
R2

〉
τ
. Numbers show the number of

ruptured bonds. Statistical processing of these data gives the
distribution function G(

〈
R2

〉
τ
). Time unit [t] =

√
2m/(Cα) of

potential (1).

and summation runs over all particles. R2
cr ≈ 2.5 is the

critical value, corresponding to the maximum of a barrier
separating two energy minima. If

〈
R2(t)

〉
τ

< R2
cr then

the lattice has (on average) equal bond lengths, and if〈
R2(t)

〉
τ

> R2
cr then one or the other bond is broken at

instant of time t.
The distribution function G(

〈
R2

〉
τ
) normalized to

unity is shown in Figure 6. This function has a high and
narrow maximum near zero, corresponding to all equal
bond lengths, and a wide maximum (

〈
R2(t)

〉
max

≈ 10) for
the state with one broken bond (accurate value from (19)
is

〈
R2(t)

〉
max

= 10.1). Actual values of
〈
R2(t)

〉
τ

are
shown in the inset of Figure 6. The values of

〈
R2(t)

〉
τ

are at time instants t = j τ (j = 0, 1, . . . , 106) averaged
over the time interval τ = 5.

The ratio t/t̃ is the ratio of areas under the curve
G(

〈
R2

〉
τ
) separated by the value R2

cr = 2.5. MD simu-
lations give t/t̃ = 0.16 ± 0.07 at temperature T = 0.0125
and t/t̃ = 0.15 ± 0.05 at T = 0.015 with standard er-
rors large because of large fluctuations (compare with the
accurate value t/t̃ ≈ 0.12 obtained from (27)).

2.4 An example: cis-trans isomerization

Cis-trans isomerization plays significant role as one of fun-
damental chemical processes and has wide application in
organic and bioorganic chemistry [60]. And as an example
of our previous results we consider the particular, signif-
icant case of cis-trans isomerization where the rotation
around one or other “single” bond is possible (see Fig. 7).
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Fig. 7. Cis-trans isomerization of a polyene. Left: all trans-
form of polyene; right: rotation by ϕ = π gives cis-form. Energy
profile of the reaction with 0 ≤ ϕ ≤ π is also shown. R is some
or other chemical group.

For this case the Hamiltonian in its simplest form reads

H =
N∑

i=1

1
2
J ϕ̇2

i + U(ϕi−1 − ϕi), (29)

where J is the moment of inertia of the unit cell
(–RC=CR–), ϕi displacement of ith angle from its equilib-
rium value, and U(ϕi−1−ϕi) – potential energy depending
on the relative difference of neighboring angles. In (29) we
assume fixed values of bond lengths and valent angles and
the only degrees of freedom are torsional angles.

Potential energy in (29) depends on difference of
angles (ϕi−1 − ϕi) and often is represented as U(ϕi−1 −
ϕi) ∼ A {1 − cos[2(ϕi − ϕi−1)]} /2, where (ϕi −ϕi−1) = 0
corresponds to all trans-isomer, and (ϕi − ϕi−1) = π
to cis-isomer (see Fig. 7); A is the barrier height sep-
arating cis- and trans-isomers. This formulation allows
to use results for the lattice rupture to the problem of
cis-trans isomerization. Actually masses should be substi-
tuted by moments of inertia and Cartesian coordinates
by torsional angles. Then (29) formally coincides with the
lattice Hamiltonian (3).

An equilibrium between all-trans and cis-isomers is
possible in some cases [61–63] and we also assume the
equivalence of the ground state energies in cis- and trans-
forms (Ug = Ũg). As discussed, the ratio of volume frac-
tions of trans- and cis-isomers ctrans/ccis in equilibrium is
equal to the ratio t/t̃ (27) with the corresponding choice
of N and torsional angle stiffnesses. Torsional angle stiff-
nesses in all trans- (g0) and cis-form (g2 for the angle
subjected to rotation by π and g1 for other angles) can
differ in the general case.

The ratio t/t̃ depends on the ratios between torsional
angle stiffnesses g0/g1, and g2/g1, and also on N (see (27)).
If g0/g1 ≥ 1 then t/t̃ increases very rapidly with the
growth of N . A more interesting case is when the torsional
angle stiffness increases in the cis-form and (g0/g1 < 1).
Then equation (27) shows both increasing (∝N3/2) and
decreasing (∝(g0/g1)N/2) contributions to the dependence
on N . The last multiplier in (27) makes much less influ-
ence. The ratio ctrans/ccis is shown in Figure 8 for two
values of g0/g1. A rapid increase of ctrans/ccis is observed
at small N . Then this ratio has a maximum with height
and position depending on g0/g1.

In the case when the ground state energies of trans-
and cis-isomers are not equal (Ug �= Ũg in (27))

Fig. 8. Ratio ctrans/ccis versus N for two values of the ratio
g0/g1: g0/g1 = 0.9 (solid line) and g0/g1 = 0.8 (dashed line).

the major contribution to the relation of volume frac-
tions ctrans/ccis for small N gives the exponential factor
exp

[
(Ug − Ũg)/T

]
. But there exists essential contribution

determined by the angle stiffnesses at large N . Thus the
appealing assumption that the ratio Ug/Ũg provides a ma-
jor contribution to the relation ctrans/ccis may cease to be
valid in some cases.

3 Conclusion

The thermodynamics of the Morse lattice rupture has
been considered in the present paper. Expressions for the
partition functions for the states with equal bond lengths
and one broken bond are derived in the (quasi)harmonic
approximation, when the anharmonicity effects can be ne-
glected. The ratio of these partition functions gives an
estimation for time spans in the ground and “broken”
states. Lifetimes were also calculated using the canonical
ensemble by MD-simulations. The results coincide within
the statistical accuracy of MD-method. The method is il-
lustrated for the case of cis-trans isomerization. Different
behaviors are found depending on the torsional angle stiff-
ness ratio of cis- and trans-isomers.

We thank S. Fugmann and I. Sokolov for discussions. The
authors acknowledge the anonymous referee for criticism and
helpful comments.
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