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Abstract We consider the Toda lattice with exponentially repulsive interactions
between the units and view these units as Brownian elements capable of pump-
ing energy from a surrounding heat bath or reservoir, and we show that solitons
can be excited and maintained in the presence of dissipation. Then, we endow these
Toda lattice units with electric charge, i.e., we make them positive ions and add free
electrons to the system. We use this to show that, in the presence of an external
electric field, following an instability of the base linear Ohm conduction state, the
electromechanical Toda lattice is able to maintain a non-Ohmic soliton-driven su-
personic electric current, and we then discuss its striking characteristics. Thus the
lattice appears very much like a versatile neural transmission line.

1 Introduction

The soliton concept, and the coinage of the word soliton, originates from the work
of Zabusky and Kruskal [1] (see also [2, 3, 4]). They dealt with the dynamics of
one-dimensional (1D) anharmonic lattices and their (quasi) continuum approxima-
tion [5] provided by the Boussinesq–Korteweg-de Vries (BKdV) equation [6, 7].
That work followed research done by Fermi et al. [8] (see also [9]) who tried to un-
derstand equi-partition in a lattice by adding anharmonic forces. They used 1D lat-
tices with 16, 32 and 64 units interacting with springs obeying x2 and x3 anharmonic
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forces and another described by a nonlinear but “piecewise linear” function. The
significant achievements of Visscher and collaborators are also worth mentioning.
While trying to understand heat transfer, they used the Lennard-Jones potential [10]
to explore the role of anharmonicity and of impurities (i.e., doping a given lattice
with different masses, thus generating isotopically disordered lattices). More re-
cently, Heeger, Schrieffer and collaborators have used solitons to explain the elec-
trical conductivity of polymers [11]. Finally, we ought to highlight the work done
by Toda (1967) on the lattice (which he invented) with a peculiar exponential in-
teraction [12, 13], since here we build upon the results obtained by Toda. [N.B. We
make no claim of completeness in the list of references offered here. For a thorough,
albeit now a bit old, review of solitons in condensed matter, see Bishop et al. [14];
for an in-depth discussion of heat transfer see Toda [15].]

In one limit, the Toda interaction yields the hard rod/sphere impulsive force (a
gas), while in another limit, it becomes a harmonic oscillator (the ideal solid lattice
crystal). When the force is proportional to displacement or elongation (x), we have
Hooke’s law, and this defines the realm of linear oscillations (harmonic in Fourier
space), or phonons in the quantum terminology. Through a suitable Taylor expan-
sion, the Toda interaction provides the aforementioned x2 and x3 anharmonic forces
beyond Hooke’s law. Figure 1 illustrates Toda’s interaction (with its exponential-
repulsive and linear-attractive parts) relative to the Lennard-Jones and Morse inter-
actions. As the latter is a combination of exponentials, both the Toda and Morse
interactions are easy to implement electronically. The mechanical–electrical anal-
ogy has been fruitfully exploited by researchers [13, 16, 17, 18].
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. In order

to have all three minima of the potential functions at the same location, i.e., (1, −1), we have
suitably adjusted the free parameters, while keeping the same basic frequency; r is a suitably
rescaled length quantity. It clearly appears that Toda’s interaction captures the repulsive core in
a good way, whereas its attractive part becomes unphysical for large values of the displacement.
Both the Toda and Morse potentials are easily implemented with present-day electronics, as they
contain exponentials
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The concept of dissipative solitons extends the classical theory to non-
conservative systems where energy (rather than being conserved) is pumped and
dissipated in an appropriate balance, thus exciting and, eventually, sustaining a
localized structure (or a periodic nonlinear wave) beyond an instability thresh-
old [19, 20, 21]. The concept of dissipative solitons is also the natural generalization
of a dynamical system consisting of maintained dissipative linear waves with an un-
derlying dissipative harmonic oscillator [22, 23, 24, 25, 26, 27].

In this text, we limit ourselves entirely to one-dimensional (1D) lattice systems
in classical (not quantum) mechanics. In Sect. 2, we recall how solitons (and non-
linear periodic cnoidal waves) appear in the Toda lattice and give a few other re-
sults needed in the subsequent sections of this chapter. Section 3 is devoted to a
description of a first generalization of Toda’s lattice, made by adding an energy
pumping–dissipation balance. In Sects. 4 and 5, we add electric charges and we
discuss the electric currents that our generalized driven-dissipative Toda lattice can
exhibit in the presence of an external electric field. In particular, we discuss the re-
cent striking discovery [28] of the onset and eventual sustenance of electron–soliton
dynamic bound states (solectrons) and the “truth and consequences” that follow: a
form of (purely classical) “high”-temperature supersonic current following a transi-
tion from the linear (Ohm–Drude) conduction state. Section 6 provides conclusions
and suggestions for future research.

2 Solitons and Cnoidal Waves in a Toda Lattice

Let us consider a 1D lattice with Toda interactions between nearest-neighbor units
(Fig. 1). Here, relative to the harmonic case, we replace Hooke’s law by the force
corresponding to

UT
i (ri) =

a
b

[exp(−bri)−1+bri] . (1)

The relative mutual displacement between the mass i and the mass i + 1 is
ri = xi+1 − xi −σ . Then (in the infinite case), there is an exact solution of the cor-
responding dynamical system (the system is integrable), as found by Toda [12, 13].
As mentioned earlier, if we expand (1) in a Taylor series

UT(r) =
ab
2

(
r2 − b

3
r3 + · · ·

)
, (2)

for small values of the displacements, ri, from equilibrium positions, we recover, to
lowest-order, the harmonic oscillator. Subsequent terms in the series (r3, r4) repro-
duce the aforementioned interactions used by Fermi, Pasta and Ulam. Apart from an
external periodic forcing term, these define the (asymmetric nonlinear) Helmholtz
oscillator [29] and the (symmetric nonlinear) Duffing oscillator, respectively. We
see from the expansion (2) that, for the Toda potential, the parameter ab controls
the basic oscillation frequency and the parameter ab2 controls the anharmonicity of
the forces acting between the particles, so that b can be interpreted as the stiffness
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Fig. 2 Toda lattice. Lattice
compressions (bottom) create
solitons (pulse-like distur-
bances, solitary waves or
periodic cnoidal wave peaks);
momentum distribution along
the lattice is shown at the top.
Note that, taking into account
the sign of the velocity (left
to right motion), the former
is the (negative) derivative of
the latter

parameter of the springs. The solitary waves and (periodic) cnoidal waves found
by Toda are the new “degrees of freedom” of the lattice, corresponding to Fourier
modes in the linear approximation. For a uniform lattice bn = b(−∞ < n < ∞), the
exact solutions are the cnoidal waves (Fig. 2)

exp(−brn)−1 = m
(2Kν)2

ab

(
dn2

[
2
( n

λ
±νt

)
K
]
− E(k)

K(k)

)
, (3)

where the wavelength λ and the frequency ν are related by the dispersion relation

ν(λ ) =

√
ab
m

2K(k)
√

sn−2(2K(k)/λ )−1+E(k)/K(k)
. (4)

Here sn(u) and dn(u) are elliptic functions with modulus k (0 < k ≤ 1). K(k) and
E(k) are complete elliptic integrals [12, 13, 30].

When the modulus k is close to zero (i.e., for small values of the displacement),
E/K � 1− k2/2 and

rn �−π2ν2k2

2ab2 cos2π (νt ±n/λ ) , (5)

then the wave profile and dispersion of cnoidal waves in the Toda lattice are similar
to those of harmonic (sinusoidal) waves in a linear lattice.

In the limit k → 1, the cnoidal wave approaches a sequence of equally spaced
delta functions. For λ ≈ K → ∞(k → 1), the result is a solitary wave

exp(−b(rn+1 − rn)) = 1+ sinh2(χ) sech2 (χn− t/τ) . (6)

These “solitonic” excitations correspond to local compressions of the lattice with
the characteristic compression time

τsol = (ω sinh χ)−1 (7)
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and with a spatial “width” χ−1. The energy of the soliton is related to this quantity
by

εsol = 2
a
b
(sinh χ cosh χ −χ), (8)

with σ taken as the unit of length. The soliton velocity is given by

vsol = σ
√

ab
m

sinh χ
χ

, (9)

which is supersonic, since the sound velocity in the corresponding linear lattice is
σ
√

ab/m, with both velocities being given in common appropriate units [ω 0σ =
σ
√

ab/m,σ = 1 and even ω 0 = 1 in most of the text]. Figure 2 illustrates how
compressions create the solitonic peaks and the wave motion along the Toda lattice.

3 Self-Organization with an Input–Output Energy Balance

Driving, forcing and hence maintaining nonlinear oscillations in a Toda lattice can
be achieved using the following Langevin equations:

d
dt

xi = vi, (10)

m
d
dt

vi +
∂U
∂xi

= Fi(vi)+m
√

2D ξi(t),

governing the evolution of the ith particle viewed as a Brownian element on the
lattice. Here, the stochastic forces mimic embedding the system in a thermal bath
or reservoir, from where the lattice units can pump energy in a kind of self-
organization, obtaining order out of the noise. They have zero mean and are delta-
correlated:

〈ξi(t)〉 = 0,〈
ξi(t)ξ j(t)

〉
= δi jδ (t ′ − t).

Note that if we go back to the deterministic description (D = 0) and set Fi = 0, we
get Newton’s equations for the original Toda lattice [12, 13].

In order to introduce an input–output energy balance into the system, we define a
force, Fi, including its passive and active components. Following Lord Rayleigh [22,
23], (an alternative is Van der Pol’s approach [24]) we define a velocity-dependent
friction force by

F(v) = F0(v)+Fa(v) = −mγ(v)v, (11)

with
γ(v) = γ 0 + γa(v), (12)
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where the first term, γ0, describes the standard friction between the particles and the
surrounding heat bath. For this passive friction, we assume the validity of the Ein-
stein fluctuation–dissipation theorem [31, 32]. However, for simplicity, we assume
that the active (non-equilibrium) part of the friction force, γa, does not fluctuate.

The balance for the total energy, ε , of the system (10) is

dε
dt

= −mγ0 ∑
i

v2
i −m∑

i
γa(vi)v2

i +m
√

2D∑
i

viξi. (13)

Since γ0 > 0, the sign of the active term, γa(v), is crucial for the energy balance
of our lattice if we wish to have a steady state (dε/dt = 0). As noted earlier, this
contribution to the friction function may describe active forces, which, due to their
energy pumping effect, can drive the system away from equilibrium. Retaining Lord
Rayleigh’s law, we set

Fa(v) = −mγa(v)v = −m
(
−γ̂1 + γ2v2)v; γ̂1, γ2 > 0, (14)

and hence, for γ̂1 > γ0, we re-write the complete dissipative force as

F(v) = mγ0
(
μ − v2/v2

d

)
v, (15)

with

μ = (γ̂1 − γ0)/γ0, v2
d = γ0/γ2. (16)

Instead of the Rayleigh law, we may use a more refined law for the dissipative force
by introducing the expression [31, 32]

γ1 = −γ0
δ

1+ v2/v̂2
d

. (17)

Then the total friction force acting on a particle may be represented as

F(v) = −mγ0

[
1− δ

1+ v2/v̂2
d

]
v. (18)

Note that (18) yields (15) for low velocity values when we replace (δ − 1) with μ
and v̂2

d with δv2
d. For simplicity, we shall continue with (15).

The parameters μ and δ control the conversion of the energy taken up from
the reservoir into kinetic energy. One or the other is the bifurcation parameter of
our model. The values μ = −1 and δ = 0 correspond to equilibrium, the region
−1 < μ < 0, or 0 < δ < 1, stands for nonlinear passive friction and μ > 0, or δ > 1,
corresponds to an active friction force. The bifurcation from one regime to the other
occurs at μ = 0, or δ = 1. For the passive regime, the friction force vanishes at
v = 0, which is the only attractor of the deterministic motion, i.e., with no noise, all
particles come to rest at v = 0. For the active case, the point v = 0 becomes unstable,
but we then have two additional zeros at
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Fig. 3 Active Toda lattice. Trajectories (x, t) of 10 particles with added active Rayleigh friction
force. Solitons (peaks of the cnoidal waves) appear traveling (dotted line) along the lattice in the
direction which is opposite to that of the mean motions of the lattice particles. The single soliton is
genuine solitary wave appearing in the lattice. It was obtained by suitably adjusting the randomly
distributed initial velocities of the particles. The soliton velocity is given by the slope of the dotted
line. Parameter values: ω0 = 1, σ = 1, γ0 = 0.8, μ = 1, b = 1 and D = 0

v = ±v0, v0 = v̂d

√
δ −1 =

√
δ −1, as v̂d = 1 or v0 = vd

√
μ =

√
μ, as vd = 1.

(19)

The two velocities, ±v0, are the new “attractors” of the free deterministic motion.
We look for a description with universality using dimensionless equations through

an appropriate choice of scales. In the light of earlier comments, and for illustrative
computational purposes, we set m = 1, σ = 1, and ω0 = 1. In Fig. 3, we show the
result of a numerical integration of (10) for 10 lattice units without forcing and with
no noise, but with an active friction force. The Toda lattice units are moving clock-
wise, while the excited soliton is moving counter-clockwise (as illustrated by the
dotted line).

4 Electromechanical Toda Lattice

Let us consider the role of dissipative solitons in the active Toda lattice endowed
with electric charges (ions and electrons). Hence, we now view the Toda lattice units
as ions (charge +e and mass mi; mi = m) interacting with free electrons (charge −e
and mass me << mi, mi ≈ 103me; we expect no confusion regarding the subscripts
“e” and “i”, which here refer to electrons and ions, respectively). If we approximate
the repulsion of the ions with a simple exponential law (see Fig. 1), then the 1D ion
system on a lattice is equivalent to a 1D Toda lattice (1),

U(rk) =
mω2

0

b2 exp(−brk) (20)
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(recall that a/b = mω2
0 /b2, σ = 1). Thus, for small displacements, an ion moves

in the harmonic potential of its nearest neighbors, while for larger values of the
displacement, it feels a stiff (exponential) repulsion on each side. In principle, the
stiffness, b, is a tunable parameter. Let us study the influence of the dynamics of the
system on its electrical conductivity.

Let us place the N electrons at positions y j (thus having electro-neutrality) and
allow them to move freely in the non-uniform and, in general, time-dependent, elec-
tric field generated by the positive lattice particles (ions) located at lattice positions
xk. For simplicity, we describe the electron–ion interaction with a pseudo-potential
with an appropriate cut-off [33]:

Ue(y j) = ∑
k

(−e)e√
(y j − xk)2 +h2

. (21)

This potential avoids the pole (a Coulomb singularity) by introducing a cut-off at
Umin = −e2/h; h ≈ σ/2 is the cut-off distance and, as previously noted, σ is the
equilibrium inter-ion mean distance. [N.B. Quantum mechanically, (21) is justified
by the fact that, in a real solid, the ion core is a region of high electronic density
and finite size, and so it can hardly be penetrated by a free electron.] Figure 4 illus-
trates, using suitable dimensionless quantities, the role of the cut-off, h, and of the
compression of the Toda springs in the lattice.

To avoid Coulomb singularities in 1D or 2D geometry in (21), we consider the
free electrons to be moving along the lattice in 3D. Accordingly, the electrons are
able to move from one side of an ion to the other. Also, for simplicity, the interaction
between electrons is neglected. Thus, with N ions placed at co-ordinates xk, moving
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Fig. 4 Electromechanical Toda lattice. Pseudo-potential (21) experienced by an electron placed
midway between two nearby ions. The graphs here appear in universal forms, since we use H ≡
h/r, Y ≡ y/r, X ≡ x/r, hence x1 = 0 → X = 0, x2 = r → X = 1 and 0 < y < r → 0 < Y < 1. Also,

U(Y )/e2 = −
[
Y 2 +H2

]−1/2 −
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. As H grows, either because h grows (cut-

off length increases) or r decreases (compression increases), the maximum yields to a minimum
midway between the two ions
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on a lattice of length L = Nσ , and in view of the evolution assumed for the ions
(10), we now make use of Langevin dynamics for electrons, which are also taken to
be Brownian elements:

d
dt

y j = v j,

me
dv j

dt
+∑

k

∂Ue(y j,xk)
∂y j

= −eE −meγe0v j +me

√
2De ξ j(t). (22)

We assume periodic boundary conditions. For further simplicity, we may, on oc-
casion, consider just one electron located at a position y, rather than N (non-
interacting) electrons at co-ordinates y j. Note that the friction of the electrons is
assumed to be purely passive (i.e., we have standard damping for all velocities).
As for the ions (10), the stochastic force in (22) also models a surrounding heat
bath (Gaussian white noise), but, following Einstein’s relation [31, 32], tempera-
tures need not be equal (as we disregard issues of thermal equilibrium). Note also
that the friction force acting on the electron is small relative to that on the ions,
meγe0  miγi0 (the subscript “0” denotes passive friction).

As we have now “ions” and “electrons”, (1) must be replaced by

U =
N

∑
k=1

[UT
i (rk)+Ue(rk)], (23)

with UT
i (rk) denoting the Toda exponential potential (1) and Ue(rk) the electron–ion

potential (21). The external electric field E also acts on the charge ei = +e of the
Toda particles (ions). Making the Rayleigh-like velocity-dependent force explicit,
the Langevin equation in (10) becomes

m
d
dt

vk +mγ0vk +
∂U
∂xk

= eE +Fa(vk)+m
√

2D ξk(t), (24)

where k denotes the kth ion on the lattice ring. Our evolution problem is now the
combined set of (22) and (24). These equations have been integrated by means of
a fourth-order Runge–Kutta algorithm adapted for solving stochastic problems like
the Langevin equation [34]. All computer runs begin with a state where the distances
between ions are equal and their velocities are taken randomly from a normal dis-
tribution with amplitude vin, vk(0) = vinξ (k). Each electron is placed at rest, v j = 0,
midway between two ions. Heavy ions are not affected much by light electrons, and
hence (free) electrons move on the background/landscape of the pseudo-potential
profile created by the ions (Fig. 5). The integration step is chosen to correctly de-
scribe the fastest component of the process, viz. oscillations of electrons in a poten-
tial well. The parameters of both Toda and Coulomb potentials, the mass ratio and
the particle charges are all held fixed in order to reduce the number of parameters
of the problem. Thus, the damping rates, γ0 and γe0; the values of the parameters
characterizing the driving forces, Fa(vk); the initial velocity, vin, chosen to select a



330 M.G. Velarde et al.

–18

–16

–14

–12

–4 –2 0 2 4 x

U(x)

Fig. 5 Electromechanical Toda lattice. Snapshot of the effective potential/landscape acting on an
electron moving in a lattice with a solitonic excitation which creates a locally deeper potential
well. In a lattice which is sufficiently long, the solitonic (negative) peaks define a new periodicity
(cnoidal waves) which is different from the other (quasi) harmonic one. Parameter values: σ = 1,
b = 1 and h/σ = 0.3

solitonic mode; the value of the external field; and the electron temperature, T , are
varied in the computer integrations.

5 From Ohm’s Law to a Soliton-Mediated Supersonic Current

Due to the above-mentioned large difference in the masses of the charged particles,
by far the major contribution to the current comes from the electrons moving on
the nonlinear ion lattice. The current density (per unit length) of the electrons is
obtained by taking average of the electron velocities. Hence, the electric current
density (per unit length) is

je = −nee∑
j
〈ve

j〉, (25)

(ne = 1 with 10 electrons and 10 ions). The average should be taken over suffi-
ciently long trajectories. We are interested in the interaction of the electrons with
the previously discussed (rather deep) solitonic excitations in the lattice (Fig. 5).

Before embarking on a study of electric currents, we study the effect of solitonic
excitations generated through quenching by numerically finding the correspond-
ing solutions of the coupled Langevin equations (22) and (24). Let us first discuss
what happens if E = F = 0 in (24). The numerical integration was conducted by
starting from a Gaussian distribution of the ion velocities, corresponding to a high-
temperature Maxwellian as the initial condition. This temperature was of the order
of 200–300 in units of mω2

0 σ2, the energy of harmonic oscillations with amplitude
σ (for clarity we make all variables and parameters explicit). At this rather high
temperature, solitons should also be generated in addition to other elementary exci-
tations. However, they are difficult to identify due to the seemingly chaotic motions
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of the particles. Then, we quench to a temperature near zero. The solitons survive,
since they have a longer lifetime than other excitations.

In another set of computer integrations, we combined quenching with active fric-
tion (F 	= 0) to overcome the dissipation. Again, the numerical integration started
with a high-temperature initial condition, then, after quenching, the solitonic exci-
tations were maintained by feeding in energy with Rayleigh’s active friction force.
In this case, and as noted earlier, the system develops solitons moving oppositely to
the field. The electrons which are coupled to the charged Toda lattice units (ions)
form rather stable dynamic bound states with the solitons (solectrons). For illustra-
tion, we take (unless otherwise specified) μ = 1. Most of the time, the electrons will
be located near local ion clusters, since they seek the deepest nearby minimum of
the potential (see Fig. 4). Note that we have a dynamic process which does not lead
to a static cluster, as the ions participating in the local compression are changing
all the time. In other words, the electrons continually have new partners (a kind of
promiscuity) in forming the bound states.

[N.B. An active Toda lattice (with Rayleigh’s active friction force) with N
particles possesses (N + 1) basic attractors. Of these, (N − 1) are oscillatory and
two are non-oscillatory. (As a whole, the lattice moves to the right or left or
clockwise/counter-clockwise in a lattice ring.) For N even, there is also an “opti-
cal” mode, corresponding to anti-phase oscillations. Here, we opt not to discuss this
wealth of possibilities and hence, once more, refer the reader to recent publications
on the subject [17, 18, 35].]

In Fig. 6, we show the evolution of 10 Toda lattice units (ions) creating 1 dis-
sipative soliton which moves in the opposite direction and 10 free, non-interacting
electrons. After a sufficient time interval, most of the electrons bind to the soli-
ton, one after another, and move with a velocity which is approximately that of the

–120

–80

–40
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0 20 40 60 80

xi, y

t

Fig. 6 Active electric Toda lattice. Trajectories are shown for 10 particles (ions) moving left to
right, creating one fast dissipative soliton moving in the opposite direction, and for 10 electrons
(ending, generally, as sloped lines) captured, one after another, by the soliton. Three electrons
seem to be traveling together (thicker sloped line), while the 10th electron still moves almost freely
(trajectory around y = 0). Parameter values: h = 0.3, μ = 0.25, γ0 = γe0 = 0.5, D = De = 0 and
m/me = 103. Unit time along abscissa: t/

√
5
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soliton in a direction opposite to that of the ions. Needless to say, this is possible
in the context of pure classical mechanics with the free non-interacting electron
approximation that we have used here.

We have seen in the computer simulations that, when μ > 0 for E 	= 0, the ions
execute a slow drift following the direction of the external field. If the field strength
is stronger than the decay imposed by the thermal fluctuations, then the electrons
proceed in opposite direction. After a sufficient time interval, the ion compressions
create solitonic excitations moving with the soliton velocity, vsol, and opposite to
the mean drift of the ions. As discussed in the earlier case, the electrons “like” the
potential well formed by the local compression connected with the soliton (Fig. 5).
After a while, the electrons are captured by the local compressions and move with
the soliton velocity and opposite to the ion drift.

The magnitudes of both the electron and ion currents do not depend on the value
of the external field over a wide range. Figure 7 shows both currents versus field
strength. The scale, E0, corresponds to the field imparting a velocity v0 to an elec-
tron which is not interacting with the ions. It clearly appears that the stationary cur-
rents corresponding to the case of dissipative solitons are indeed stabilized, thanks
to the active friction force that is due to energy pumping or, more precisely, to the
input–output energy balance. At very low values of the field strength, we observe
an apparent gap in the values for the current. In this narrow region, around zero, we
could not obtain reliable data from the computer simulations. For very low electric
field strengths, we cannot specify the running direction for solitons, and they may
travel in either direction. On the other hand, intense field values do not allow elec-
trons to be trapped easily by a potential well. In particular, at the upper boundary
of the range, electrons are only captured by the soliton for a very limited domain of
initial conditions for ions and electrons.
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Fig. 7 Active electric Toda lattice. Current-field characteristics displaying the steady current den-
sities ( jD, Ohm–Drude; ji, ion current; and je, electron current). We see nonlinear current-field
characteristics with a region of constant current. We observe an apparent gap in the values for the
current at very small field values. Parameter values: h = 0.3, μ = 0.25, γ0 = γe0 = 0.5, D = De = 0,
m/me = 103 and b = 1. E0 is defined in the main text
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Fig. 8 Active electric Toda lattice. Current-temperature (electron noise) characteristics. The solid
line ( je, electron current) shows a significant increase as the temperature decreases and approaches
the soliton range. The horizontal straight dotted line (ordinate 0.5) corresponds to the Ohm (Drude)
current ( jD = 0.25). The value at T = 0 is the same as that of the plateau in Fig. 7. Parameter values:
b = 1, μ = 0.25, h = 0.3, γ0 = γe0 = 0.5, T = De, D = 0, m/me = 103 and E/E0 = 0.5. E0 is defined
in the main text

Figure 8 illustrates the behavior of the electron current as a function of the tem-
perature (electron noise). We see that, on lowering the temperature, the electron
current driven by the solectrons grows significantly relative to the Ohm (Drude)
current.

6 Final Remarks

The excitation of dissipative solitons in a Toda lattice has been discussed. In particu-
lar, we have studied the evolution of the lattice with added dissipation and “activity”
in the form of energy pumping, following an idea put forward by Lord Rayleigh to
maintain vibrations. We have considered the Toda lattice units as active Brownian
elements. Then, we have studied the electrically charged (with ions and electrons)
active Toda lattice and we have shown how the electric field triggers electric cur-
rents with striking properties. For such an active Toda lattice, we have shown how a
(non-equilibrium) transition occurs beyond an instability threshold. This is from the
linear Ohm (Drude) conduction (that can be viewed as defining a “disordered” state)
to a form of “super-current” (that can be viewed as characterizing a more “ordered”
state). The underlying mechanism of such a non-Ohmic supersonic current is the for-
mation of electron–soliton dynamic bound states (solectrons) due to the role played
by the compressions in the Toda springs. One of the most interesting properties of
the phenomena studied here appears to be that, for a wide plateau, the strength of
the external field is nearly irrelevant, and that what matters is its symmetry-breaking
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role. On the other hand, it seems pertinent to point out that an electromechanical
active Toda lattice can be seen as a versatile, two-speed neural-like cable. Recall
that action potential propagation in axons, as in the case of the squid, proceeds at
about 400 km/h [36]. This is the typical velocity of a super-critical ocean solitary
wave and is equivalent to supersonic in the lattice studied here.

The study provided here is based on purely classical dynamics (i.e., no quantum
mechanics is involved). Recent quantum mechanical calculations using the tight
binding approximation for the electron–lattice interaction support the results re-
ported in [37, 38, 39]. The results found, first reported in a 2005 letter [28], share
common (formal) features with the experimental curves obtained in measurements
of the characteristics of high-T superconductors [40, 41]. We are aware of pictures
that look alike, yet refer to different objects. Hence, linking the predictions made
using the purely classical analysis of a 1D Toda lattice model with data about real
systems, or discussing any quantum effects, is beyond the scope of this discussion
[42, 43].
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39. A.P. Chetverikov, W. Ebeling, G. Röpke and M.G. Velarde, Contrib. Plasma Phys. 47, 465

(2007).
40. P. Chaudhari, J. Mannhart, D. Dimos, C.C. Tsuei, J. Chi, M.M. Oprysko and M. Scheuermann,

Phys. Rev. Lett. 60, 1653 (1988).
41. J. Mannhart, P. Chaudhari, D. Dimos, C.C. Tsuei and T.R. McGuire, Phys. Rev. Lett. 61, 2476

(1988).
42. D. Hennig, A.P. Chetverikov, M.G. Velarde and W. Ebeling, Phys. Rev. E 76, 046602 (2007).
43. M.G. Velarde, W. Ebeling, A.P. Chetverikov and D. Hennig, Int. J. Bifurcat. Chaos 18, 521

(2008).


