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INFINITELY MANY STABILITY SWITCHES IN A PROBLEM WITH
SUBLINEAR OSCILLATORY BOUNDARY CONDITIONS

ALFONSO CASTRO, ROSA PARDO

ABSTRACT. We consider an elliptic equation —Awu + u = 0 with nonlinear boundary conditions

g—z = Au+g(A, z,u), where M — 0, as |s| — oo and g is oscillatory. We provide sufficient

conditions on g for the existence of unbounded sequences of stable solutions, unstable solutions,
and turning points.

1. INTRODUCTION

In this paper we consider solutions to the elliptic problem with nonlinear boundary conditions

{Aquu =0 in

(1.1) % = Au+g(\z,u), on O

in a bounded and sufficiently smooth domain Q Cc RY with N > 2. Throughout this paper we
assume:

(H1): g : R x 02 x R — R is a Caratheodory function (i.e. g = g(\,z,s) is measurable in
x € €, and continuous with respect to (A, s) € R x R). Moreover, there exist G; € L"(99)
with 7 > N — 1 and continuous functions A : R — R™, and U : R — R™, satisfying

lg(A, z, 8)] < AN)G1(z)U(s), V(A z,5) € R x 002 x R,

lim sup Us)

< 400 for some o < 1.
|s|]—o0 |S|

(H2) : The partial derivative gs(\,-,-) € C(92 x R) where g5 := %, and there exist F} €

L7 (09), with r > N — 1, and p < 1 such that

|g(>\,x, S) B sgs(Aa z, S)|
sl

< Fi(x), as A\ — oy

for x € 002 and s > 1 sufficiently large.

(H3) : The second partial derivative gss(A, -, ) € C(9Q x R) is such that

gss()‘v B 8)

—0 as M — oo and A\ — oy.
sl

(1.3) sup ’
L (09)

ls|>M
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Let {0;}52, denote the sequence of Steklov eigenvalues of the problem

—AdD+P = 0, in Q
(1.4) { g—: = o®, on .

The Steklov eigenvalues form an increasing sequence of real numbers, {0;}32,. Each eigenvalue
has finite multiplicity. The first eigenvalue o7 is simple and, due to Hopf’s Lemma, we may assume
its eigenfunction @, to be strictly positive in . The eigenfunctions are orthogonal in L?(9€) and
we take H‘P1||Loo(3ﬂ) =1.

As stated in [I, Theorem 3.4], due to (H1) there exists a connected set of positive solutions of
(CI). We denote it by DT C R x C(£2), and recall that for (A, uy) € D

u=sP; +w, with w=o0(|s]) and |op— A =0(1) as|s|— co.

The set DT is known as a branch bifurcating from infinity in the sense of Rabinowitz, see [10 [].

For (X, un) € DT we say that uy is a stable solution if there exists a neighborhood of uy in
C(€2) such that for initial data in that neighborhood the solution to the parabolic problem

u —Aut+u = 0, in O x Rt
(1.5) g—g = du+g(\z,u), on 00 x R,
u(0,2) = wup(z), in Q.

converges to uy as t — +00. On the other hand we say that u) is unstable if any neighborhood
of uy contains initial conditions such the solution to (L) leaves that neighborhood in finite time.
That is asymptotic stability in the Lyapunov sense.

Definition 1.1. A solution (\*,u*) of (L) in the branch of solutions DT C R x C(Q) is called a
turning point if there is a neighborhood W of (A*,u*) in R x C(Q) such that, either W N DT C

[A*,00) x C(Q) or WNDH C (—o0, \*] x C(Q).

Our goal is to give conditions on the sublinear oscillatory term g that guarantee the existence
of unbounded sequences of stable solutions, unstable solutions and turning points.

Our main result, Theorem [[.3] below, is exemplified by the case in which

s B
(1.6) g(z,s) :=s“ [sin <‘<I>1(at) ) +C

In fact we have:
Theorem 1.2. Assume that g is given by (L8). If
B8>0 and a+p <1,

with o < 1,

then the unbounded branch of positive solutions of (1) contains a sequence of stable solutions, a
sequence of unstable solutions and a sequence of turning points.

The proof of this Theorem follows directly from Theorem [L31

In Figures [l and Bl we plot the bifurcation diagram in the one dimensional case for g as above.
Figure [3 sketches the changes of stability of solutions.

Our main result is the following.
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FIGURE 1. Bifurcation diagram having infinitely many sub-critical solutions (A <
o1), super-critical solutions (A > o1), stable solutions, unstable solutions, turning
points and resonant solutions (A = o1).

Theorem 1.3. Assume the nonlinearity g satisfies hypothesis (H1), (H2) and (H3).
Assume also that

(17) sup g()\,m,s) — Sgs()\,x, S) o 9(0'1,1',8) - Sgs(al,x,S)

s|>M |s|P |s|?

—-0 as s— o0,

pointwise in x, for M > 1.
Let F : R x C(2) — R be defined by

A, ) — ulgs (A, -
(18) F()\,U,) ::/ ug( ) 7U) u-g ( ) au)q)i'i‘P.
o0 |uf "o
If there exist sequences {sy}, {s),} converging to +oo, such that
(19) hlll F(O’l,S;L(I)l) <0< llrf F(01,8n¢1)7
then

(i) There exists a sequence {(An,un)} € DT of stable solutions to (L)) and a sequence
{(N,,up,)} € DT of unstable solutions such that (A, ||un || L= (00)) — (01,00) and (X, [Juy, || L 20)) —
(01,00) as n — oo.

(i) There exists a sequence {(Ny,,uy,)} € DV of turning points such that (X}, |u}] L= (a0)) —

(01,00)as n — oo.

Our result is sharp in that if condition (L) fails, all solutions in DT may be either stable or
unstable for s big enough, see [2, Theorem 3.4]. Our result proves the existence of infinitely many
turning points, even in the absence of resonant solutions, see Figure 2l There it can be seen that
the unbounded sequence of turning points given by Theorem [[3] can be either subcritical (i.e. for
values of the parameter A < 01), , see Figure [ left, or supercritical (i.e. for A > o01), see Figure
right, or may have a sequence of subcritical solutions as well a sequence of supercritical solutions.
Hence, by connectedness of DT, the branch contains infinitely many resonant solutions (i.e. for
A = 01), see Figure [1l
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FIGURE 2. A bifurcation diagram of stable and unstable solutions, on the left all
of them are subcritical, on the right all of them are supercritical, and none is
resonant.

Related results for the case of a nonlinear reaction in 2 and homogeneous Dirichlet boundary
conditions were established in [4, 5, 6, @]. In [6] the authors work in the unit ball B C RY with
N > 1 and the nonlinear term is Au + sin(u). They proved that when A\ = Aq, the first eigenvalue
with Dirichlet boundary conditions, the problem has infinitely many solutions for 1 < N <5 and
at most finitely many solutions for N > 6. We refer the reader to [7, [§] for problems related with
nonlinear boundary conditions.

This paper is organized as follows. In Section 2] we collect some essentially known results on
Lyapunov stability. Section [J] contains the proof of our main result, giving sufficient conditions
for having stable and unstable solutions. Finally Section M presents two examples, the typical
oscillatory nonlinearity (LG) and the one dimensional case.

2. LYAPUNOV FUNCTION AND STABILITY

For X fixed we consider

1
I(u):§/ (IVul? +u?) —%/ w?— [ G(X )
Q N o0

where G(\, z, s) := f:o g(A, z,t) dt for some sg > 1 fixed. An elementary calculation shows that if
u is a solution to the parabolic equation ([H) then % I(u(t)) = I'(u(t))u; <0, i.e., I is Lyapunov
function for the parabolic problem (L.

Moreover, if uy is a solution to (L), then it is a critical point for I. Furthermore, u) is stable
if the quadratic form

Qu, (v,w) ZZ/VU-VU)+U1U— Avw + gs (A, -, up)vw.
Q a0

is positive definite. On the other hand if @), is negative definite in one direction then wu) is
unstable. Thus we have

Lemma 2.1. If p1 = p1(\ uy) denotes the principal eigenvalue of

(2.1) { “Aprter = 0, in Q
. % = M1y + gs()\7$7u)\)901> on 0f)

then uy is stable, if u1p > X. Also uy is unstable if p1 < A.
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FiGURE 3. Bifurcation diagram and sketch of the stability of solutions, + for
stable solutions and — for unstable solutions. There are marks * for turning
points and o for resonant solutions.

Proof. Suppose p1 > A. The variational characterization of u; states that

/ \Vu|2+u2 7/ gs()\,~,u>\)u2
:= inf Q2 9%
fa wEH(Q) Joq u?

Therefore, for any u € H*(Q) — {0}, we have

Og/ |Vu|2+u2—/ pru? + gs(A, - un)u?
Q ro)

</ |Vu|2+u2—/ Mu? + go(\, - up)u?.
Q o0

Hence @, is positive definite and w) is stable.
On the other hand, if pu; < A, letting ¢ denote the eigenfunction corresponding to the eigen-
value p1, then

0=/ HVs01||2+s0§—/ 1197 + gs (A, - ux)pd
Q oQ

>/ HVwIIQﬂW?—/ AT+ gs(A, - un )t
Q o0

Thus @, is negative definite in the direction of ¢1, which proves that uy is unstable. O

3. AUXILIARY LEMMAS AND PROOF OF OUR MAIN RESULT

This section is devoted to giving sufficient conditions for the existence of unbounded sequences
of stable solutions, unstable solutions, and turning points of (L.TJ).

Let « be the rate with which g goes to infinity, see (H1), and p be rate with which g—sgs goes to
infinity, see (H2). In the first place we note that even if a # p, then the boundary Steklov eigenvalue
p1 — o1 and of the boundary Steklov eigenfunction o1 — ®1 as X — o1 and ||lu| g a0) — oo.
In the following Lemma we rewrite Lemma 3.2 in [2], the proof is exactly the same. The only
restriction is that p < 1. We have the following result.
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Lemma 3.1. Assume the nonlinearity g satisfies hypotheses (H1) and (H2).
Then for any sequence of solutions of (LI)), (An,un) such that N\, — o1 and ||u, | L~ a0) — 00,
setting fi1,n = p1(An, Un), 1,0 = ©1(An,un), the first eigenvalue and eigenfunction in [2.1)) satisfy

(3.1) Hin — 01 as Ap — o1 and ||ugl[pea0) — 0,
O1n— @ in H'(Q)NCPQ) as A\, — o1 and l|wn | oo (902) — 00,
for some B € (0,1).
Observe that (H1) and (H2) imply that,

lgs(X, @, 5)]|

R <|s|PTTFy(x) + |s|*T G (=), as A — oy, for s> 1

where v = max{p,a} < 1. Hence 19329\ < D, () with Dy € L™(89) with r > N — 1, for s big

[s[7=1

enough, z € 9Q and A — o7y.

In the second step, we analyze the changes of stability. To do that, we look at a detailed account
of the asymptotic behavior of the nonlinear term

A, — 52 s )‘7'7
E+ — / lim inf Sg( ; ,S) li g ( S) (I>]1~+P
20 (\s)—(01,+00) |s[tte

for p < 1. Changing lim inf by limsup we define the number F . Assume o = p, if

F, >0, then DV is stable and subcritical,
see [2, Theorem 3.4], and if
F, <0, then DT is unstable and supercritical,
see [2l Theorem 3.5]. In this paper we consider nonlinearities for which
F, <0<F4,
Unlike the case @ = p, , our assumption o # p allows for the existence of sequences of stable
supercritical solutions and unstable subcritical solutions, see Theorem
We shall argue as in [3] for the sub-critical and supercritical case. To determine whether a
sequence of solutions (A, u,) is stable or unstable, one must check the sign of

(3.2) liminf F'(Ay, up) and of limsup F(Ay, uy,).

n—oo n—00

where F' is defined by (L8]). This is done in Lemma But this requires an a priori knowledge
of the solutions themselves, which is in general impracticable.

In [3| Proposition 3.2], it is proved that when g is such that
g\, z,8)| = O (]s|*) as |s| — oo for some o < 1,

then, the solutions in D*, can be described as
Uy = 8,91 + wyy, where / w,®; =0 and wp, = O(]sp|%) as n — oo,
a0

and we intend to unveil the signs in [B.2)) by just looking at the signs of those liminf at A\, = o1
and u, = s,®;. This is achieved in Lemma [3.3]

With these tools, in Theorem [[3] we take two sequences {s,} and {s},} satisfying
(3.3) —oo< lim F(oy,s,®) <0< lirf F(o1,8,P1) < o0,

n—-+4oo

and from here we obtain the existence of unbounded sequences of stable and unstable solutions of

(CT) in DT.
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Let us follow with the second technical lemma. Note that this result allows us to compare A
and p1 as A — o1. Next Lemma is essentially Lemma 3.3 in [2] rewritten for a different rate, we
omit the proof.

Lemma 3.2. Assume the nonlinearity g satisfies hypotheses (H1) and (H2).
Then for any sequence of solutions of ([(LI)) (An,un) such that A, — o1 and |[uy ||~ (aq) — 00
denoting by p1 n = p1(An,un), the first eigenvalue in 2.11), we have, if u, >0

F 1
—F— < ——— liminf F(\n,up)
Joo @12 Joq @17 n—eo
< liminf ILLLT < lim sup MLT
n—oo Hu’rLHLoo(aQ) n—o0 ||un||L°0(8Q)
| F,
< limsup F(\,,up) <

faQ 01?2 noo faﬂ @,
A similar statement is obtained for the case u, <0, just changing F, by F_ and F,.oyF_.
In order to prove the main result, we have to guarantee that the signs in (32 can be deduced

from those of ([B3)). This is stated in the following technical result, which is a slight variation of
[3, Lemma 3.3]

Lemma 3.3. Assume that g satisfies hypotheses (H1), (H2), (H3) and ().

If Ay — 01, sp 1 00 and there exists a constant C' such that ||wy||L~@0) < Clsn|® for all
n — oo, then

liminf F(A,, $,®1 + wy,) > liminf F(o1,s,P1),

n—-+o0o n—-+o0o
where F is given by (L8). Similarly
limsup F(A\,, $,®1 + wy,) < limsup F(o1, $,P1).

n—-+o0o n—-+o0o

Proof. For short, let us denote by h = g— sgs. For all (A, s) = (o1, +00) and for any w € L*>(99)
such that $®; > %, we have (with a constant C' that may change from line to line)

IN

1
/ Ih(\, - 581 + w) — h(\, -, 5®1)| @, CHwIIwam/ ‘/ ha(M, -, 5By + 7w) dr
o0 o0 |J0

IN

Cllwll L= (a0 SI[BP] [hs(A, -, 51+ Tw) [ oo (90
7€[0,1

Taking into account hypothesis (H3) and whenever ||wl| -~ @s0) = O(|s|*), we deduce that

h(), -, s® —h(),-, 5D hs(A, -,
(3.4) / (RO 581 Fw) = b 55l g o gy, H(_f) —0
00 sl si>m |l Isl? L (09)
as A\ — o1, M — +oo.
Consequently, for |[wy, || £=@q) = O(|sn|¥)
n ny s @ m
hminf/ SnhAn 250y 0n) gy,
n—too Joq |Sn| 17
h(), -, s® — Sh(},-, 5@ O, - 59, ®
> qim [ SRS 1+w1)+ shid, ,521) <I>1+liminf/ Suhldm - 5n1) 22 ) g,
A=a1 Joq |s|t+e n=+00 Jaq |sn |17

s—+00

nh /\7”'; nq) . . nh P n(I)
:hmmf/ SnhlAn 50 ®1) o :hmmf/ snh(o1, 550 P1) o
o0 o0

n— oo |3n|1+P n— 00 |3n|1+P
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where we used firstly (34 and secondly hypothesis (7).
Now note that the left hand side above can be written as

th()\n;'aan)l +wn) (an)l‘i’wn)h(/\na’vsn@l +wn)
|| 1P |50 ®1Hwy [1+0
Then, (H2) and the fact that ®; +w, /s, — @1 in L>(09) concludes the proof.

p
Wn
D+ —| ;.

n

P =

We are now in a position to prove our main result, which states the existence of unbounded
sequences of stable solutions, unbounded sequences of unstable solutions and also unbounded
sequences of turning points.

Proof of Theorem [I.3]

(i) To prove the result, we show that from ([J) we can find two unbounded sequences of
solutions { (A, u,)}, {(A), ul,)}, with A,, A/, close enough to o1, such that pq ., == p1(An, un) > Ay
and g, = p1(A,,uy,) < Ay, respectively and then we use Lemma 2.1l We below focus in the
stable case and the unstable one is analogous.

Since the projection of the unbounded branch of positive solutions on span[®4], is an interval
[s0,00), choose (An,un) — (01,00) such that

fag unq)l
Puy) == “2———— = s,
with s, as in ([C3)). Writing u, = $,®1 + w,, from [3, Proposition 3.2] and hypotheses (H2), we
obtain that w, = O(|s,|*).

Taking into account Lemma [3.2] we have

(3.5) liminf F2m = A S e A = An liminf F(\p, )

1
>
—1 - 1 =
oo HunHZao(aQ) n—oo ||UnHl£oo(aQ) faQ(I)% n—0o0

Applying Lemma B3] applied to the function h = g — sgs, using firstly hypothesis (H1), (H2)
and (7)), and secondly (7)) and (T9), implies that
(3.6) liminf F'(A,, $,®1 + w,) > liminf F (o1, $,$1) > 0

n— oo n—-+o0o

The inequalities (B.0)-(B0) imply that w3, > A, for A, close enough to o;. Likewise it can be
proved that 7 ,, < A}, for A}, close enough to oy, ending this part of the proof.

(ii) To achieve this part of the proof, we use Leray-Schauder degree theory. Let
K,={\u)eD":P(u)=s and s, <s<s,}

For each n € N, K,, is a compact set in R x C'(€2), see for instance [3| Proof of Theorem 3.4]. For
each n € N fix, let A\pyip := min{\ : (\,u) € K, }, and likewise A\p,4,. Assume to the contrary that
K,, contains no turning point. In other words, assume that for each A € [Apin, Amas] there exist
a unique solution uy € K.

For any b € L9(012), ¢ > 1, there exists a unique solution of

—Av+v = 0, in
% = b on Jf).

Moreover |[v||y1.0(0) < C||bl|La(an), with p = ¢5~. We denote it by T'(b) = v and
S(b) :=~T(b), where v : WIP(Q) — W11/PP(9Q) is the trace operator.

The operator S is known as the Neumann-to-Dirichlet operator. If ¢ > N — 1, then the map
S transforms L7(092) into C7(09) for some 7 € (0,1), and is continuous and compact, see for
instance [I, Lemma 2.1].

Let H : [Anins Amaz] X C(0Q2) — C(99) be the homotopy defined by
H(\u) :=ASu+ S(g(A, -, u)).
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Hence, the fixed points of H(),-) are the solutions to (ILI)). Let € > 0, writing u = s®; + w and
due to [[w|| g a0y = O(|s|*) with a < 1, we obtain |[u — s®1| 1~ @q) < es for any s big enough.
Now consider the Leray-Schauder degree of I — H(),-) with respect to zero, in the set

0= U {u e C(Q) : [lu— 51|~ (a0) < 2es}.

$€[sn,sh]

From the homotopy invariance property, deg; (I — H(}A,+),0,0) is well defined and independent
of X\ for A € [Amin, Amaz]. In particular

(37) degLS(I - H()‘m ')7 07 0) = degLS(I - H()\;ﬂ ')7 Ov 0)'

Since from part (i) A, < p1,,, the linearized operator I — \,S — S[gs(An, z,uy)-| is invertible and
consequently u,, is an isolated fixed point. Therefore the fixed point index is well defined and
moreover

i (H()‘nv ),’U,n) = degLS(I - /\VLS - S[gs()\n,x, ’U,n)'], 070) = (71)771()\71) =1

where m(\,) is sum of the algebraic multiplicities of the eigenvalues of the linearization strictly
smaller than A, and m(\,) = 0 if the linearization has no eigenvalues p; 5, of this kind.
Moreover, from hypothesis u,, is the only solution in K, for the value of the parameter A = \,,
we deduce degy (I — H(Ap,-), 0,0) =1 (H(An, ), un)-
On the other side

i (H(N,, ), ul) =degrg(I — XS — S[gs(An, T, uy)), 0,0 = —1

and likewise deg;o(I — H(N,,:),0,0) =1 (H(\,,),ul,) = —1 which contradicts B.7)) and the
proof is accomplished. [

4. Two examples

4.1. The oscillatory nonlinearity. We try to summarize some of the known results for the
nonlinearity (L@). In [I] it is proved that if o < 1, for any 3 € R, and C € R, there is an
unbounded branch of positive solutions, see [I, Theorem 3.4]. Assume from now in advance that
8 > 0. In [I, Theorem 4.3] it is proved that if C' > 1, then the bifurcation is subcritical while if
C < —1, the bifurcation is supercritical and in any case there are no resonant solutions, see Figure
2l In [3] it is proved that if 8 > 0, « + 8 < 1, and |C| < 1, there exist unbounded sequences
of subcritical and supercritical solutions, subcritical and supercritical turning points and infinite
resonant solutions, see Figure [[I Case |C| = 1 is a critical case. In this particular example, if
|C| = 1 we have an infinite sequence of resonant solutions given by

up(z) == [(2k £1/2)7)V/P®,(z),  k>0.

In this paper we proved that if
08>0, a+ <1, and vC,

then the unbounded branch of positive solutions contains a sequence of stable solutions, a sequence
of unstable solutions and a sequence of turning points, see Theorems and 3]

Note that if « + 3 > 1 then g; 4 0 as s — oo and therefore the eigenvalue of the linearized
equation does not converge to the first boundary Steklov eigenvalue, i.e. u, /4 o1 as n — oo, see
Lemma Bl In addition, condition (H3) in Theorem [[L3] cannot be satisfied, and stability of the
solutions cannot be deduced from the signs on multiples of the eigenfunction, see the arguments
explained at the beginning of Section Bl and also Lemma Thus, the restriction a + 8 < 1
is needed to guarantee both, for the convergence of eigenvalues and eigenvectors to o1 and @,
respectively, and for hypothesis (H3) to be satisfied.
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4.2. An example for the case N = 1. We make explicit some ideas on the one dimensional
case. We know that the bifurcation problem is a two parameter non linear problem that can be
treated using finite dimensional techniques, see section 8 in [I].

Observe that if we consider equation (II]) in the one dimensional domain Q = (0,1), we can
rewrite it as

—Upy +u = 0, in (0,1)
—u,(0) = Au+ g(\ 0,u(0)).
ug(1) = Au+g(\1,u(l)),

The general solution of the differential equation is u(z) = ae®+be™* and therefore the nonlinear
boundary conditions provides two nonlinear equations in terms of two constants a and b. The
function u = ae® + be~? is a solution if (A, a, b) satisty

(UT§3—§£$4)@>:@&%&zﬁLQ

In this case we only have two Steklov eigenvalues,

e—1< 1 e+ 1
g1 = g9 = — — .
! e+1 2 o1 e—1

Choose g(\, z,5) = s sin(s”) for any a < 1, § > 0, see Figdl

«10° 0506, p=0.3,C=0 «10° 0508, B=0.3,C=0
3 : : 3 : :
250 1 250
2 2
0
& 15t 1 150
=
(2]
1 1
0.5} 1 050 -
<]
0 <> \ \ 0 <>
01 ©0 01 02 03 -04 -02 0 02 04
k—cl 7»—01

FIGURE 4. A bifurcation diagram of changing stability solutions, on the left o +
8 < 1, and on the right « + # > 1 and in both cases A — 0.

The eigenvalue of the linearized equation is

e—1 N sin [[s(e + 1))°]
e+1 [s(e+ 1)t~

,u1( — gs ()\(s), . us)) = —[s(e+ 1)]0‘4'6_1 cos [[s(e + 1)]5] .

If
2k + 1)m >0

[se+ 1)) =q CEEDT  then 1y (A(s),us) — A(s){ =
2km <0

and we can conclude that (o1, uggy1), where

[(2k + 1)m]/?

1 (e® 4 el77) for any k € Z,
e

U2k 41 (33) =
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is a stable solution. Likewise, (o1, us) is a sequence of unstable solutions where

2km) /P
ugg () == %(e“c + et ") for any k € Z.

Moreover, (A}, u}) is an unbounded sequence of turning points, where
[(2k + 1)7]"/”
2(e+1)

The bifurcated branch from infinity contains stable and unstable solutions, and there are an
unbounded sequence of turning points. See Figures [Il [ and Bl for a bifurcation diagram when
N = 1. In that case, there is not restriction on the size of 3, see Fig. @l

e — LY
L (=1 up(z) =

AV:@+1_Kk+umﬂkw k

(e” + el_””).

We notice that with respect to the linearization, the things are different depending on a + .
If a+ 0 > 1 then uy ()\(8), -,us) -+ 01 as § — o0o0. On the other side, the eigenvalue of the
linearized equation satisfies p1 ()\(s), : us) — 01 as s — oo, whenever a+ (3 < 1, see Fig. Bl

«10° ©=0.6, =0.3,C=0 «10° 0=0.8, p=0.3,C=0
3 : 3 : ‘
251 1 2.5}
2 2
©
5 15f 1 1.5
X

<
s 1 1,<::: 1
—

I
051 < 1 05
<>
[
91 -0.5 0 0.5 94 -2 0 2 4
=G, U=,

F1GURE 5. The difference between y — o1. On the left « + 6 < 1, and p — o1,
on the right « + 3 > 1 and p /4 o;.

Moreover, if o+ 3 < 1,
g — 5°gs 14a+8

S
F = liminf ——=—=&
=+ /m e [s[IFats

= / lim inf —ﬂcos(sﬁ) pltats — _ﬂ/ pltats
o a9

Q s—400

— Sq — 829

FJF = / lim sup ﬁ@l-‘ra-ﬁ-ﬁ
00 s—+oo ]

= / limsup —Bcos(s”) @1Hetl =g [ pltats
oQ s—+oo o0
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