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1 Introduction

When dealing with partial differential equations, either linear or nonlinear, and mostly
for equations of elliptic or parabolic type, it is often found that the equation can be solved
when the “data” of the problem are not in a single, but in several functions spaces among
which we can chose. In other words, in a natural fashion, we face equations that can be
set in “scales” of spaces. For example, when solving the linear heat equation with, say,
Dirichlet boundary conditions in a bounded smooth domain €2, the initial data can be
taken in L(Q2), for 1 < ¢ < co. The solution remains in the same space and enters in fact
in some other LP()) space with p > ¢ at a precise rate, which are the classical estimates
for the heat equation, see e.g. [§].

Restricting to parabolic equations, in his seminal monograph [I1], D.Henry, made
systematic the use of the scale of fractional power spaces associated to the elliptic part of
the equation; see also [I0)] for early applications of these spaces. This abstract approach
has proven very rich and flexible in dealing with enormous classes of parabolic problems.
Moreover it provided tools for a real geometric theory for the dynamics of parabolic
equations.

Closer to more concrete parabolic problems with elliptic part in divergence form, H.
Amann, using techniques of interpolation and extrapolation spaces worked out a rather
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complete framework for these problems with smooth coefficients, using the Bessel potential
spaces; see [2] for a complete survey.

Similar approach to the ones above can be found in [I2] as well. Also, abstract results
in this direction are compiled in [3]; see in particular Chapter 5 in the latter reference.

Although it is very often disregarded, the fact that the same problem can be set in
a family of spaces in a scale, is a valuable property since, among many other questions,
allows to choose the right space of the scale to “fit” to a particular choice of the data.
Another outcome of this approach is, for example, that one finds more precise informa-
tion on the smoothing effect of the equation, since one can perform in a natural way
bootsrapping argument on the scale.

In this context, in this paper we concentrate in some perturbation results for linear
parabolic problems in certain scales of spaces. Hence, at an abstract level, we assume
we have given a linear semigroup on a scale of spaces and seek to add suitable linear
perturbations in such a way that we still obtain a well defined class of solutions of the
perturbed problem, defining a perturbed linear semigroup on the same original scale of
spaces. The parabolic nature of the original problem (and of the perturbed one) is reflected
in the fact that the original semigroup takes elements of one space in the scale into other
spaces in the scale; see Section Bl and more precisely (B33)). The perturbations we consider
are linear and continuous transformation between two spaces of the scale, see ([B.F), and
the rule of thumb is that a given perturbation would determine the spaces of initial data
in the scale for which the perturbed problem can be solved, as well as the spaces in the
scale into which the solution smoothes, see Theorem and Proposition B-TH. We also
analyze the question of robustness of the estimates and the continuity of the resulting
semigroup with respect of the perturbation, see Theorem LTl Observe that our approach
to these perturbations results is based on the variation of constants formula, (B9), and the
smoothing properties of the original semigroup rather than to “elliptic” properties of the
infinitesimal generator of the semigroup. In fact as it will be shown below the “parabolic”
approach gives sharper results than the “elliptic” one; compare Theorems and 320
Note that the basic assumption ([B3) is satisfied for the fractional power spaces associated
to any sectorial operator as in [I1]. Hence all the results in Sections Bl and H apply in
this setting as well. Note also that we also obtain results on the linear nonhomogenous
problems in Theorem B and in Remark B.17.

These abstract results are motivated, with no doubt, for a systematic study and ap-
plications of partial differential equations of parabolic type and more precisely in consid-
ering low regularity perturbations in the coefficients and/or the boundary conditions of
the problems.

Hence, in Section Bl we first review and collect some of the results in [2] for parabolic
problems with smooth coefficients. Note that in this reference, regularity of the coefficients
is used in an essential way. The same happens in [12].

Then, the abstract results in Sections Bl and Bl are applied in Section B to the problems
in Section P and also to some parabolic problems in unbounded domains in Section @ In
the latter case we discuss several settings including Lebesgue or Bessel scales and even
uniform spaces. Linear nonhomogeneous problems, using Theorem B, are discussed in



Remarks B8 63, 60, and BE16 Also, in Section [ we show how to obtain results for
the underlying elliptic problems.

Finally in Section f we discuss how to apply the results in this paper to semigroups that
are not strongly continuous, that is, not continuous at ¢t = 0 or to nonanalytic semigroups.
Also, we consider the case of semigroups with “defect”, that is, singular semigroups at
t=0.

Aknowledgement The author wants to thank Professor J.M. Arrieta for many useful
discussions about some technical points of the paper.

2 Parabolic problems with smooth coefficients

Let Q be an open bounded smooth set in IRY with a C? boundary 92. Let I' C 99
be a smooth subset of the boundary, isolated from the rest of the boundary, that is,
dist(I", 0Q \ I') > 0.

Consider the problem

up —div(a(z)Vu) + c(x)u = 0 inQ
a(@)2 +b(x)u = 0 onT 2.1)
Bu = 0 ondQ\T '

u(0) = up inQ

where a € C*(Q) with a(z) > a9 > 0 in Q, ¢ € C'(Q) and B denotes the boundary
operator in 00 \ T’
.. ou ]
Bu = u, Dirichlet case, or Bu= a(x)% + b(z)u, Robin case,
being 7 the outward normal vector-field to 9 \ T and b(z) a C''(99) function.

For this, denote by Ay the operator Agu = —div(a(x)Vu) + ¢(z)u with boundary
conditions a(z)2% + b(z)u = 0 on I' and Bu = 0 on 92\ I'. Note the coefficients a, b, ¢
are C''-smooth. Also, note that all the analysis below applies in the case the diffusion
coefficient is a positive definite matrix instead of a scalar coefficient. We deal with the
latter case here only because the notations become simpler.

Choosing L?(2), for 1 < ¢ < oo, as a base space, the unbounded linear operator
— Ay - D(Ay) € LI(Q) — L), with domain D(Ay) = Hy%(Q), consisting of all functions
in H%9(2) which satisfy all boundary conditions above, generates an analytic semigroup
in L9(Q2), see [2]. Here and below H*?({2) denote the Bessel potentials spaces which
coincide with the usual Sobolev spaces for integer s if 1 < ¢ < oo or for all s if ¢ = 2.

Using the complex interpolation—extrapolation procedure, one can construct the scale
of Banach spaces associated to this operator, which will be denoted H:*(Q) for a €
[—1, 1], which are closed subspaces of H?*4(2) incorporating some of the boundary con-
ditions. In particular, we have H2*(Q) = L4(Q), and

HL(Q) = {ue HY(Q): u=01in 9Q\ T} for B Dirichlet
be H(Q) for B Robin.



Recall that Bessel spaces have the sharp embeddings

LT(Q),S—%Z—g,1§T<OO, ifs—%<0
H*(Q) c{ L"(Q), 1<7r< oo, if s — & =0
C"(Q) if s =2 >71>0

with continuous embeddings, see [I]. This embeddings are known to be optimal.
Also, if 4 denotes the trace operator on I', then for s > %, ~r is well defined on

H#*1(Q) and

LT(F),S—%Z—N;1,1§T<OO, ifs—%<0
mea() 5 (D), 1< <o, irs— &g
cn(I) ifs—%>n>0

see [I].

Note that the scale with negative exponents satisfies H, **9(Q) = (H2*7 ()Y, for
0 < a < 1. Moreover, we have H™2%4(Q) = (H?>*7(Q)) and H2%(Q) — H, **((Q).
See [2] for details.

Using this it is easy to obtain that for s > 0 we have

L (), —S—%ﬁ—%,1<r§oo, if—s—%>—N
H1(Q) > L'(Q), 1<7r< o0, if_s_%:_N
M(Q) if—s—%<—N,

Then, the operator — Ay or, more precisely, a suitable realization of it, generates an
analytic semigroup, Sy(t), in each space of the scale H.*(2), o € [—1,1]. This semigroup

is order preserving and satisfies the smoothing estimates

Maﬂeuot 28,9
1S0(#)uoll 2oy < WHUOHHggq(Q)a t>0, wug€ Hy, Q) (2.2)

for 1 > a > [ > —1 and some u € IR. In particular, one has

MT e#ot
ool < 4

2p‘r)

||UQ||Lp(Q), t>0, wg€ LP(Q) (23)

for 1 < p < 7 < oo. For any ug in H9(Q) or LP(Q), the function u(t; ue) := So(t)ug,
t > 0, is a classical solution of (ZT]). The reader is referred to [2] and references therein,
for further properties of these spaces and semigroups.

Note that this construction applies to much more general elliptic operators than above.
Also, in the construction above the regularity of the coefficients, plays a fundamental role;
see [2.



3 Perturbation of linear analytic semigroups in scales
of Banach spaces

From the example of Section B note that (22), can be rewritten in an abstract language
as follows. For this we denote

X = H*(Q), acl:=[-1,1] (3.1)

and write (Z2) as
Ma,ﬁe“t

1S0(t) |l 2(x8,x0) < PR a> f.

Analogously, (Z3) can be written in the same way for the scale of Lebesgue spaces X< =
L9(Q) with ¢ = —5. with o € [ := [-N/2,0].

Hence, in this section we consider a linear analytic semigroup S(t) defined on each of
the spaces of the family of Banach spaces (the “scale”) {X®},e; where [ is an interval of
real indexes. The norm of the space X is denoted by || - [|4-

Note that no other functional relationship is assumed among the spaces of the scale,
unless otherwise stated. Sometimes we will assume that the spaces are “nested”, that is,
for all a, € I with a > (3 we have

X*c Xx”? (3.2)

with continuous inclusion and the norm of the inclusion will be denoted ||i||4,3. In such a

case we will say, for short, that the scale is nested. This situation will be explicitly cited

when needed. Note that for the example above, [B), we have ||i]|.s < 1 for all a, .
We also assume the semigroup acting on the scale satisfies, o, 6 € I with a > (3

MO(/G>O‘)

HS(t)Hﬁ,O& = ||S(t>H£(XB,Xa) S ta_ﬁ y for all 0<t S 1 (33)

for some constant My(3, a) > 0.

Remark 3.1
i) Note that the semigroup Sy(t) of Section[d in the scale (1) satisfies that for each §3,
the domain of the generator —Aq in XP is given by D(Ag) = X! and also the inclusion
(Z32) is dense and compact. These properties will not be used below; see however Theorem
[Z20
it) The analysis we carry out below is based on {33). Note that this condition can be
relazed assuming that for any given 3 € I there exist a set Ro(3) C I such that for
any o € Ro(B) we have a« > B and (F3). Note that B € Ro(5) and Ro(B) stands for
the set of spaces for which the evolution operator smoothes, starting from X©. Also note
that it is not essential that I is an interval. In fact (333) corresponds to the case when
Ry(B) = [B,00) N1 for all p € I.

Most of the results below can be easily adapted to this more general situation.



Observe that from these assumptions we get

Lemma 3.2 Assume (33) is satisfied. Then
i) For every a, 3 € I and o > [ and for all T > 0,

Mo(ﬂ, a, T)

1S ||ga < ra forall 0<t<T (3.4)

for some constant My(3,c,T) > 0.
ii) For each 3 € I there exists w((3) > 0 such that

1S(t)llp8 < Mo(B3, B)e* ", forall t >0
and for every o, B € I and a > (3 there exists w = w((3, ) and M (0, a) such that

M(8, a)et

IS5 < —Z5—,  forall 0<t<oc.

ii1) Assume the scale is nested, that is (Z4). Then, if for some fixed By € I, we have

1S ()| go.50 < Me*t,  for all t>0 (3.5)

for some M = M((y) and wy € IR, then for any o € I, there exists a constant M(«) > 1
such that

1S () |aa < M(a)e™t,  forall t>0. (3.6)
Moreover, given ty > 0, define 6 = ||S(to)lg,.5,- Then we have (33) with
1
o o)
to

and some constant M depending on to,d and My(5o, Bo,to) as in (34). In particular if
0 <1 then wy < 0.
i) In the situation of iii), for every o, 3 € I and o > 3 we have

Ml(/@’a)t_(a_ﬁ) Zf 0<t<,
1S(E)lp.a < { My (3, a)e=! if t>1

for some positive constant My([3, «).
In particular, for all € > 0 there exists M (3, «) > 0 such that

e(Wo—l—s)t
||S(t)||ﬁ,a < Ma(ﬁ’a)W’ fO’f’ all t>0.

Proof.
i) Indeed, given T > 0 define n as the smallest integer such that 7" < n + 1. Then, for

0<t<T, deﬁneh:n%rlglandsj:jh,jzo,...,n+1. Thus s,,1 =t and, since

S(t) = S(sps1 — Sn) -+ S(s1—9)

6



we get, from (B3],
1S(t)||g.a < Mo(er, )" Mo(B, a)(n + 1)*~Pt=@=H forall 0<t<T.
Hence we can take
My(3, 0, T) = My(a, )" My(5, a)(n + 1)>77.

ii) In particular, with o = (3, given t > 0 define n € IN such that n <t <n+ 1 and we
get as above,

St)|lps < Mo(B, 8)" ™ < My(B, 8)F' < My(3, B)e™MoBANE - for all ¢ >0
8,6

Note that as My(3, 5) > 1 then w(f) := In(My(8, 5)) > 0.
Now if a, 3 € I and o > 3 and for ¢ > 1 we have

1S@lsa < IS¢ = Dllaal S0 < Mo(ar, a)e @D Mo(5, o),

while for 0 < ¢ < 1 we have estimate (B33)). Then for any w > w(«a) we get the result.
iii) First notice that from B3), for any a > £y, we have ||S(1)||g.a < Mo(5o, ). Now, if
t > 1, then

15 (#)uol|a 1S (W)l go.0l[S(E = 1)uol| g,
Mo (o, o) Me™0e" ||| 5,

MO(ﬁOa O{) ||Z.||a,ﬁ()Me_woeWOt||u0||Oéa

IAINIA

where |i]|o, denotes the norm of the inclusion X* < X% Thus,
1S () |ae < Ke*oF, forall ¢>1

with K = My(5o, @) ||i]|a,g,Me™0.
On the other hand, if fy > «a, we also have, from B3), ||S(1)|laz < Mo(a, Fy) and
fort > 1,

15 (#)uol|a 121l go.0ll S (#)wo]l 5o

1l o, 1S (& = 1)l 30,80 15 (1) o]l 39
Il 30,0 Me™ 0 |S (1) [la,g0 o]l
Il 80,0 Me ™ Mo(ev, Fo)e”" ||| o-

(VAN VAN VAR VAN

Thus,
1S(8) |ae < Ke*oF, forall ¢>1

with K = My(«, 5o)||?]|gy.a Me™.
Therefore, for any o € I, we have the estimate

IS [lae < K(a)e™,  forall ¢> 1.

7



Hence, again from ([B3) with 5 = «, we get (B8) with

_ (max{K(«a), My(a,a)} if wy >0
M(a) = {max{K(a), Mo(a, a)e=} if wp < 0.

If moreover for given t, > 0 we define 6 = [[S(t)||g,.3, then for t > 0 we write
t=nty+ s, withn € IN and 0 < s < t5. Then

n In(é t;_s
1S () 150,50 < 1S (5) 10,0 < €% Mo(Bo, o, to)

with My (5o, Bo, to) as in (B4]) and the result follows. In particular if § < 1 then wy < 0.
iv) Now note that if 0 < ¢ < 1, the estimate reduces to (B3). On the other hand, if ¢ > 1,
then, using (B3] and part iii), we get

1S@llse < 1S5 = DllaallSD)lp.a
< My(B, )M (a)e “0e*" = M, (3, a)e“ .

and the rest follows easily. =

Remark 3.3 Observe that if the original constants My(3, ) in (33), do not depend (or
can be taken independent of o, 3 € I), then the same is true for My(f,a,T) and M(«)
in ([34) depends on the scale only through the norm of the inclusions ||i]|gy.a 07 ||7|la.g, -

Hereafter we will make use extensively the following spaces.

Definition 3.4
ForT >0,y €1 and e > 0 we define for functions in L2.((0,T], X7), the quantity

loc

[ulllye = sup *[lu(®)]l,
te(0,T]

which becomes a norm on the set of functions where it is finite, that we denote £L2°((0,T], X7).

Note that this set always contains L*>°([0, 7], X7) and coincides with it when ¢ = 0. Also,
the spaces are increasing with €. Then we have

Lemma 3.5 ForT >0,y €I ande > 0, £2°((0,T], X") with norm |||ul||. is a Banach
space.

Proof. Note that {u*}; is a Cauchy sequence in £2°((0,T], X7) iff v*(t) = t°u®(t) is a
Cauchy sequence in L>([0,T], X7) and also u*(t) converges in X" to some u(t) for each
t > 0 and uniformly for 6 <t < T. The rest is easy. ®

Also, part i) in Lemma can be stated as



Lemma 3.6 Assume the semigroup S(t) and the scale of spaces satisfy (Z3).
Then, for any o, 6 € I with a > and T > 0,

S(): X7 — L2 5((0,T], X%,  ug+— S()u
18 linear and continuous.

Now we turn into the linear nonhomogeneous equation associated with a semigroup
and a scale satisfying ([B3). Hence, assume f € L{ ((0,7),X7). Then we consider
function defined by the variation of constants formula,

wlt; uo) = S(t)ug +/ (t — 7)f(7) dr. (3.7)
Then we prove the following result.

Theorem 3.7 Assume 1 < o < oo, f € L7((0,T),X"), with T > 0, ug € X?, and u is

given by ([377). Assume also

1
0§7’—7<;,

(where 1/o+1/d" =1), ory =~ if o =1.
i) Then, u € L3_((0,T),X") and

X7 x L7((0,T),X7) 3 (ug, f) — u € L3_((0,T), X

is (linear and) continuous.
ii) Moreover, u € C((0,T], X") and if ug € X" then u € C([0,T],X"") and the mapping

X % L7((0,T), X") > (ug, ) — u € C([0,T], X"

is (linear and) continuous.
iii) Finally, if f € L*((0,T), X7) and is locally Lipschitz continuous, then u(t) is a strong
solution of

u+Au= f(t), 0<t<T, in X7, u(0) = up.

Proof.

i) Setting u(t) = u(t; uo), from (B) and ([B3), then fory' =yifo =1lorfor0 < +'—y < &
if 1 <o < oo, we have

0'

u@®)], < MO(T)[ =) o, + (/Ot(t—T) =) d7—> (/ | f(r HUdT) }

which gives

’ 1 t 1/o
u()|l, < My (T) [t_(ﬂy _’Y)HUOHV 4+t (=) (/0 ||f(7')||f/d7‘) }

9



so it is bounded on finite intervals away from ¢ = 0 and in particular u(t) € X7 for t > 0.
In particular

ellly .y — < CT)(luolly + 11l o 0.1y %))
which proves i).

ii) To prove continuity, fix t > 0 (or even t = 0 if ug € X"'), h > 0, and then, from &),
t+h
ult+h) = u(t) = Su(t) + [ S(t+h-1)f(r)dr
t
and [B3) gives
t+h .
[u(t +h) —u(t)|l < [[S(R)u(t) — u(®)|l, + M(T) /t (t+h—=7)" N7l dr.

Now the first term goes to zero as h — 0 while the second term is bounded by

1/o

t+h L 1/’ t+h L,
M (/ (t +h— 7.)—0 '=7) dT) (/ Hf(T)Hf,m') < Mohy—“f -
t t

and we have continuity.

Moreover, if ug € X', we have lull oo, xy < C (||u0||y + ||f||LU((07T)7X’Y)) and this
proves that the mapping (ug, f) — w is (linear and) continuous.

The proofs for ¢ = oo follows the same lines, with obvious modifications, and are
therefore omitted.

Since the semigroup is analyitc in X7, part iii) follows from Lemma 3.2.1 in [I1]. m

Now, assume that for some fixed a > [, with 0 < a — (# < 1 we have a linear

perturbation satisfying
P e L(X* XP). (3.8)

Consider the abstract linear integral problem, with u to be chosen below
t
wlts ug) = S(t)ug + / S(t — 1)Pu(riug) dr,  t> 0. (3.9)
0

Definition 3.8 For a given function u defined on (0,T] and taking values in X, we
define

t
Flu, o) (t) = S(t)uo + / S(t — r)Pu(r)dr, 0<t<T (3.10)
0
assumed it is well defined.
Then we have the following Lemma

Lemma 3.9 Assume the semigroup S(t) and the scale of spaces satisfy (Z3) and the
perturbation P satisfies (Z8). Assume e > 0,0 >0, v,v € I, with and v >, are such
that

<y <fB+1 and 0<e<1 (3.11)

10



Then for u € L2((0,T],X?*) and uy € X7, we have
i) For0<t<T

t /
t5||/0 S(t = 1) Pu(r) drlly < My(T)E 7772 Pl o o ullae

where My(T) = c(8,7,e)Mo(5,~',T).
ii) For0 <t <T

E1F (, wo) ()| < NS E)uolly + Mi(T)E 72 Pl gia o [ ullae

with My (T) as above.
ii1) In particular, if
b=+ —=~7>0 and vy<p+1-—c¢, (3.12)
then
17 (u, wo)[[lyr.s < ISC)uollly s + COON Pl eixe xo) ]l
with C(T) = My (T)TP**=7=¢ and all terms above are finite. In particular,

(u,u9) 3 L2((0,T], X*) x X7 +— F(u,u) € LZ_((0,T], X"
18 linear and continuous.

Proof. We first prove part i), and then part ii) and iii) are immediate. Using (B4) we
have for v/ > 3

1
o5 Pllaslu(m)]ladr <

t<5||/0 S(t — 1) Pu(r) dr||, < M(T)ﬁ/o —
1

)“/,—57'5 dT’

t
< M(T aEPat‘S/
< M(T)|[|ull|aellPlla,s 0 i—7

where we have set M(T) = My(5,~',T) as in (B4]). Now the change of variables 7 = rt

gives the result with
1 1
My(T) = MDY [
() =M [

provided 7/ — 3 < 1 and € < 1 as in the statement. =

dr)

Note that when we take 4/ > ~ in Lemma above, this result can be interpreted as
a smoothing effect of the variation of constants formula (BI0). The same applies to the
next result in which we analyze continuity in time.

Lemma 3.10 With the same notations and assumptions as in Lemma 9, for u €
L£2((0,T], X*) and ug € X7, if {(Z10) holds, that is

B<y <pB+1, 0<e<1

we have
f(u>u0) S C((O’T]aX’YI)

Further more F(u, ug) is locally Holder continuous with values in X7 .

11



Proof. Fix 0 <t < T and take h > 0 small, so that t + h <T. Also take 0 < t* <t —h
to be chosen below. Then, from (BI0) we have

t*
Flu,uo)(t') = S(t)uo + [ S = 7)Pu(r) dr.
0
Then we get,

Fu,up)(t+h) = S(t+h —t")F(u,u)(t*) + /:rh S(t+ h —7)Pu(r)dr,

t
F(w, u0)(t) = S(t — ) F (w, o) (¢7) + [ S(t = 7)Pu(r) dr
t*
The, suppressing temporarily the dependence in ug, we get

Flu)(t+h) — Flu)(t) = (S(t+h—t7) = S(t — ) Flu)(t")+

t+h t
+ / S(t+h—7)Pu(r) dr + / (S(h) —1)S(t = 7)Pu(r)dr.  (3.13)
t t*
Now we estimate in norm in (BI3)) to get

IF @)t +h) = Fu)(@)lly < 1(SE+h—t7) = S(t = 7)) F(u)(t)||y+

t+h , t ,
+M(T)/ (t+h=7)"0 ‘ﬁ)HPHa,ﬁHU(T)HadT+M(T)/ (t=7) " Pllasllu(r) o dr
t t*

where, in the third term, we have used that ||S(h) — I,/ is bounded.

Now, since S(t) is an analytic semigroup in X7, the first term is bounded by a constant
times h, while using that u is bounded in X on [t*,T], the second and third ones are
bounded, respectively, by

t+h . e
K (T, u) (/t (t+h—7)0 %) 1Plleeoxn = K (T, u)| Pl oen xmh' =0

K w) ([t = 7)) dr) [P xo) = Ko (Tl Pl ot = )70
Now taking t* =t — 2h, we get the result. m

Now we finally analyze continuity at ¢t = 0.
Lemma 3.11 With the notations of Lemmal33, if

<y <pB+1—-¢g 0<e<l
then for u € £2((0,T], X*) and ug € X'
Flu,up)(t) = ug, in X7, as t— 0.
Moreover, if the scale is nested and ug € X7, for some v </,

F(u,up)(t) = up, i X7, as t—0.
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Proof. By part i) in Lemma B, with 6 = 0, we have
t -
II/0 S(t = 7)Pu(r) drllo < Mi(T)t 72| P e xo) el ase

where M (T') = ¢(B,7',e)Mo(B,~',T). Clearly the right hand side above goes to zero, as
t— 0.

On the other hand note that, by the choice of uy we have S(t)uy — 1o in X7, or in
X7 when the spaces satisfy (B2). m

To find solutions of the linear problem ([B), we start by the following “base” case.

Proposition 3.12 Solutions in X°.
Assume the semigroup S(t) and the scale of spaces satisfy (33) and assume also the
perturbation satisfies (33). If
0<a-p<l, (3.14)

then for each ug € X® there exists a unique solution of [Z3), u(-;ug) € L2.((0,00), X¥),
which is moreover in C([0,00), X®).
Furthermore, for each a <" < 3+ 1, we have that the solution satisfies

u(;u) € C((0,00), X™).
FEven more, the unique solutions of (3.9) define a linear semigroup in X% as
Sp(t)ug :=u(t;ug), forall t>0 (3.15)

Proof. We show that there exists 7" > 0 such that F (-, ug) is a contraction in L>([0, T, X*).
For this take uy € X* and uy,uy in L>([0, 7], X*) and note that, the right hand side of
(BI0) is affine in w. Also from (BI4) we can use part iii) of Lemma B9 with v = v = a,
d=¢e=0, to get F(u;,up) € L>([0,T], X*) and also

I[|F (w1, uo) — F(uz, uo)l||ao < C(T)|| Pl zixo,x8)| |1 — ua|||ao

with C(T) = My (T)TP17* and is a contraction for small enough 7.

Since T can be taken independent of ug € X, it is easy to obtain that the solutions are
defined for all t > 0. The continuity in time comes from Lemma while the continuity
at t =0 in X® comes from Lemma BTl with v/ = a and € = 0.

Also, from (BIM) it follows that the operators defined in (BIH) are linear. Finally, the
continuity of Sp(t) in X will be proved in Proposition below. =

For weaker initial data we have the following result.

Theorem 3.13 Solutions in X".
Assume the scale of spaces satisfy (33) and assume also the perturbation satisfies

(Z38). If (31]) is satisfied, that is

0<a—-pg<1,

13



then for each
a—1<vy<a, (3.16)

there exists T such that for each uy € X7 there exists a unique solution of (Z4) u €
L2((0,T], XY), with0<e=a—vy<1.
Moreover the solution above is defined for all t > 0 and for each

B<A <B+1 A 27, (3.17)
we have that the solution satisfies

u(-;up) € C((0,00), X7).
If, additionally ug € X7 then

u(-;ug) € C([0,00), X7).

Even more, for any v € [, a|, the unique solutions of (34) define a linear semigroup
in X7 as
Sp(t)ug = u(t;ug), forall t> s. (3.18)

If the scale is nested, the same is true for any v € (a — 1, a.

Proof. Now we show that F (-, ug) is a contraction in £2°((0,77], X*) with0 < e =a—7v <
1. For this take ug € X7 and uy, us in £2°((0, 7], X*) and note that the right hand side
of BI0) is affine in u. Also, from [BI4) and [BIH) we can use part iii) of Lemma
withy =aand 0 <e=0§d=a—v <1, to get F(u;,ug) € LZ((0,T], X*) and also

[1F (ur, o) = F(ug, uo)|llae < CIDNPlexe xo)llftn = uallae

with C(T) = My (T)TP17* and is a contraction for small enough 7.

Since T can be taken independent of ug € X7, then it is easy to obtain that the
solutions are defined for all ¢t > 0.

The continuity in time comes from Lemma while the continuity at ¢t = 0 in X"’
comes from Lemma BT1, with ¢ = a — 7.

Now observe that in particular we have that for ¢y > 0 the solution satisfies u(ty) € X
and v € Ly ([to,00), X¥). Hence after time t,, the solution coincides with the unique
solution of Proposition B.12.

If v € [§,a] then we can take 4/ = ~. In particular, from this, it is easily seen that
the linear operators Sp(t) define a linear semigroup.

As before, the continuity of Sp(t) in X7 will be proved in Proposition below. =

Remark 3.14 Note that the time T for which F is a contraction in Proposition[Z19 and
in Theorem [Z13 can be taken the same for all perturbations such that

[Pl 2(xex8) < Ro

for some Ry > 0.
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Now we prove the following estimates on the solutions of ([BX). In particular this
proves that the semigroup Sp(t) defined in (BIH) and ([BIF) is continuous.

Proposition 3.15 Assume (33), (Z8), and (3-14). Then for every Ry > 0 and every
PeL(X* X" with ||P|zxexs < Ro
and for every v,~" € I such that

vEE()=(a—1a], YERPB)=[BL+1), =7 (3.19)

there exist constants w = w(7y,v', Ry) > 0 and My = My(vy,v', Ro) such that, fort > 0,
the unique solution of {34) in Theorem [F13 defines a mapping from X7 into X'
Sp(t)ug := u(t;ug), forall t>s
such that
1Sp(B)uolly < Moet=0" D fugll, o/ = . (3.20)

In particular for any v € |5, a, Sp(t) € L(X7) and it is a semigroup of linear contin-
uous operators i X7.
The same is true for any v € E(a), if the scale is nested.

Proof. First, by (B14) and (BIY), see (BI8), we can use part iii) in Lemma 9 for the
fixed point of F, with v =a,0<e=d=a—v < 1, to get

[l uo)lllae < 1SC)uolllae + NP cxe xo)l[ul; wo)lllae

with C(T) = My (T)TP+1-,
Then, note that, by ([B4]) and the choice of ¢, ||[.S(-)uo|||a.c < Mo(7, a, T)||uol|, and by

[B3), take T such that C(T)||P||z(xa,xsy < & for all perturbations P as in the statement.
Thus,
[l uo)llae < 2Mo(y, @, T)|uoll- (3.21)

Now by (BI9), we can use part iii) in Lemma B3 for the fixed point of F, with 4" > ~,
0=+"—v0<e=a—v<1,toget

s uo)lllys < HSCHuollly s + COOPI exe xo |l wo)l|ae-

again with C(T) = M, (T)TP+ .
Then, note that, by (BZ) and the choice of 6, |||S(-)uo||[y.s < Mo(v,7',T)|luoll, and
using ([B21]), we have

s w0)lles < (Mol 7' T) + CATI P oo xm2Mo(y, o0, T)) o]l

Hence, by the choice of T above,
w5 wo)llls < Mo(v, 7', T)luoll
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with MO(/-% f}/v T) = MO(% f}/v T) + MO(% «, T)
Note that this gives,

MO(’% 7/7 T)

HSP(t> H'\/v'\/, S try’-»}/

, forall 0<t<T. (3.22)
Arguing as in part ii) in Lemma B2 we conclude (B20).

In particular, for any v € [§,a] , we can take v/ = v and from ([B20) we get that
Sp(t) € L(X") and is a semigroup of linear continuous operators in X?. The same
happens, from [B20), for any v € (o — 1, @] when the scale is nested. m

Remark 3.16

i) Observe that if the original constants My(B3,«) in (T3), do not depend, or can be
taken independent of o, 3 € I, then the same is true for My(v,~', Ro) and w(v', Ry) in
Proposition [Z13, which become independent of the spaces of the scale.

ii) If the scale is nested, once the perturbation P is fized, the estimate (Z24) for0 <t <1
allows to apply part iii) in Lemma[ZA to obtain that there exists wy = wo(P) such that

1Sp(®)uolly < Mo(y)euol,

for all v € E(a) = (a — 1,a]. In turn, part w) in Lemma [Z2 implies that [Z20) holds
for some exponent independent of v,~'.

Remark 3.17 Note that once the semigroup Sp(t) is constructed as above we can use the
results in parts i) and ii) in Theorem [3] for f € L7((0,T),X7), with 1 < o < oo and
v € Ela)=(a—1,a].

Part i) in Theorem [F_] requires that the semigroup Sp(t) is analytic. This can be
achieved by means of Theorem [Z20 below.

Remark 3.18 Strong solutions
i) Note that for ug € X* the solution of ([39) obtained in Proposition [T12 satisfies

u(t u0) = Sp(t)uo = Flut, ug) (1) = S(0)uo + | " S(t — 1) Pu(r: o) dr.

Then, by Lemma 310, u is locally Hélder with values in X and then h(T) = Pu(r) is
locally Hélder with values in X? (or in X7 for any v < f3, if the scale is nested). Since
S(t) is analytic in X° (or in X7 for any v < B3, if the scale is nested), then Lemma 3.2.1
in [T1] implies that, for t > 0, u(t;ug) is a C* strong solution of

uy + Au = Pu, in XP,
(or in X7 for any v < (3, if the scale is nested) where —A 1is the infinitesimal generator

of the semigroup S(t) in XP. In particular —A + P is the infinitesimal generator of the
semigroup Sp(t).
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For uy € X7, for v € E(«a), the solution of (34) obtained in Theorem [Z13 satisfies
u(ty) € X, for any ty > 0 and we can use the argument above for t > ty as well.

ii) Assume we can prove that the semigroup Sp(t) is analytic in some X" for v € E(«).
Then, thanks to Proposition [T13, we can use the Transfer of Analyticity lemma, proved
m 2-5/

Lemma 3.19 Transfer of Analyticity
Assume {S(t)}1>0 is an analytic semigroup in a Banach space X. Assume that for
some Banach space Y and fort >0,

S(t) € L(X,Y).

Then for each ug € X, the curve of the semigroup (0,00) 3 t — S(t)ug is analytic in
Y. Moreover for each ty, the Taylor series in'Y has a radius of convergence not smaller
than the one in X.

In particular if Y C X, with continuous injection, then {S(t)}+>0 defines an analytic
semigroup in Y .M

to conclude that the curves of the semigroup are analytic in XV for v € R(B), v > 7.
In particular, if the scale is nested, we conclude that Sp(t) defines an analytic semigroup
in X7 for~ > 7.

Note that part ii) of Remark rises the question of proving that the semigroup
Sp(t) is analytic in some X7 for v € F(a). This can be achieved by some “elliptic”
argument as below. Note that for this the scale and the semigroup S(¢) must satisfy a
closer relationship than just (B3)); see part i) of Remark Bl Also the spaces in the scale
must have some interpolation properties. This conditions are satisfied in many particular
examples; see Sections B and

Theorem 3.20 Assume the scale is nested, that is, (34), and that for any v € I, if —A
denotes the infinitesimal generator of S(t) in X7, then its domain is given by D(A) =
X+

Also assume the scale satisfies the following interpolation property: if Y is a Banach
space and T € L(XV,Y) and T € L(XV,Y) then T € L(XP*T=Y) for 6 € [0,1] and

T[] £ (xovsa-rv yy < ||T||%(Xw7y)||T||Z§7,’Y>.

As in Theorem [B13 and Proposition 13, assume that for some fivred o > 3, with
0 <a—pB <1 we have a family of linear perturbations satisfying

PeL(X* X% with [P gxexs < Ro.

Then, there exists some 0 < wy = wo(Ry) such that for any Re(\) > wy and any
v € (a—1,3) the operator A+ X\ — P, between X' and X7, is invertible and

C

[(A+ A — P) Ml exrxm < o Re(\) > wy (3.23)
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and
J(A+ A = P) M exrxy <C, Re(N) > wp (3.24)
where C' is independent of P and \.
In particular, for every v € (a — 1, 3), the semigroup Sp(t) in X7 in Theorem [Z13 is

analytic.
The same holds for any v € E(a) = (o — 1, ], by Lemma[Z14.

Proof. Note that for any v € (o — 1, 3) there exists § > 4 > « such that
P: X"l cXxe - XPcXcX, (3.25)

is linear and continuous and || P||z(x++1 x5y < Ro.
Now for given g € X7 the equation Au+ Au — Pu = g can be written as

w="Tx(u) = (A+X)""g+ (A+ )" Pu

Observe now that from the resolvent estimates in [3], Chapter I, Section 1.2, we have that
for each 0 < a <1, for some w > 0 and C > 1,

C
||(A+ >‘) HE X7,X7) < W Re(A) > w
C
H(A _'_ )\)_1||£(X'Y+17X’Y+1) S W, =

and
||(A + )\)_1||£(X’Y,X'y+1) < C, Re()\) Z Ww.

Interpolating these last two inequalities we get, for any v <5 <y +1

C
A

||(A + )‘)_1 ||£(X”7,Xw+1) <

Therefore, from this and ([B2H) we get that the Lipschitz constant of T : X7 — X1
is bounded by MI%

Therefore there exists wg > w such that T is a contraction, with Lipschitz constant
0 < 1 uniform for all Re(\) > wy and P. This implies that the unique fixed point of T)
satisfies

1 C
lullxer < 777104+ 07 gllxrm < 7=5llgllxo, (3.26)

which proves (B2Z4). This, in turn, implies

C
7 Ulgllx + [[Pullx~)

lullx+ < (A +X) " gllxr + 1(A+ X)) Pullxs < B

and, using again (B20) and ([(E20), we get
Jullx < Sl
Ul Xy = 757 bl
A
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which proves (B23).
Then from e.g. Section 1.2 in Chapter I, in [3] we get that —A + P generates an

analytic semigroup S(t) in X7 and for every uy € X7, the function u(t;ug) == S(t)ug
satisfies, for ¢t > 0, u; + Au = Pu in X". Hence, u(t;ug) satisfies (B9) and then by
uniqueness we have S(t)ug = Sp(t)uo.

The rest of the range for v follows from Lemma BT m

Remark 3.21 Note that the “elliptic” approach in the theorem above for the generation
of an analytic semigroup gives worse results than the “parabolic” one used in Theorem
24 In fact, besides the extra assumptions on the scale, the semigroup in Theorem [Z20
is defined only in the spaces X7 for v € (a — 1, 3), while in Theorem [T13 the semigroup
is defined for v € (a — 1,a].

Now we consider the case in which several perturbations are considered sequentially.
Assume
P P?c L(X* XP), with 0<a—-p8<1

and consider the mapping Spi(t) for ug € X7 with v € E(a). Now we repeat the
construction starting out of Spi(t). Then we would have the new mapping that we
denote Sip1 p2)(t) which is formally given by

Sipr p2)(t)ug = Spr(t)ug + /Ot Spi(t — 7)P?Sip1 p2y (T)ug dr.
Now we state some properties of the resulting mappings.
Lemma 3.22 i) If P = al, with a € IR, then
Sar(t) =e™S(t) in X7 for every v € I.
i) If P € L(X* XP),0<a— <1, and a € IR then
Sar,p)(t) = Sipan(t) =¥ Sp(t) in X7 for every v € E(a).

If the scale is nested, or at least X* C XP, then the operator above coincide with Spq;(t).
i) If P, P2 € L(X* XP),0<a— <1, then

Sip1,p2)(t) = Sip2,p1y(t) = Spipp2(t) in X7 for every v € [, al.
Proof.

i) Note that for P = al we can take a« = § = for any v € I. Now for uy € X? we have
that u(t;ug) = Sar(t)up is the unique fixed point of (B), that is

u(t; ug) = S(t)up + a/ot S(t — 7)u(T; ug) dr.
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On the other hand, setting v(t) = e™S(t)uy we have
t t
S(t)ug + a/ St —7)v(r)dr = (1 + / ae’” dT)S(t)uo = e"S(t)ug = v(t).
0 0

Hence, v(t) = u(t; up).
ii) From i), applied to Sp(t), we have, for every uy € X7 with v € E(a), Sipan(t)uo =
e Sp(t)ug which, by [BH), can be written as

t
e Sp(t)ug = e™S(t)ug + / =" S (t — T)P(e‘”SP(T)uO) dr.
0

On the other hand, by the expression for S,;(t) from i), we have that for every uo € X7
with v € E(a),

t
Star.pi(tuo = € S(tug + [ €St~ 7)PSjar p (7)o dr
0
The uniqueness of the fixed point problem gives

S[aI,P} (t)UO = eatSp(t)U() = S[Ra]](t)UQ.

The last part follows from iii) below.
iii) Note that from Remark B8, for every v € E(a) and ug € X7, u(t; ug) := Sp14p2(t)ug
satisfies, for t > 0,
uy + Au = (P + P?*)u, in X7

(or in X7 for any v < (3, if the scale is nested) which can be written as
uy + (A — PHu = P?u,

or as
uy + (A — PHu = Pu.
In the first case we get,
t
u(t;ug) = Spi(t —to)ul(to;uo) + | Spi(t — 7)P*u(T;ug) dr
to

while in the second
t
wlt; o) = Spa(t — to)ulto: ug) + / Spa(t — ) PYu(r: ug) dr
to

for t >ty and any ty > 0.

Now from Theorem BT3, if up € X with 4/ € R(B) then u(to;ug) — uo in X7 as
to — 0. If v € [3,a] then we can take 4" = 7. From this and using again Theorem
we get that the first terms in the right hand side above converge to Sp:1(t)ug and Spz(t)ug
in X7 respectively. Hence in the first case we get

t
u(t; ug) = Sp1(t)ug —I—/O Sp1(t — 7)P?u(7;uo) dr
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while in the second
¢
u(t; ug) = Sp2(t)ug + / Sp2(t — 7)Pu(T; ug) dr.
0

The uniqueness of solutions of (BH) implies then that w(t;ug) = Sipr p2(t)uo, in the
first case and u(t; ug) = Sipz,p1)(t)u in the second. m

4 Convergence of linear semigroups

With the setting of Section Bl, assume that we have two perturbations
PleL(XYXP), i=1,2 0<a-8<1
Our goal is then to compare semigroups Spi(t), i = 1,2. Hence assume
|P'|| (o, x5) < Ry i =1,2
for some Ry > 0. Also, consider the existence and regularity intervals as in (BI9)
vEE()=(a-1a, A eERPB)=[BL+1), =1

Consider then two initial data uf € X7, i = 1,2 and the corresponding solution of

@) t
u'(t;uf) = Spi(t)uly = S(t)uf, +/ S(t — )P (15 up) dr, t>0
0
and denote

2(t up, ud) = ut(tud) — u?(t;ul).

Theorem 4.1 With the notations above, for any Ry > 0,

i) There eists a sufficiently small Ty such that for all perturbations P* such that || P*|| z(xe, xs) <
R07

1z b ) s < L(To, Ro) (lud — wdlly + 1P* = P2l clldll), (40)

with § = ~" — ~. In particular,
L(Ty, Ro)

I8p1(8) = Spa(t)llir < 2P — Pl sy, Jorall 0<t<Ty  (42)

ii) For every T > Ty

lo(t, by )l < Mo(T, Ty, Bo)(lfu— wdlly + 1P = Pllecxe s ldll,). To<t<T.
(4.3)
In particular,

1Sp1(t) — Sp2(t)||ly,y < L(T, Ty, Ro)||P* — P?||g(xa xoy,  forall Toy<t<T (4.4)
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Proof.

i) We first show the estimate for short times. Dropping momentarily the dependence in

1,2
Ug, Uy, We get

t t
2(t) = S(t) (ug — u) + / S(t—r) (P = P?)u?(r)dr + / S(t—7)P'2(7)dr.
0 0
First note that by (B20) in Proposition B.IH we have, for e = a — and for any 7" > 0,
[[u'[[ae < Mo(T, Ro)lugll- (4.5)
Then, arguing as in Lemma B9, we get, with § =+ — v, e =a — v
121lly5 < IS (wg=u)[l |y 6+ C(DP =P i xo | [l +C (TP | cxa xo) ]2l lae
with C(T) = M, (T)TP1=. Also note that the first term in the right hand side is bounded
by M(T)|lug — ugll;-
First, with v/ = a, d = a — v = ¢, we get
l2lllae < M(T)llug —uglly +C(TPT = P i xco |1l + COTNP £ice,xo) 2] ae
with C(T) = M, (T)T**P~. Then for Ty small such that C(Tp) Ry < 1/2 we get
12llae < 2M(To)llug — wglly + 2C(To)IPT = P2l gixa x| [u?][[a.e. (4.6)
Now with v/ and § =+' — v and € = a — y, we get
1211175 < M(To) lug—uglly +C(To) |1 P* = P2l cixa xeo) 16 aet CTNP | £, x0) 2] e
again with C(T) = My (Tp)Ty .
Hence, using (EH) and ([f6), we get (ET]) which is valid for all P* such that || P’|| £ xa, xs)

Ry.
In particular, if ul = u? = ug then

IN

112llly75 < L(To, Ro)IP* = P2l e, x) o]l
which leads to (E2).
ii) For Ty < t < T observe that
u'(t;ug) = Spi(t)ug = S(t — To)u' (To; ug) + | St —7)P'u'(T;uy) dr.
To

Dropping momentarily the dependence in u}, u2, we get

2(t) = S(t — To)z(Ty) + Tt S(t—7)(P' = P*)u?(r) dr + Tt S(t—7)P'z(7) dr.
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and then

t .
12(t) |l < M(T)||2(To)|l + K(T)|| P! — P2||aﬁ/T (t —7) O NP (7)]|o dr+

t /
+K(T)!|P1!|a,ﬁ/ (t =) (7)o dr.

To

Now, by (), u? is bounded in X® on [Ty, T] and then the second term above is
bounded by

t /
KT ([ (¢ =70 dr ) [P = Pl sup (0]l
To [T07T}
which, using (), is bounded by
(T, Ty)||P* = P2 zixe x5 ugll--

So we end up with
t .
[2(t) ]| < M(T)||Z(T0)||v’+K2||P1_P2||£(X&,Xﬁ)||u(2)||v+K2||P1||a,ﬁ/T (t=7)"" O |z(7) o dr
0

forall Ty <t <T.
Then using the singular Gronwall lemma, see Lemma 7.1.1, page 188, [1]], we conclude

1)l < Ma(D) ([T + 1P = Plleceecn i), Ty <t<T.

Using now the estimate for short times, [1]), we get [E3). In particular, if uf = u2 =
uy then we get (ELZ)). m

Remark 4.2 Observe that if both semigroups Spi(t) and Sp:(t) decay exponentially, we
actually get

L(Ro)e_“’t

||Spl(t) — sz(t)H%,Y/ < v ||P1 — P2||£(XQ7XB)’ fO’f’ all 0<t<oo

for some w > 0.
In the general case, if we replace S(t) by S_x;(t) with A such that both Sipr _xp(t) and
Sip2,-an)(t) decay exponentially we get

L(R0)6wt

||SP1 (t) — SPQ(t)H’y,’Y’ < v ||P1 — P2||£(XQ,X5)> forall 0<t<oo

for some w € IR.

From the Theorem we get the following
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Corollary 4.3
i) Given P! € L(X* XP), assume for some v € [3, ], we have

1Spr ()|, < Me***,  for all t>0 (4.7)

for some M = M(v) and wy € IR.
Then for any e > 0, if || P' — P2||£(XQ,X[;) is sufficiently small we have

1Sp2(t)]|yry < M for all t >0

for some M’ depending on M, wy, €.
In particular, Spi(t) decays exponentially, that is if wg < 0, then so does Sp2(t) if
| P! — P2||z(xa x5y is sufficiently small.

ii) If the scale is nested and [f.7) is satisfied for some v € E(a) = (a«—1, ], then for any
e >0, if | P — P?||z(xe,xsy is sufficiently small we have for any ~' € E(x) = (a — 1,0

1Sp2(t) ||y < M'e T for all >0

for some M’ depending on M, wy,~',e. Finally Spi(t) and Sp2(t) satisfy the estimates

(Z20) with w = wy + €.

Proof.

i) Note that for € > 0, e=“0FSp1(t) = Sip1 _(yy1e)n(t) decays exponentially in X7, In
particular there exists ¢, such that ¢ := |[Sip1 —(wy+2)1(t0)|l4,» < 1. Then, from Theorem
BT, if | P' — P?||z(xe xs) is sufficiently small we have & := ||Sip2_(wo4e)n(to)[ly,y < L.

Then the last part of part iii) in Lemma B2 implies that e=“0T9)Sps(t) = Sip2 _ (41 (t)
decays exponentially in X7 too and the result follows.
ii) When the scale is nested, observe that from part iii) in Lemma we have that
the exponential bounds for Spi(t) and Spz(t) are independent of +; see (BH) and (BH).
Therefore it is enough to have ) for some v € E(a) = (o — 1, al.

The estimates (B20) with w = wy + ¢ follows from part iv) in Lemma B2 m

5 Linear parabolic equations with nonsmooth coeffi-
cients

In this section we apply the abstract results in Sections Bl and B to the linear parabolic
equations in Section [ by considering perturbations with nonsmooth coefficients. For this
recall that from (2) parabolic equations with smooth coefficients can be set in the Bessel

potential scale
HZ Q)= X7, yel:=[-1,1]

with 1 < ¢ < oo fixed, which is a nested scale.
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We now introduce some of the nonsmooth perturbations that we will consider for (211).

Note that on the boundary we will perturb only the boundary condition on I'.

Hence we define, for given functions m and mg, the interior and boundary potential

operators
< Qou, p >:= / mugp, < Rou, p >:= / mouy
Q r

for suitable v and . Then we have

Lemma 5.1 i) Assume that m € LP(QY). Then for s,c >0 and

N
s+o>—
p

we have

Qo € LIH>(Q), H"71(£2)), | Qoll (a9, 192y < Cllm|| (.-

ii) Assume mg € L"(I'). Then for s > 1/q, 0 > 1/q" and
N -1

r

s+o>1+

we have

Ry € L(H*(2), H71(€2)), | Roll cs.a @), z-oa(0)) < Cllmol|zrr)-

Proof. i) Note that for every u € H*9(Q) and ¢ € H*7 (Q) we have

[ el < ([ mP)rCf ) Jel?

where % + % + % = 1. Using the sharp embedding of the Bessel spaces, we have

| [ musl < Cllmllaoe ullz-a@lll o o

(5.1)

(5.2)

(5.3)

provided n, 7 are such that s — & > —%, and o — g > —g. These conditions can be met

q

because of (B.2).
ii) Now note that for every u € H>%(2) and ¢ € H%? (Q) we have

| Jomonsel < CJmoln)* YR )

where % + % + % = 1. Using the trace properties of Bessel spaces we have

I/Fmousal < Cllmollzrmy llull zsa@ 11| o )

N-1

T

provided n, 7 are such that s — % > —%, with s > %, and o — g > —
These conditions can be met because of (B3). m
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Now we define the first order perturbations. First the drift operator
< Sou, p >:= / dVuep, (5.4)
Q
and second, the divergence—0 operator

< Tou, ¢ >=< Divy(du), p >:= — /Q udVe, (5.5)

for a given vector field d.

Lemma 5.2 Assume d € LP(Q)V.
i) Fors>1,0>0 and

s+o>1+ % (5.6)
the drift operator satisfies
So € LIH>(Q), H(Q)), 1ol 2(zrs9(02),H-a(0)) < CHd_“LP(Q)N-
ii) For s >0, 0 > 1 and
s+o>1+ % (5.7)

the divergence-0 operator satisfies
To € LIHY(Q), H7UQ),  |Toll oy mea@) < Clldllzon-
Proof. i) Note that for every u € H*9(Q) and ¢ € H* (Q) we have
Fowel < ([ 1A [ 19 [ o)
[ auel < ([ 100} [ 19uP)A [ o)

where % + % + % = 1. Using the sharp embedding of the Bessel spaces, we have

\/Qqus0| < Clld]| oy [ull moa @l @l o o)

N

T o

provided n, T are such that s — % >1

met because of (B5.0)).
ii) Now for every u € H*9(Q) and ¢ € H%? () we have

[ udvel < ([ 1d)AC[ A vern?

where % + % + % = 1. Using the sharp embedding of the Bessel spaces, we have

and o — % > —%. These conditions can be

|/Qqus0| < Clldl o lullsa@ 1@l o @)

provided n, 7 are such that s — % >1-— %, and o — g >1-— g These conditions can be
met because of (7). m

Using the embeddings of Bessel spaces in Section B, we have
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Corollary 5.3 i) Assume that m € LP(Q) for p > N/2. Then for s, > 0 and

N
2>s5+0> —
p
we have
Qo € ['(Hlféq(Q%Hb_cmq(Q))a ||Q0||5(H;éq(9),H;C"vq(Q)) < CHmHLP(Q)-
i) Assume mg € L"(I") forr > N — 1. Then for s > 1/q, 0 > 1/q" and
N -1
2>s4+0>1+
r
we have
RQ c E(Hlfc’q(Q), Hb_ca’q(Q))’ ||RO||[’(Hlfcyq(ﬂ)’Hbic0’q(Q)) S CHmOHLT'(F).

ii1) Assume de LP(Q)N, for p> N. Then for s> 1, 0 >0 and

N
2>s+o0>1+ —
P

the drift operator satisfies
So € L(H,' (), H,,”(%)), ||50||5(H;cvq(9),H;c“vq(Q)) < C|d| ooy -

iv) Assume de LP(Q)N, for p> N. Then for s >0, 0 > 1 and

N
2>s+o0>1+4+ —
P

the divergence-0 operator satisfies

Ty € L(Hp' (), H,,(2)), HTOHL(H;j(Q),HZ;"vq(Q)) < Cld| oy~ -

Remark 5.4 Observe that to define divergence operators, we have that, assuming requ-
larity

< Div(du), >:=/uchg0—|—/ wpdn.
Q o9

If now u and  are subjected to the boundary conditions of Section[d, we have that the
boundary term above reduces to
/ ugocfﬁ
r

for the case of Dirichlet boundary conditions. The case of Robin conditions corresponds
to I' = 0).
In any case we have that, with the notations above

Div(du) = Ty(u) + Ro(u)

for some choice of boundary potential on OS2.
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Figure 1: Regions for s and o

Remark 5.5 Observe that now we can consider perturbations P which are combinations
of Qo, Ry, Sy and Ty, for which we have to restrict the ranges of s,o in Corollary [2.3
depending on the combinations considered. Since the perturbation must satisfy (Z.8) which
translates here into s + o < 2, Sy and Ty can not be combined together.

Now we are ready to give the main results on the perturbed problems

-

up — div(a(z)Vu) + c(x)u = m(z)u+d(z)Vu in Q

a(z)% +b(z)u = mo(z)u onT
’ Bu = 0 on 0Q\ T (58)
u(0) = wug in Q
Uy — div(a(x()v)g) + ZEx%u = m(?);t + Div(d(x)u) in S%
a(x)s: +b(x)u = mo(x)u on
o Bu = 0 on 9Q\ I’ (59)
u(0) = wug in

with m in a bounded set in LP(2), for p > N/2, my in a bounded set in L"(T"), for

r> N —1and d in a bounded set in L?(Q)N, for p > N.
Note that according to the remark above there are eleven kinds of perturbations that
we will consider below, namely, four single perturbations:

P equals Qg, Ry, So or Ty; (5.10)
five binary combinations:

P:QO+R0a P:QO‘l‘SO, P:QO+TO> P:R0+So, P:R0+T0, (511)
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and two ternary combinations:
P=Qo+Ro+Ty, P=0Qo+ R+ S. (5.12)

With this notations problems (B.8) or (59) can be all summarized in the weak formu-
lation

/utg0+/ Vqu0+/ ug0+/ r)up =< Pu,p > (5.13)

for all sufficiently smooth ¢ and where in the definition of P one must take into account

EI), () and (BH).

Therefore, applying the results in Section B we get

Theorem 5.6 Assume that m is in a bounded set in LP(S2), with p > N/2, mq is in a
bounded set in L"(T') and also d is in a bounded set in LP(Q)N, for p > N.

Then, for any 1 < ¢ < 0o, and any P as in (Eﬂ]) (Z13) or [XI3) there exists and

interval 1(q) (which depends on P too) containing (—31, %), such that we have a strongly

continuous, order preserving, analytic semigroup, Sp(t) in the space Hgg’q(ﬂ) for any

v € 1(q).
Moreover the semigroup satisfies the smoothing estimates

M.y/ et
=

||Sp(t)u0||H§g/’q(Q) < ||u0||sz () t>0, wuye HUQ) (5.14)
for every v, € I(q), with v' > =, for some My and p € IR independent of P and
v,v € I(q). In particular, one has

M, et o
||Sp(t)UQ||L-r(Q) S tﬂ(i)HuOHLU t> 0, Uy € L (Q) (515)

2\c T
forl1 <o <71 <oo with M, and j independent of P.
Also, for everyug € Hy(Q), with v € I(q), the function u(t; ug) = Sp(t)ug is C*(Q)
for any 0 < v <1 and satisfies (213) for t > 0.
For each of the possible choices of P, the intervals 1(q) are given as follows
i) Single perturbations.

If P equals Qq, then I(q) = (—1,1).

If P equals Ry, then I(q) = (=1 + 5,1 — 5)
If P equals Sy, then I(q) = (—3,1).

If P equals Ty, then I(q) = (—1,3).

i1) Binary perturbations.

If P=Qo+ Ry then I(q) = (=1 + 5,1 — 5)
If P= Qo+ So then I(q) = (— %,1).

If P= Ro+ Sy then I(q) = (— %,1—2%,).

If P =Ry + Ty then I(q) = (=14 &, 3).

DO
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iii) Ternary perturbations.
[fP = Qo + R() +T0 then I(q)
[fP = Qo + R() + S(] then ](q)

(=
(= q)

Proof. For any such perturbation P, by restricting s and ¢ according to Corollary
we get that

N[
\_/

+
1

| &=
|H

l\DI»—A }—‘
I

Pe LIH(Q), Hy™ ().

and is a bounded family in that space.
Then we can apply Theorem and Proposition BTH with o = § and 3 = =% and
we get the results in the statement for indexes

s s
ez -13l

Now note that as s, range over the set defined by the restrictions in Corollary B3],
then the intervals for vy and «’ above fill some intervals which depended on the particular
perturbation considered.

Note that all possible combinations, their restrictions, the ranges of s,o and the re-
sulting intervals for 7, ~" are as follows; see Figure [l Note that all intervals above include
(_la l)'

i) sz }27 equals @, the ranges for s, 0 are s € [0,2), o € [0,2) and then v, € (—1,1).

If P equals Ry, the ranges for s,o are s € (%,2 — i), o € (%,2 — é) and then
Y € (1451 = 55).

If P equals Sp, the ranges for s,0 are s € [1,2), o € (0,1) and then ~, 7 € (—1,1).

If P equals Ty, the ranges for s,0 are s € (0,1), o € [1,2) and then 7,7’ € ( 1,3).

ii) Binary combinations. If P = Qo+ Ry the ranges for s, o are s € (q, 2—5), qi 2—
and then v,7 € (=1 + i, 1- 2%/)

If P = Qo+ Sy the ranges for s,0 are s € [1,2), 0 € (0,1) and then %7’ € (— %, 1).
If P = Qo+ To the ranges for s,0 are s € (0,1), o 1[ ,2) and then v, € (=1, 3).
1 =

—~

)

»er—l

If P = Ry+ Sy the ranges for s,0 are s € [1,2 - ), o (1,,1) and then v,7" €
(_%’1_2%1/)'

If P = Ry+ Ty the ranges for s,o are s € (%,1), o€ [l,2 - %) and then ~,7 €
(— 1+2q,2).

iii) Ternary combinations. If P = Qo + Ry + Ty the ranges for s,o are s € (%, 1),
€l,2- %) and then v,~7" € (=1 + i, ).
If P= Qo+ Ry+ So the ranges for s,0 are s € [1,2 — i), o€ (%,1) and then
77 € (=51 = 57).
With all these, we get (BI4l). That p in the exponential bound of the semigroup is
independent of ~y, " follows from Lemma B2
Now we prove (BIH). Note that starting with out of 1 < ¢ < oo and v = 0, taking

7" € (0,%) and using the sharp embeddings of Bessel spaces in Section Bl we get (BI5)
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with o =qgand ¢ <7 < NN—_qq. Iterating this argument, starting out of 7 and v = 0 we get
(B15).

That u(t; ug) := Sp(t)ug satisfies (BIJ) follows from part i) in Remark while the
analyticity of the semigroup is a consequence of Theorem

The Hoélder regularity of w(t;ug) := Sp(t)ug follows by observing that by (B4 and
(EIH) the solution enters H27(Q) for all 1 < ¢ < oo and any v/ € (o). Since this
interval is at least ( —%, %), again the embeddings of Bessel potential spaces gives that the
solution is C¥(Q2) for any 0 < v < 1.

Finally, that the semigroup Sp(t) is order preserving follows from Theorem below.
In fact for C' smooth m, mg and d the results in [2] imply that the semigroups are order
preserving. Then the convergence in Theorem below shows the same property for the
non smooth case. ®

Remark 5.7 Note that in fact we can get that for any ¢ > q > 1

Sp(t < Mer t>0 H219(Q)
1Sp( )Uo||H33aq~(m_mllwﬂw(m’ >0, uo € H,M(Q)

and for any v,7 € (=%,3), ¥ > 7.

Remark 5.8 After Theorem [ we can apply the results in Theorem [3_] for the linear
nonhomogeneous problem with f € L7((0,T), H.P(Q)) with 1 < ¢ < co and v € I(q).

C

Now applying the results in Section @l we have

Theorem 5.9 With the notations in Theorem [0, assume
N
me —m in LP(Q), p> 5
mo. — mo in L'('), r>N—1,
d. —d inLP(QY, p>N.
and for any 1 < q < 0o, consider the corresponding semigroups Sp.(t) and Sp,(t).
Then for every
.7 €1(q), v =,
and T > 0 there exists C(¢) — 0 as € — 0, such that
C(e)

S ooy forall 0<t<T. (5.16)

||SP5 (t) - SPO (t) ||£(H§Z’q (Q)’Hle’q(ﬂ))

In particular, for any 0 < v < 1 the solutions u®(t;ug) := Sp.(t)ug converge to solu-

tions u(t; ug) := Sp(t)ug in C¥ () uniformly in bounded time intervals away from t = 0.
Proof. Most of the statement is a direct application of Theorem ET using that the
perturbation P. — Py in £(X*, XP).

The Hoélder convergence of solutions follows by a bootstrap argument, based on (514,
(FTH) and (L16) which proves convergence in H2Y 7 () for any 1 < o < oo and ' € (0, %)
on bounded time intervals away from ¢t =0. =
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6 Parabolic equations in unbounded domains

We consider now the heat equation

u— Au =0 in RN, t>0
{u o (61)
whose solution is given by
_ _le—yl?
ult,z) = So(tyuo = (4mt) ™2 [ e uoly) dy (6.2

in different settings as explained below. Observe that all the results below hold for more
general operators in divergence form and with bounded coefficients that have Gaussian
bounds on the fundamental kernel, see [9].

6.1 Lebesgue scale

By elementary properties of convolution it is known that the heat equation in IR" satisfies

M, erot
[S0(t)uol| Lr(rry < tg(’qT;)HUOHLq(RN), t>0, wup€ LY(R")

q T

for 1 < q < r < oo and pg > 0 arbitrary. This holds for more general operators
in divergence form and with bounded coefficients that have Gaussian bounds on the
fundamental kernel, see [9].

Then for 1 < ¢ < oo, we denote

-N
LYRY) = X"@, 4= 50 € I :=[-N/2,0], (6.3)

(which is not a nested scale) and we have again (B3]).
Then as a consequence of Holder’s inequality we have,

Lemma 6.1 Assume that m € LP(IRN), with p > N/2 then the multiplication operator
Qou(z) = m(z)u(x),
satisfies for r > p' and % = % + %
Qo € L(L"(RY), L*(IRY)), | Qolleerrvy,Lorry < Cllmll ogam)-
Then, using Theorem BI3, Proposition B.I3 and Theorem ETl we get

Theorem 6.2
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i) Assume that m is in a bounded set in LP(IRN), with p > N/2. Then for any 1 < q < oo
the Schrodinger equation

w—Au = m(z)u in RN, t>0
uw(0) = wug in IRY

defines an order preserving, analytic semigroup S,,(t) in LI(IRYN) that satisfies

M, et
S () ol Lr(rry < 775%(’5_1) |ol| Lagrmy, t>0, wuye€ LI(RY)
q T

for1 <gq <r <oo, with M, and p independent of m.
ii) If

N
me —m in LP(IRY), p> >

then for every 1 < q <r < oo and T > 0 there exists C(e) — 0 as € — 0, such that

C(e)
HSmE(t) — Sm@)“ﬁ(Lq(RN),LT'(RN)) < t%(l_;), fOT’ all 0<t<T.
Proof. With the notations in Lemma [E1] and according to (E3) we have for each «p :=
o <a<0
Qo € L(X*, X7), 1Qollz(xe,x8) < Cllm||Lo(rm)
witha= 5%, f=5Y and0<a—f=3¥+ =5 <1

Hence, we can apply Theorem and Proposition BTH and we get a semigroup in
X7 for v € [8, o] and the smoothing estimates for for indexes

ye(a—1af, A €[p,B+1), ' >n

As « runs the interval oy := gé\,’ < a < 0, and noting that for a = ag we have
B = —N/2 it is clear that v and 4/ fill the interval I.

The second part is a direct consequence of Theorem EEIl Also this proves that the
semigroup is order preserving.

Note that the analyticity of the semigroup above will result from the result in the next

subsection. ®m

Remark 6.3 After the theorem above, we can apply the results in Theorem[3.] for f €
L7((0,T), LY(IRN)) with 1 <o < o0 and 1 < ¢ < oo.
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6.2 Bessel scale

Sharper results on nonsmooth perturbations of the heat equation (BI) can be obtained
using a setting in the nested Bessel scale H?*%(IRN) for fixed 1 < ¢ < co and « € [—1, 1];
see [2]. Note that now the embeddings in Section B, H?*%(IRN) C L"(IRY) hold only for
r > q. Just as for the case of a bounded domain in Section B, the results in [2] imply (1))
defines an analytic semigroup in th nested scale X® = H?>*4(IRN), a € I := [-1,1] and
satisfies the smoothing estimates

M, getot

ta—8 ||u0||H2ﬁ,q(RN), t > O’ uy € H2ﬁ,q(RN>

[[S0(t)to || zr2ea vy <
with po > 0 arbitrary.
In order to introduce the class of perturbations we will consider below, we define, for
1 < p < oo, the uniform space L¥,(IRY) as the set of functions ¢ € L} (IRY) such that

loc

sup [P(y)[" dy < oo (6.4)
ZBERN B(J?,l)
with norm
||¢||L7{](RN) = Sup ||¢||LP(B(:071))-
rERN

Observe that for p = oo, using the analogous definition, we have L (IRY) = L>*(IR")
with norm ([¢[|rec(rv)y = supyepy [[@llL=(B@,1) = [|@llLe@my). Observe that LY (IRN)
contains L®(IRY), L"(IRN) and Lj;(IRY) for any r > p.

Then we have

Lemma 6.4 i) Assume that m € LY,(IRY), with p > N/2 then for s >0, 0 >0 and

N
2>s4+0>—
p

the multiplication operator
Qou(z) = m(z)u(x),

satisfies
Qo € LIHY(IRY), H-"(IRY)), 1Qoll zersa(ryy, -oa(rr)) < Cllml|Lo(ryy-

ii) Assume d € LE(IRNYY with p > N. Then fors >1, o >0 and
N
2>s+o0>1+4+ —
P
the drift operator defined as

< Sou, p >::/ JVUQ@,
RN
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satisfies
So € LIHY(IRN), H"(IRY)), S0l 2(ars-a(RNY, -0 (BN Y) < CHd_“LP(RN)N-

iii) Assume d € L{,(IRN)N with p > N. Then fors >0, 0 > 1 and
N
2>s+0c>1+—
p

the divergence-0 operator defined as
< Tyu, p >=< Divo(cfu), Y >i=— /RN udVe,
satisfies
Ty € L(H*(IRY), H="(IRY)), N Toll 2(rrsa(rN ), H-oa(rNY) < CHCZ“LP(RN)N-

Proof.

i) Denote by {Q;} the family of cubes centered at points of integer coordinates in IRY
and with edges of length 1 parallel to the axes. Thus since m € LY (IRY), for every
w € H*(IRN) and p € H®9 (IRV) we have

el < S1 muel < S bR R 1o

where % + % + % = 1. Using the sharp embedding of the Bessel spaces in @);, we have

[, el < Climilug iy 3 el s el o

with constants independent of 7, provided n, 7 are such that s— % > —%, and o — g > —%
andn>q, 7>¢.

These conditions can be met because of the restrictions in the statement.

To conclude the proof note that in Lemma 2.4 in [6] it was proved that for any

l<g<oxoxand 0<a<1

Y Neltraagy < Cllolznamy for all ¢ € H**(IRN).
: (RN)

Hence Holder’s inequality for sequences, gives

[, el < Cllmilgg gl I g vy

ii) Note that for every u € H*4(IRY) and ¢ € H*? (IRY) we have
N - 1 1 1
dVup| < /d”E/Vu"H/ Bk
o e € S 1R, 190V o)
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where % + % + % = 1. Using the sharp embedding of the Bessel spaces in @);, we have

\/RN dVup| < Clldll g, vy 3 Jull a2l v ()

N

!/ =

with constants independent of 7, provided n, 7 are such that s—% > 1—%, and o—
andn >q, 7> (.

These conditions can be met because of the restrictions in the statement. As before
we get

N
~

<

|/RN dVup| < Clld|| g (ryv [ull oo ) |91 oo (v

iii) Now for every u € H*9(Q) and ¢ € H*7 () we have
— - 1 1 1
wd¥| < 35 AN [ ) 9l
w06l < S AR, WA, 190)

where % + % + % = 1. Using the sharp embedding of the Bessel spaces in @);, we have

[, ud¥el < Clldlg s S lullaeao el
with constants independent of ¢, provided n, 7 are such that s — % >1- %, and o — % >

1—¥andn2q,72q/.
These conditions can be met because of the restrictions in the statement. As before
we get

|/, udVel < Cldllgg el

Hs4(RN) ||<P||Hm’(RN)-

Observe that as in Section B, Sp and T can not be combined together. Hence, with
the notations of previous subsections, we now can consider the perturbations:

P equals (@, Sy or Tp (6.5)
or the binary perturbations
P = Qo+ S, P=Qy+1Tp. (6.6)
In a completely analogous way to Theorem B0 we get

Theorem 6.5 Assume that m is in a bounded set in L,(IRN), with p > N/2, and d is
in a bounded set in Ly,(IRN)N, for p > N.

Then, for any 1 < ¢ < oo, and any P as in (63), (€20) there exists and interval I(q)
(which depends on P too) that contains (—%, %), such that we have a strongly continuous,
order preserving, analytic semigroup, Sp(t) in the space H*1(IRN) for any v € 1(q).

36



Moreover the semigroup satisfies the smoothing estimates
M

vy
=
for every v, € I(q), with v' > ~, for some My, and p € IR independent of P and
7,7 € I(q). In particular, one has

M, et "
|Sp(t)uol|L-(rvy < t%(’li_;)HuOHL"(RN)a t>0, wup€ L7(RY)

et

ISE @ )uoll gr2va(rry < luollrrzvaqryy, >0, ug € H(IRY)

forl1 <o <71 < oo with M,, and p independent of P.
Also, for every uy € H*(IRN), with v € 1(q), the function u(t;ug) = Sp(t)ug is
CY(IRN) for any 0 < v < 1 and satisfies

/ ut<p+/ VuVy =< Pu,p >
RN RN

for sufficiently smooth ¢ and t > 0.

For each of the possible choices of P, the intervals 1(q) are given as follows.
i) Single perturbations.

If P equals Qq, then I(q) = (—1,1)

If P equals Sy, then I(q) = (—3,1)

If P equals Ty, then I(q) = (—1, 3)
i1) Binary perturbations.

If P= Qo+ So then I(q) = (—%, 1). If P=Qo+ Tp then I(q) = (—1, %)

Note that the analyticity of the semigroup is obtained from Theorem while the
order preserving property follows from the order preserving from Proposition 5.3 in [5].

Y

o=

1
1
2

)

Remark 6.6 After the theorem above we can apply the results in Theorem [3_] for f €
Lo((0,T), H(IRN)) with 1 < o < oo and v € I(q).

Now applying the results in Section Hl and in an analogous way to Theorem B9 we
have

Theorem 6.7 With the notations above assume

N
me —m in LY (RY), p> 5

d. —d in LH(IRY)N, p> N.
and for any 1 < q < oo, consider the corresponding semigroups Sp_(t) and Sp,(t).
Then for every
v ella), V=7
and T > 0 there exists C(¢) — 0 as € — 0, such that

Cle)
|Sp.(t) — SPO(t)||£(H2'y,q(RN)’H2'y/,q(RN)) < o forall 0<t<T.
In particular, for any 0 < v < 1 the solutions u®(t;ug) := Sp.(t)uy converge to so-
lutions u(t;ug) = Sp(t)ug in CY(IRYN) uniformly in bounded time intervals away from

t=0.
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6.3 Locally uniform spaces

The heat equation (f]) and its perturbations can also be considered in much larger spaces,
by taking initial data in locally uniform spaces.

For this consider the locally uniform space L{,(IRY) for 1 < ¢ < oo as in (64) and
denote by LE(IRN) the closed subspace of L{,(IRY) consisting of all elements which are
translation continuous with respect to || - [|zs (r~), that is

170 — ¢llLs vy — 0 as |y| — 0

where {7,,y € IRN} denotes the group of translations. Note that LI(IRY) ¢ L% (IRN) for
1 < ¢ < 0o and for ¢ = co we get LgP(IRN) = BUC(IRN).

Using these spaces and (£2)) it was proved in Proposition 2.1 and Theorem 2.1 in [5]
that the heat equation defines an order preserving analytic semigroup in L{;(IRY), for
1 < ¢ < 00, which is strongly continuous in L% (IRN) and satisfies

M, ,e*
S0 (t)uollz (rvy < WHUOHLQ (RN), t>0, wug€ LL(RY)
and
que rq N
150 ()uoll iy (rvy < 1tzzv(iﬂuoﬂw Ny, t>0, ug € Ly (IRY)

for 1 < g <r < oo for g > 0 arbitrary. This holds for more general operators in diver-
gence form and with bounded coefficients that have Gaussian bounds on the fundamental
kernel, see [9] and Theorem 2.3 in [5].

Then for 1 < ¢ < oo, we denote

LE(RN) .= X7@ 4 = % c1:=[-N/2,0], (6.7)

which is a nested scale and we have again ([B3]).
Then we have
Lemma 6.8 i) Assume that m € LY,(IRY), with p > N/2 then the multiplication operator
Qou(x) = m(x)u(z),
satisfies for r > p' and % = % + %
Qo € L(LG(RY), Ly(RY)),  [1Qoll ey mvy, ey, vy < lmlle ey
i) If moreover m € LY, (IRN), with p > N/2 we have for r > p/ and =14 %

Qo € L(LG(RY), Ly(IRY)),  1Qoll sy, (revy gy vy < Nl g crev)-
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Proof. For any xy € IRY, from Holder’s inequality we have, for any r > p/,

11
Ls(Bzo,1)) < M Lo By Ul r(Bzo,1)),  for —=—+

1
1Qou] -
s r p

which gives part i).
Now for every y € IRY we have

|7y (Qou) — Qoul

Lo(B(zo,1)) < [Tyl Lo (B(zo,1)) || Tyt — ©l| Lr(B(zo,1))+

+mym — m|| Lo (Bzo, ) |1l Lr (B(zo,1))-

Hence, we get part ii). =
Then, using Theorem BT3, Proposition B.T4 and Theorem ETl we get

Theorem 6.9

i) Assume that m is in a bounded set in L¥,(IRN), with p > N/2. Then for any 1 < q < oo
the Schrodinger equation

w—Au = m(z)u in RN, t>0
u(0) = wg in IRN

defines an order preserving analytic semigroup Sy, (t) in LqU(lRN) that satisfies

M, et Fq ( ON
ISn ol < Spm gy €0, w € L (RY
q T

for1 <q <r <oo, with M, and p independent of m.
i) If
. ‘p N N
me —m in L (IRY), p>5,

then for every
I1<g<r<oo

and T > 0 there exists C(¢) — 0 as € — 0, such that

Cle)

t2q7“

Proof. Just note that according to (G2) we read LemmaBERas Qy € £(X*, X”), a = S¥,
6= %,foranyOZaZao, with 0 < a— (0 = %—i—% = % < 1 and ||Qollg(xe,x8) <

CHmHL'g(RN)- o

Remark 6.10 Observe that part i) of this result recovers the estimates in Proposition 3.2
m 2-5/.

Analyticity follows from Theorem below, and the order preserving from Proposi-
tion 5.8 in [3].
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Remark 6.11 After the theorem above we can apply the results in Theorem[3.] for f €
L((0,T), LE(IRN)) with 1 <0 < oo and 1 < ¢ < 00.

In order to obtain sharper results and to consider drift perturbations to the heat

equation we introduce the uniform Bessel-Sobolev spaces Hl'}’q(lRN), with £ € IN, as the
set of functions ¢ € H7(IRN) such that

loc

1l sty = Sup 18]l mrta(B(a,1)) < 00
for k € IN. Then denote by Hp?(IRN) a subspace of Hpy?(IRN) consisting of all elements
which are translation continuous with respect to || - || HE(RN Y that is
76 = Bl e, — 0 a5yl — 0

where {7,,y € IRY} denotes the group of translations.

Consider the complex interpolation functor denoted by [, ], for 6 € (0,1), [4, [4].
Then for 1 < g < oo, k € INU{0} and s € (k,k + 1) we define § € (0,1) such that
s =60(1+k)+ (1—0)k, that is § = s — k. Then one can define the intermediate spaces as

HYW(IRN) = [HiT (RN, H'(IRN)],,

and
Hy (RN = [HE (RN, B (R
The following results is a simplified version of Theorem 5.3 in [5], which applies to
more general operators. It was proved using purely elliptic arguments.

Theorem 6.12 Assume 1 < g < oo, m € L¥ (IRY) and de L2 (IRMN satisfy that p = q
if g > N or p> N otherwise, and p = q if ¢ > N/2 or p > N/2 otherwise.
Define the elliptic operator L{;(IRN),

Au = —Au+ d(z)Vu + m(z)u
with domain D(A) = Hi'(IRN). '
Then, —A, generates a strongly continuous analytic semigroup on L (IRN) and the
associated fractional power spaces are given by

Hy (IRY) = [Hy"(IRY), LE(IRM)a, - a € [0,1]m

In particular, Theorem implies that for every 1 < ¢ < oo, the heat equation (BE.I)
defines and order preserving analytic semigroup in the nested scale X* = H?]a’q(]RN )
0 <a<1with

M, getot

ta—ﬁ ||u0||H[2]ﬁ’q(RN)7 t > O’ Ug € HQﬁ,q(RN>

[1So0(t)uoll g2ea gy <

with pg > 0 arbitrary, for any 0 < a < 3 < 1.
Then we have
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Lemma 6.13 i) Assume that m € LY, (IRN), with p > N/2 and let 1 < q < p. Then the
multiplication operator

Qou(x) = m(x)u(z),

satisfies
- :
Qo € L(H(IRY), L{;(IR™)), 1Qollzerreamy io (rvyy < Cllmll i gy

for ayg :zzﬂp <a<l.
ii) Assume de L@(]RN)N, for p > N and let 1 < q < p. Then the drift operator

Sou(z) = d(z)Vu(z)
satisfies
So € ﬁ(H?J%q(]RN)v L((ZJ(]RN))v ||SOHL(H?]’Q(RN),L‘ZU(RN)) < CHCZ“L"{](RN)N
forani=t+ B <y <1,

Proof. Note that, as in [5], but with a different notation, we can also define W;?(IRY)
as the space of functions such that

sup (| @ area(py,1)) < 00
yERN
with norm
1Sllwiacry = sup (@l meae)

yeER

and consider the subset of elements which are translational continuous, Wg’q(]RN ). With
this definition, we have Hg?(IRN) ¢ W(IRN) and H(IRN) € W7(IRN); see Proposi-
tion 4.2 in [A.

With this it is easy to see that the sharp embeddings of Bessel spaces in Section
translate into

LE(RN),S—%Z—%,1§T<OO, ifs—%<0
HHY(IRNY c { Ly, (IRN), 1<r < oo, its—2=0
CJ(IRN) if s — 2 >1>0.
Arguing as in Lemma we get that
Qo € L(Ly,(IRN), LL(IRN)), for é = % +%

and now chose o such that H;“(IRN) c Li,(IRN) which leads to 2a > =
On the other hand, from the argument above its clear that for ¢ < p and 2a > % we

have ' .
So € LIHFTM(IRN), L, (IRY)),
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and setting 27 = 2o + 1 we get the result. =

Note that since we have no results on the negative part of the scale of uniform Bessel
spaces, we can not handle the divergence operator. Hence, we now can consider the
perturbations:

P equals Qg or S (6.8)

or the binary perturbation
P = Qo+ So. (6.9)

Hence using the previous results we get

Theorem 6.14 Assume that m is in a bounded set in L¥,(IRN), with p > N/2, and d is

in a bounded set in LE,(IRN)N, for p > N and define o = min{p, p} > N/2.

i) Then, for any 1 < q < qo, and any P as in ((8), (€9) we have a strongly continuous,

order preserving, analytic semigroup, Sp(t) in the space HZ(IRN) for any v € [0,1).
Moreover the semigroup satisfies the smoothing estimates

ut
M«/ﬁe

o ||u0||H[2]'Y’q(RN)’ t > O, Ug € H[2]%q(RN)

HSP(T’)uOHH[z]Wl»Q(RN) >~

for every v,+ € [0,1), with ' > ~, for some M, . and p € IR independent of P and
7,7 € [0,1). In particular, one has

M, et Ly
1Sp(t)uoll 17 gy < WHUOH%(RW t>0, wuy€ LH(RY)

forl <o <7< o0 with MM and i independent of P.
Also, for every ug € HZI(IRN), with v € [0,1), the function u(t;ug) := Sp(t)ug is
CY(IRN) for some 0 <v <1 (or any 0 <v <1 ifq > N) and satisfies

u — Au = Pu in IRN fort > 0.

ii) Assume

. N
me —m in LY (IRY), p> o>

d. —d in LH(IRV)N, p> N.
and for any 1 < q < qo, consider the corresponding semigroups Sp.(t) and Sp,(t).
Then for every v, € [0,1), v/ > ~, and T > 0 there exists C(¢) — 0 as e — 0, such

that
Cle)
1Sp.(t) — Sp, (t)||£(H[2]W7Q(RN)’H[2]W"Q(RN)) < o forall 0<t<T.

In particular, for some 0 < v < 1 (or any 0 < v < 1 if g0 > N), the solutions
uf(t;ug) = Sp.(t)ug converge to solutions u(t;ug) = Sp(t)ug in CY(IRN) uniformly in
bounded time intervals away from t = 0.
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Proof. From Lemma B3, taking o = 2ﬂp <1lfor P=Qy =73+ % < 1for P =S, or
a:max{%,%jLz—]\;} < 1 for P = Qo+ Sy, and § = 0, we have that for any 1 < q < qq
and any perturbation as in (G8) or ([E3) we have

Pec L(X* X7

and is a bounded family.

Then part i) follows by Theorem BI3, Proposition BI3. The analyticity of the semi-
group follows from Theorem [E12 while the order preserving from Proposition 5.3 in [5].

The estimates between uniform Lebesgue spaces follows from the sharp embeddings
of the uniform Bessel spaces as in Lemma B3 some reiteration and observing that as
soon as ¢ > N/2 these spaces are included in L (IRN) = BUC(IRN).

The Holder regularity of the solution follows by observing that the solution enters
HE(IRN)) for ~ very close to 1 and 2y — qﬂo > 0 (or 2y — qﬂo > 11if go > N) and using
the embeddings again.

Part ii) is consequence of Theorem Bl and the Holder convergence follows as above.
]

Remark 6.15 Note that if Theorem [E14 was only proved for the Laplacian, then Theo-
rem [Z.20 would give Theorem as stated.

Remark 6.16 After the theorem above we can apply the results in Theorem [3] for f €
Lo((0,7), HZ(IRN)) with 1 < 0 < 00, 1 < ¢ < ¢y and v € [0, 1).

7 Elliptic regularity and convergence

Although the approach carried in this paper is of a “parabolic” nature rather than an
“elliptic one”, with the exception of Theorem B:20, we show now that we can also derive
some results on the undelying elliptic problems.

For this note that given the solutions operators Sp(t), as in Theorem B3 and satis-
fying the estimates in Proposition BIH, for any v € F(a) = (o — 1,a] (or any v € I if
P =0), we can take any fix element f € X7 and consider the corresponding solution of
the nonhomogeneous problem

u(t; ug) = Sp(t)U()‘l—/Ot Sp(t—7)fdr (7.1)

as in Theorem B.7.
Assume moreover that Sp(t) decays exponentially in the sense that

1Sp()uollyy < Moe™ 'tV luglly, 7 2. (7.2)

for some w > 0. Note that we may let w depend on ~,7’, but if the scale is nested we
know from Lemma that the exponent can be taken independent of the space in the
scale.

Then we have
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Proposition 7.1 With the notations above
i) The expression

o = / Sp(r)f dr
0
defines and element in XV for any v' < v+ 1 with
1]l < ClIfll

and such that for any ug € X7 we have the function in (7)) satisfies u(t;ug) — @
exponentially in XV ast — oo.
If the semigroup Sp(t) is analytic, see Theorem [Z20, we have that ® is the solution
of the elliptic problem
AD = PO + f.
it) If P*, P? € L(X®, XP), with ||P'|| ¢(xe xo < Ro are such that both semigroups Sp:(t)
satisfy (7-3), and fi, fo € X7, we define

Op — /OO Spi(r)fidr, i=1,2
0
and we have

101 = @pelly < C(lIf1 = fally + I1P" = P2l eixeaxo [l f2lly)-

Proof.
i) Observe that in ([ZTl) we have

/OtSp(t—T)de: /Otsp(f)fdf

and the exponential decay ([L2) gives the result.
ii) Now from Remark L2 the result is easy. m

Remark 7.2 Observe that if the scale is nested, Spi(t) satisfies (7.4) and || P'—P?|| z(xa xo)
is sufficiently small then by Corollary -3, Sp=(t) also satisfies (7.4).

We now particularize to the problems in Sections Bl and [ Note that we have chose
some particular but illustrative cases to show the scope of the results that Proposition
[Tl can give. First, using Theorem and we get

Theorem 7.3 Assume that m is in LP(Q), with p > N/2, mq is in L"(T) and also d is in

LP(O)N, for p > N. Then, for any 1 < q < oo, and any P as in (10), (Z11) or (Z13)
consider the semigroup, Sp(t) in the space HZ"(Q) for any v € 1(q), as in Theorem LA,

Also denote

1 if P equals QQy, So or Qo + Sy
s(q) =supI(q) =4 1— 2%1, if P equals Ry, Qo+ Ry, Ry + Sy or Qo+ Ry + So
% ZfP equals T(], Q0+T0, R0+T0 or Q0+R0+T0.
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Then there exists pio = po(||m|| e @), Mol zr @y, ||CZ“L/J(Q)N> such that for all p > py we
have:
i) For any f € L1(Q), 1 < q < 00, there exists a unique solution ® of

A (W@vw+/ +u¢¢+/ W¢:<Rh¢>+4f¢

for all sufficiently smooth @ and where in the definition of P one must take into account

(213), (54) and (2Z3). Moreover
= HQ’Y Q(Q)’ fOT all f}// < S(Q), ||®||H2'Y agg) = C(M)H.fHL‘I(Q)

and if f >0 then ® > 0.
ii) For any g € L*(I") with 1 < s < oo, there exists qo such that for any 1 < q < qo there
exists some 0 < 7 < min{% + 2—1(], s(q)} such that there exists a unique solution ® of

/Q ()V(I)Vgo+/ —l—,u(I>g0+/ )(I>g0:<P<I>,go>+/Fgg0

for all sufficiently smooth @, where in the definition of P one must take into account [21),

(5F) and (23), with
NS Hlfg',q(Q), for all v < 7, H(I)HHfZ"q(Q) < C(w)llgl sy

and if g > 0 then ® > 0. . .
ii) Finaly, if me — m in LP(Q), p > &, mo. — mg in L"(T), 7 > N — 1 and d. — d in
LP()N, p> N, then the correspondmg solutions ®, satisfy

: 2 q s(q) in case i)
. — Oy in H, UQ), foral~y < {% in case i),

Proof. From Theorem BB, denoting 1o the exponent in (T4l and taking the semigroup
Sp_ni(t), which decays exponentially for > py we can use Proposition [l
i) In this case we have v = 0 in Proposition [[J]and from the expression of I(¢) in Theorem
B0 we get the result since s(q) < 1 for all g.
ii) In this case take 1 < ¢ < co and v > 2%, such that v > % + % — 2—]\2. With this the
embeddings of Bessel spaces in Section Bl imply that L*(T') € H,;.2(Q) = X .

Now observe that

—1 if P equals Qq, Ty or Qo + Tp
i(q) =infI(q) =4 —1+ é if P equals Ry, Qo + Ry, Ry + Ty or Qo + Ry + Tp
—% if P equals Sy, Qo + So, Ro + Sg or Qo + Ry + Sy -

and then we can take any ~ such that

I N1
2¢°2 " 2s

N .
Yo := max{_— —2} <7y < —i(q).
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1 .
Note that 5 < —i(q)
for 1 < g < qp.
Then we get the result in Proposition [[1], for any ~" such that

2q —i(q) is satisfied

0<1+4i(q) <+ <min{l —,s(q)} =74

and since 1+i(q) < s(q) for all g this condition is nonvoid. Also, since vy > 2%], theny], <
3T 2

In both cases the sign of ® follows from the order preserving property of Sp(t) and
the expression for ® in Proposition [}

Part iii) follows from the secong part in Proposition [[]l =

Remark 7.4 Note that qy in the Theorem above can be computed explicitly as follows:
a) [f (q) = —1. Then if s > N — 1 we have gy = oo, while if s < N — 1 we have
4o = 1_
b)[ i(q ) —1—1—%. Then if s > N — 1 we have gy = 0o, while if s < N — 1 we have

_ (N-1)s
9 = N—1-s-
c) Ifi(q) = —%. Then qy = ]év_s

Also note that if 1 < q < ]év_sl then ~{ > %

1

Remark 7.5 Note that the optimal value of the quantity o in the theorem is given by
the principal eigenvalue of the following eigenvalue problem

/Q ()VuV<p+/ ug0+/ )Py <Pu<p>+)\/ug0

for all sufficiently smooth ¢, which is characterized by the fact that it is the unique eigen-
value with a positive associated eigenfunction.

Now, for problems in IRY, in an analogous way as before, from Theorems and
and Proposition [Tl we have

Theorem 7.6 Assume that m is in LY, (IRN), with p > N/2, and d is in L{,(IRN)N, for
p> N. Foranyl < q < oo, and any P as in (63), (@A) consider the semigroup Sp(t)
in the space H*1(IRN) for any v € I(q) as in Theorem[EA. Also denote

1 if P equals Qg, Sy or Qo + Sy
if P equals Ty, Qo + 1.

1
2

s(q) =supI(q) = {

Then there exists o = po([lm|lz mv), ||d||Lp (rVy ) such that for all > po we have:
i) For any f € LY(IRN), 1 < q < oo, there exists a unique solution ® of

/V®V<p+u/ q)g0:<P<I>,g0>—l—/ fe
RN RN RN
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for all sufficiently smooth v, and
d e HYI(IRN), for allv < s(q), 1P| 2 agrry < CU) | f | Lo

and if f >0 then ® > 0. B B
it) If m. — m in LY, (IRY), p > 5 and d. — d in L{;(IRV)N, p > N then the corresponding
solutions ®. satisfy

O, — Dy in HP RN, forally < s(q).
Finally, for problems in uniform spaces, from Theorem we get

Theorem 7.7 Assume that m is in L¥,(IRY), with p > N/2, and d is in Lf,(IRN)N, for
p > N and define gy = min{p, p} > N/2.
Then there exists jig = ,uo(||m||Lg(RN), ||d||LpU(RN)N) such that for all p > pg we have:

i) For any f € LqU(]RN), 1 < q < qo, there exists a unique solution ® of
—AD + ud = PP+ f

and
® € HEURY), for ally' <1, @ s, < COIS g )

and if f >0 then'q) > 0. B o
it) If m. — m in LY, (IRY), p > 5 and d. — d in L;(IRV)™, p > N then the corresponding
solutions . satisfy

O, — g in HZUIRN), forally < 1.
8 Final remarks

It should be noted that on most of the results in Sections B and H the fact that the
semigroup is strongly continuous, that is continuous at ¢t = 0, is used in a very few steps.

For example, it is first used in the proof of Lemma B0 and then in Lemma B.TTl
These results are later used in Proposition B-T2 and in Theorem B T3 Continuity at ¢t = 0
is finally used in the last part of the proof of Lemma B.22

Certainly in many applications the underlying semigroups are strongly continuous, as
we saw on Sections P, B or B although there are other important case in which it is not. For
example in Section @l we found that the heat equation generates non strongly continuous,
analytic semigroups in uniform spaces. The same situation occurs if one takes the heat
equation in L*®(£2) due to the smoothing effect on the solutions. In all these cases the
semigroup is strongly continuous for large (but not dense) classes of initial data, namely
on “dotted” uniform spaces of BUC(Q) respectively.

The results in Section B and Fl mentioned above could be adapted to that situation by
assuming some restrictions on the initial data like in the examples we just mentioned.
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In this way the first part of Lemma B8 can be used to prove a similar result to Theorem
in undotted space, which would give analogous results to Proposition 3.1 and 3.2 in
B

Also Proposition 5.1 in [5] is the analogous result to Theorem in undotted spaces
and could be used to obtain an analogous result to Theorem in those spaces. As there
would be some minor differences in the statements, due to subtle technical conditions we
have not pursued this line on the main part of this paper.

On the other hand, note that also the fact that the original semigroup S(t) is analytic
has been used scarcely. Indeed it is used for the first time in Remark BI8. Tt is later used
in Theorem and in the proof of part iii) of Lemma B2Z2 Certainly the semigroups
in Sections Bl B and [ are analytic but most of the results in Sections B and ll go along
without this assumption.

Another situation that can be handled with the techniques in Sections Bl and Hl is the
case of semigroups with “defects”. By this we mean semigroups that instead of satisfying
(B3) have a defect of the type

My(B,a, T
IS e = 190 s < 20D foran 0 <t<T

A

for some constant My(5,a,T) > 0 and 0 < pu < 1. Note that in particular, the semigroup
is singular at t = 0 even for § = «. One can find this type of semigroups with deffects,
for example, in parabolic problems in “dumbbell” domains, see []; see also [I3]. Hence,
as in theses references, we assume that, for each «, the semigroup is continuous for ¢t > 0
and continuous at t = 0 for a dense set of intial data in X.

In such a case, note that the first part of Theorem B holds under the assumption

that
1

0<y —v< = —p,
o
and u € L ((0,7),X7).

Y =Y+

In Lemma B9, (B11) must be replaced by
B<yY <pB+1—p and 0<e<1

and the right hand side in parts i) and ii) have a term t#+0+1=7'===#_ Also, ([BIZ) now
reads
b= —v4+p>0 and y<f+1—c.

Note that the proof of Lemma breaks down in several places, while in Lemma
BTT we require now
<y <pf+l—ec—p, 0<e<l.

and we do not prove now continuity at ¢t = 0 of the integral term in ([BI0), (which would
require the stronger conditon £ < 1 — u) but we prove that F(u, ug)(t) behaves, as t — 0
as t7H.

In Proposition we replace (BI4)) by

0<a—-p<l—pu
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and prove that (BI0) is a contraction in £5°((0,77, X¢). In the proof of the Proposition
we don’t use now Lemma and use Lemma BTl with 7' = a and € = p.
Then in Theorem we use again 0 < a — # < 1 — p while (BI6) and (BI7) are
replaced respectively by
a—1+pu<y<a,

and
B<A <B+1—pn, >

In the proof of the theorem we prove that (BI0) is a contraction in £2°((0,77], X*) with
e =a —v+ p and we don’t use now Lemma BI0 Note that the ranges above define the
new sets

E(a)=(a—1+p,a], R(B)=[6,6+1—p)

and solutions (BI8) define the semigroup Sp(t) for v € [, a] as before.
Finally Proposition holds with the sets E(a) and R(() just mentioned and in

B2Z0) we have now
156 (Bhuolly < M= faglly, 7' 7.

Finally note that the abstract results in Sections Bl and Hl are potentially applicable to
many different perturbation problems. We have focused here, in Section B B and B, into
some particular examples of practical interest in many applications of partial differential
equations, although the application of the theoretical results are not limited to such
examples.
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