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ABSTRACT. It is known that the concept of dissipativeness is fundamental for understanding
the asymptotic behavior of solutions to evolutionary problems. While for the second order
equations the dissipativeness mechanism has already been satisfactorily understood, for
higher order equations in unbounded domains, this has not been yet fully developed. In
this paper we investigate the dissipative mechanism of the semilinear 4-th order parabolic
equation u; = —A2u + f(z,u) in RY with a nonlinear term f = f(z,u) : RY¥ x R - R
locally Lipschitz in « € R uniformly for z € RY. For this we assume the structure condition
f(z,u) < C(z)u? + D(z)|u|, € RN, u € R, where we assume that 0 < D is in L*(RY),
max{1, 13—4]\_’4} <5 <2 and C € L (RY), r > max{Z, 1}, is such that the solutions of the
linear equation u; = —A%u + Cu in L?(R¥Y) decay exponentially as t — oc.

This and suitable growth conditions allow to prove local existence of solutions in L?(R")
or H2(RY), asin [12]. These growth restrictions are related to the so called critical exponents
in these spaces. Then global existence and the existence of a global attractor are proven
relying in suitable energy estimates on the solutions.

As shown all along the paper one of the main differences with the case of dissipative
reaction diffusion equations stem from the lack of maximum principle. This makes the
results less complete in the case of higher order equations, although some similarities with
the dissipative mechanisms of the latter are pointed out in the paper.
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Key words. Initial value problems for higher order parabolic equations, semilinear parabolic equations,
critical exponents, asymptotic behavior of solutions, attractors.
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1. INTRODUCTION

In this article we consider the following Cauchy problem in RY,

ug + A% = f(z,u), t>0, z€RY,
u(0,2) = uolz), © € RY,

(1.1)

where the nonlinear term is assumed to be of the general form

flz,u) = g(x) + m(z)u + fo(z,u), v € RY, u € R, (1.2)
for some suitable m, g described below and
fo:RY xR — R is locally Lipschitz in « € R uniformly for x € R", (1.3)
and
fo(x,0) =0, %(x,()) =0, z € RY. (1.4)

In some cases, depending on the space in which we solve (1.1]), we will also require a
growth condition in fy of the form

| folz,ur) = folw,us)| < clur — uz|(1+ [ua|*™" + |ua|*™"), w1, up € R. (1.5)

for some p > 1 and ¢ > 0. Note that this class of nonlinear terms includes logistic type
nonlinearities of the form

flz,u) = gx) + m(z)u —uluf™, 2 e RN ueR, p>1

under mild assumptions on g(x), m(z).

Our goal here is to describe some general dissipative mechanism for this equation in a
suitable functional setting. In this context “dissipative” refers to the properties that solutions
of are globally defined and bounded in several norms and moreover that they have a
well defined asymptotic behavior.

In recent years the asymptotic behavior of solutions of evolutionary equations in un-
bounded domains has been studied by many authors and much progress has been achieved
specially for the case of reaction diffusion problems. By this we mean that in , one
replaces the term A?u by —Auwu. See e.g. in chronological order [6], [15], [19], [23], [21], [14],
[2], [4], where different conditions have been given to guarantee that the reaction diffusion
equation is dissipative and has a well defined asymptotic behavior in terms of a global at-
tractor, a set which contains all the relevant asymptotic dynamics. Also, note that for the
case of reaction diffusion equations a very important tool is the maximum principle. This
translates into the comparison principle for solutions of the reaction diffusion problem or,
in other words, into the monotonicity of the associated semigroup of solutions. Exploiting
this tool it has been shown that, in great generality, when the problem is dissipative, it has
extremal equilibria, which are the caps of the attractor; [20], [10], [I1].

Recall that in [2] it was described a general mechanism for the dissipativeness of a reaction
diffusion problem in R" and the existence of a global attractor. It was shown in this reference
that both the reaction and the diffusion have to collaborate to produce dissipativeness. If
this does not happen, then the linear term in the equation is able to produce unbounded

global solutions. This is in sharp contrast with the behavior of solutions in bounded domains
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where the dissipative character of the nonlinearity is enough, independent of the behavior
of the linear term, to produce dissipativity. When this collaboration between reaction and
diffusion occurs, then one finds suitable estimates on the solutions in L*°(RY) N LP(RY) and
even more, one finds that solutions remain small as |z| — oo for large times. Both of these
results become crucial to prove that the problem is dissipative. Also for both of them the
arguments in [2] rely heavily on the comparison principle.

Hence, the primary goal of the present paper is to investigate the dissipative mechanism of
the higher order parabolic equation in R¥, . We remark that, since involves a 4-th
order elliptic operator in the main part, the maximum principle is no longer available. Thus,
for the analysis of we have to rely on some “energy” type estimates of solutions. This
is the reason why, although local existence for (|1.1) can be done in more general spaces, see
[12], the asymptotic behavior of solutions is studied in an L?(RY) or in an H?(RY) setting.

In particular we show that, in a similar way as for reaction diffusion equations, if 4-th
order diffusion and reaction collaborate, problem is dissipative. This collaboration is
reflected in the structure condition

uf(z,u) < C(x)u* + D(x)|u|, z€RY uecR. (1.6)

for some suitable functions C'(z) and 0 < D(x) where C(z) will be assumed such that the
solutions of the linear problem

u; + A%u = C(z)u, t >0, v € RY, (17)
u(0) = up € L2(RY) '
decay exponentially as t — oo.
More precisely, for (|1.1)), we will assume that in (1.6)) we have
2N
0< D e L¥(RY), max{l,m} <s<2, (ands>1if N=4) (1.8)
and N
sup / |C(z)|" dz < oo, for some r > max{—, 1}, (1.9)
yerN JB(y,1) 4
that is, C' € LT;(RY), where this space is defined, for 1 < r < oo as
r def r
LU(RN) = {o€ Lloc(RN) : H¢||L;J(1RN) = SUI?V [ull 2 (B(y.1)) < 0o}

yEeR

(see [3], 18] and note that L (RY) := L>®(RY)).

Note that the results in [2] for reaction diffusion equations require (1.6) with different
integrability exponents s,r in and respectively.

With this structure conditions and the decay in ((1.7)) we will be able to show suitable
L*(RN) N L*(RY) estimates on the solutions and prove also that they remain small as
|x| — oo for large times. So, in a sense, the dissipative mechanism is much similar to the one
observed in the reaction diffusion equations, even without the maximum principle. There is
a difference however in the results we obtained. For dissipativity is obtained under the

growth restriction in (|1.5])

8
p<1+m, for N > 5.
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For reaction diffusion problems, no such growth restriction is needed. This is again due to
the maximum principle, see [2].

In order to make precise the remaining assumptions on (1.1]), we will assume that in ({1.2)
we have

N
me L(RY), r> max{z, 1} (1.10)
and, for simplicity,
g € L*(RY) N L= (RM). (1.11)
Note that from (1.6) we get |g(z)| < D(z).

Hence, our goal in this paper is to prove the following results. First, for initial data in
L*(RM)
Theorem 1.1. Assume conditions (1.4)-(1.4). , and (1.6)-(1.9) hold, and
assume moreover that holds with
8
<pli=1+4—.
p<phi=1+
Then for ug € L2(RYN) there exits a unique globally defined solution of . In particular
S(t)ug = u(t;ug) t>0
defines a strongly continuous semigroup in L*(RYN).

Moreover, for any t >0, S(t) : L*(RY) — H?*(RY) is bounded.

Observe that for vy € L*(RY) local solutions of (|1.1)) are obtained in Theorem [2.4] with

p=2.
On the other hand, for initial data in H?(R") we have

Theorem 1.2. Assume conditions (1.3)-(1.4)), , and (1.6)-(1.9) hold. If N > 4
assume moreover that holds with

p<pli=1+ %
Then for ug € H*(RY) there exits a unique globally defined solution of . In particular
S(t)ug = u(t;ug) t>0
defines a strongly continuous semigroup in H?*(RYN).

Observe that for ug € H?(RY) local solutions of (1.1)) are obtained in Theorem with

p=2.
Using this result, we will also show the following result that can be applied to some
supercritical cases in L?(RY).

Theorem 1.3. Assume conditions 7(11.4), (1.10), (1.11) and assume
of

G—(x,u) <L(z), zeRY ueR,
u
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with L € LF(RY), 0 > max{%,1}. If N > 4 assume moreover that holds with
8
<pP=14+—-

Then
i) Theorem 1.9 applies for initial data in H*(RN). Hence defines a semigroup {S(t) :
t >0} in H*(RY).
ii) The semigroup {S(t) : t > 0} extends uniquely to a semigroup in L*(RY) and for any
t>0,S(t): L*(RY) — H%*(RY) is bounded.

Then, in order to obtain, for large times, uniform estimates on all solution we will assume,
in addition that solutions of (|1.7)) decay exponentially as ¢ — oco. For this we need that ({2.3])

holds for some wy > 0, see Theorem below. Then in the next result we obtain uniform
estimates of the solutions in the spaces H?(RY), for any 2 < 7 < oo and o < 46*(7) =

4+ (g - ﬂ) , where x_ = min{x, 0} denotes the negative part of x € R. This coefficient

T
[*(7) establishes the maximal regularity we can obtain for the solutions and it comes out
from the results in the linear problem in Section [2]

Theorem 1.4. Assume that solutions of decay exponentially as t — oo.
A) For the semigroup in L*(RY) in Theorem with

8
P < p}: =1 + Na
there exist bounded absorbing sets in L*(RY), in L>°(RY) and in HZ(RY), for any2 < 7 < 00
and o < 40*(1) =4+ (g — %) . That is, if X denotes any of the spaces above, there exists
an Ry > 0 such that for any bounded set B C L*(RY) of initial data of , there exists

T =T(B) such that
llu(t; uo)llx < Ry forallt >T.

In particular, the norm of all equilibria of s bounded in X by Ry.

Furthermore, for t > 0, the semigroup S(t) is bounded from L*(R") into X .
B) For the semigroup in H?(RN) in Theorem[1.9:

The orbits of bounded sets in H*(RY) for {S(t) : t > 0} are almost immediately bounded
in L°(RY) and in HZ(RY), for any 2 < 7 < 0o and o < 46*(1) = 4 + <¥ - %) . That

is, if X denotes any of the spaces above, for any bounded set B C H*(RY) of initial data of
and for any € > 0, there exists K = K(B) such that

llu(t;uo)||x < K for allug € B and t > e.

There exists a bounded absorbing set in L*(R™). That is, there exists an Ry > 0 such that
for any bounded set B C H*(RY) of initial data of , there exists T = T(B) such that

|u(t; uo)||r2may < Ro  for allt >T.
The set of equilibria of is a bounded set in L*®(RY) and in HZ(RY), for any 2 <
T<oo and o <4p*(1) =4+ (g_ﬁ)

T



C) For the semigroup in L*(RN) in Theorem [1.1] with

8
<pl=14—

P=Pe TN

or in Theorem we have that the orbits of bounded sets in L*(RY) for {S(t) : t > 0}

are almost immediately bounded in L>®(RN) and in HZ(RY), for any 2 < 7 < oo and
o <A4p*(1) =4+ (ﬂ — ﬂ) . That s, if X denotes any of the spaces above, for any bounded

T T

set B C L*(RY) of initial data of and for any € > 0, there ezists K = K(B) such that
lu(t;uo)l|x < K for allug € B and t > e.

There is a bounded absorbing set in L>(RY). That is, there exist an Ry > 0 such that for
any bounded set B C L*(RN) of initial data of (1.1]), there exists T = T(B) such that

|u(t; o)l r2mry < Ro  forallt >T.

The set of equilibria of is a bounded set in L*(RN) and in H(RY), for any 2 <
T < oo and o <AB*(1) =4+ (g—ﬂ>

T
Finally, we will show that the solutions remain small as || — oo for large times and hence
we prove the following result.

Theorem 1.5. Under the assumptions Theorem the semigroup defined by m
LA(RYN), or in H*(RY) respectively, has a global attractor A, which is compact in L*(RY), or
in H*(RN) respectively, invariant S(t)A = A, and bounded in H?(RN) for every 2 < 7 < 0o

and o < AB* (1) =4 + (g _ ﬂ)

r

Moreover A attracts bounded sets of LA (RY), or in H*(RY) respectively, in H(RY) for
every 2 <1 < oo and o < 43 (1) =4+ (g—ﬂ

T

Furthermore
A =W"E),
which is the unstable set of the set £ of equilibria of .

The paper is organized as follows. In Section [2| we collect some results on the linear
equation and on local existence, which are taken from [12].

Then global existence is addressed in Section [3] where in particular we prove Theorems
L1 3 L and L1

The existence of the attractor, including the proof of Theorem can be found in Section
A

Finally, some examples are presented in Section [5] while Section [6]includes some comments
on the role played by the critical exponent p? = 1 + ﬁ in our results.

Acknowledgment. This work was carried out while the first author visited Departamento
de Matematica Aplicada, Universidad Complutense de Madrid. He wishes to acknowledge

hospitality of the people from this Institution.
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2. SOME PREVIOUS RESULTS ON LINEAR AND NONLINEAR EQUATIONS

In this Section we collect some results from [12] on the linear and nonlinear equations. For
this, we consider problem (|1.1]) with initial data in some space of Bessel potentials, which we
generically denote HY(RY), (see [22]). When p = 2 we will denote these spaces as H*(RY)
which are Hilbert spaces.

First, regarding the linear problem involving the bi-Laplacian operator in RY we have the
following result.

Theorem 2.1. Suppose that C € Lj(RY) and r > max{Z,1}.
i) Then the operator Ac = A? —C(z)I is a sectorial operator in LP(RY) and —Ac generates
a C° analytic semigroup, {e=Act : t > 0}, in LP(RYN) for any 1 < p < oo.
ii) The scale of fractional power spaces, {E;‘, a € R}, associated to this operator, is given
by

EY =

: {H;}a(RN) for 0<a<pp) <1, (2.1)

(H,“(RY)) for —1<—f.(p) <a<0,

with 0 < [*(p) = 1 + (% — %) < 1 and B.(p) = 6*(p)) = 1+ (%p, — %) , where
r_ = min{z,0} denotes the negative part of x € R.

iii) On this scale of spaces, the analytic semigroup generated by —Ac satisfies, for some
w € R,

e—wt

ey ) < Moy >0, —Balp) S0 <E< 50, (2:2)
i) Also, if p = 2 then is satisfied for some w > 0 if and only if there is a certain
wg > 0 such that

[ (1808 = C@)6) 2 il (2.3

for all p € HX(RYN). We say then that the C° analytic semigroup {e=ct 1t > 0} in L*(RY)
15 exponentially decaying as t — oo.

Remark 2.2. i) Observe that 3*(p) = 1 iff r > p and, for all 1 < p < oo,

N
“p) > 1 — = = 0.
B (p) > 2 >0

Hence, the interval [—0.(p), 5*(p)] contains at least the symmetric interval
[1+N'1 N]
4r’ 4r*

Also, the length of the interval (—B«(p), 5*(p)) is L = 5*(p) + 3*(p') and then

L+3%(p), ifp>r=>p
1+ p8%(p), ifp>r=>p
2 ifr>p,p
2—1—%—% if p,pl >

(2.4)

Note that in any case L > 1 since r > max{Z, 1}.
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ii) Note that we can use the usual notation
—4a Ny —4a N
H"(RY) = (H,"*(RY)) a>0

and then becomes EY = H)*(RN) for a € [-f.(p), 5*(p)].
iii) Also, the case r > p reflects that the potential is suitable integrable with respect to the base
space, LP(RN). Hence, in this case the potential can be naturally handled as a perturbation
of the bi-Laplacian operator. See for example [1] for a similar situation for the case of second
order operators.

On the other hand when r < p, the potential is poorly integrable with respect to the base
space and it is more difficult to handle as a perturbation of the bi-Laplacian.
iv) Note that it is implicit in that since C' satisfies and ¢ € H*(RY), then
C¢? € LY(RY).

Another useful result on the linear equation is the following, see [12].

Lemma 2.3. Suppose that C € L, (RY) with r > max{Z,1}. Then
i)The domain of Ac = A? — C(x)I in L*(RY), Dp2(Ac), is included in H*(RY) and

/RN Acoy = /RN APAY — /RN C(x)pyp = /RN GActh,  ¢.1b € Dr2(Ac).

Furthermore, there exists wy € R such that
[ (808 = C@)) > bl Sor cach o € H(RY)

ii) If wo is as above, there is a continuous decreasing real valued function w(v) defined in a
certain interval [0,vy] such that for v € [0, 1),

[ @ =0la62 - @) zw0) [ 0 foralt o€ HARY)

and
,,li%lJr w(v) = w(0) = wp.

Note that in fact the constant wy in the Lemma [2.3] above, gives a lower bound of the
bottom spectrum of Ag in L2(RY). So part ii) of the Lemma above is a sort of continuity
of the bottom spectrum with respect to the diffusion coefficient.

Then we have the following results on the local existence of (1.1)).

Theorem 2.4. Assume f with m as in , g € LP(RY) and suppose that

holds with some A
P
l<p<pli=1+-—=
P=Pe + N

for1 < p<oo. Then is locally well posed in LP(RY).

Now we consider local well posedness in Hg(RN ), 1 < p < co. For this, note that we need
that the scale of spaces in (2.1)) contains H2(R"), which requires

N N 1

FE=1+(5,-5) >3 (2.5)

8



that is, % — % < 2, where ;. = max{z,0} denotes the positive part of x € R.
Note that 1} is satisfied if r > p or if p < %, since r > %. Also, 1) is satisfied for
p = 2 since r > max{%, 1}. Hence, we have

Theorem 2.5. Assume f and . Then the problem 15 locally well posed
in HZ(RY), with 1 < p < oo, provided that g € LP(RY) and either
(i)2>T>%-2

(i) 2 = % and holds with some 1 < p < 00,

(i) 2 < % and holds with some 1 < p < p?:=1+ ng.

In both Theorems and a solution of (1.1)) with an initial value ug € LP(RY), or
Uy € Hz (RY) respectively, is defined on the maximal interval of existence [0, 7,,,) and satisfies

on this interval the variation of constants formula
t

u(t) = e(’AQJFmI)tuo + / e(FAFmI)(t=s) (fo(-, u(s)) + g) ds, (2.6)
0

where e(-2*+mDt ig the semigroup in LP(RN ) as in Theorem .
Concerning further regularity properties of the solution note that if ug € LP(RY)

u € C([0,74), L"(RY)) N C((0, 7up), H,” P (RY)) N CH(0, 7o), L7 (RY)),
while if uy € Hg (RM)

u € C([0,7), Hy(RY)) N C((0,7), Hy” P (RY)) 0 CH((0,73), L' (RY)),
where f*(p) =1+ <4ﬂp - %)_ as in Theorem .

In the “subcritical” cases, that is when p < pl, or p < p? respectively, the maximal
interval of existence of a solution has the property that

Tup < 00 implies limsup [[u(t)]| Lrryy = 00, (2.7)
t—Tu,
or respectively,
lim sup [[u(?)[| gz@y) = o0 (2.8)
t—>7'u_0

(see [I7, Theorem 3.3.4] and [7, Corollary 1.1]). The critical cases, that is when p = pl, or
p = p?, respectively are more involved and (2.7)), (2.8) are not true in general; see [7] for
related results.

3. GLOBAL WELL POSEDNESS

The goal in this section is to show that assuming the structure condition ([1.6)—(1.9), that
is
vf(z,v) < C(z)v?* + D(x)v], = €RY, veER,
with C' and D as in ((1.9) and (1.8]), the local solutions of ([1.1]) constructed in Section [2[ with
p = 2 actually exists for all ¢ > 0. For this we will restrict to the case p = 2 and will denote

below by H°(RY) the spaces HJ(R”"). Note that the reason for restricting p = 2 is that,
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since no comparison principle is available for (1.1f), we have to rely in suitable “energy” type
estimates on the solutions.
We start from the following technical lemma.

Lemma 3.1. If f, satisfies and then there exists a decomposition
fo(z,v) = for(z,v) + foo(z,v), 2 € RY, v €R,
where for(z,0) = fo2(x,0) =0,
for : RY xR —= R is a globally Lipschitz map
and there exists ¢ > 0 such that for all vi,vs € R
| foa (i, v1) = foa(, v2)| < Elor — wa| (a7~ + [wa] 7). (3.1)
Proof: Define
r,v), v e R, |[v] <1,
fgl(x,/U) _ fO( ) | |
fo(z,1), z € R, |v| > 1,
and
f02(xuv> = fO('T7U) - fOl('r’U)7 LS RNa veR.
With the aid of (1.3)), choosing Ly > 0 as a Lipschitz constant for fj restricted to RN x[—1, 1],
we have that

| for(z,v1) = for(z,v2)| < Lolvy — vo|, 2 € RY, vy, 00 € R.
Using the above relations and ([1.5)) we obtain that (3.1)) holds. O

In what follows we will make use of the following results that allows us to obtain suitable
estimates on the solutions of (1.1)). We start with the following simple situation.

Proposition 3.2. Assume that f satisfies f, and assume u 1S a solution of

as in Theorem or Theorem .
If u € L>=((0,T), L*(RN) N L®°(RYN)) with T < oo and g € L**(RY) N L>*(RY) then for

any s > so and o < 403*(s) =4+ (% — %) we have that

HUHLOO((a,T),Hg(RN)) < L(e, HuHL°°((0,T)7L50(RN)HLOO(RN)))

for some continuous function L(e,-) and any ¢ > 0 small enough.
Proof: We write (1.1)) as
uy + A%u — m(z)u+ Au = g(x) + Au+ fo(z,u)

where A > 0 is large enough such that the semigroup generated by —A? + m(z) — A, which
we denote by T'(t), decays exponentially.

Since u is bounded in L>°(RY), we can truncate the nonlinear term f, and assume it is
globally Lipschitz. In particular fy is Lipschitz from L*(RY) into itself. Thus, if g € L*(R")
then define h(z,u) = g(x) + Au+ fo(z,u) for (z,u) € RV x R. Thus, h is globally Lipschitz
and bounded from L*(RY) into itself

Now, for s > sy we have

1R (w(t)) || oo (0,1),5 Ny < 9]

Ls(RN) T Hfo(u(t))HLOO((O,T),LS(RN)) <,
10



where C' depends on the norm of u in L*=((0,7), L*(RY)).
Therefore, if 5*(s) < 1 we get for t > ¢,

Ce*t«)(t*&) t Cefw(tfr)
||u(t)||H;1ﬁ*(S)(RN) < m”u(g)HLS(RN) +/E WHMU(T))HLS(RN)W

which is uniformly bounded for 2¢ <t < T, since w > 1.

If g*(s) = 1 we can apply, Theorem 5 in [8] to get that the set {u(t),t € (¢,7)} is a
bounded subset of HZ(R") and the bound in the norm of the domain will depend on ¢ and
[wll oo (1), 2 ) - O

The following result gives sufficient conditions to obtain an estimate in L>(R™Y).

Proposition 3.3. Assume that f satisfies f, and assume u is a solution of

as in Theorem or Theorem .
Ifu € L*°((0,T), L*(RN)) with T < co and g € L*(RY) N L= (RY), with

N
then
||U||L°°((s,T),L°°(RN)) < K(57 HUHLOO((O,T),LSO(RN)))
for some continuous function K(e,-) and any € > 0 small enough.

Proof: Using the splitting from Lemma , we write (1.1]) as
up + A%u —m(z)u + Mu = g(x) + Xu+ for (z,u) + foo(w, u)

where A > 0 is large enough such that the semigroup generated by —A? + m(z) — A, which
we denote by T'(t), decays exponentially.

Thus, if g € L*(RY) then define hy(z,u) = g(x) + M+ for(z,u) and ho(x,u) = fo2(z,u)
for (z,u) € RV x R. Thus, h is globally Lipschitz and bounded from L*(RY) into itself and
| ha(w)]| sy < c||u||isp(RN) for every s > 1.

Assume u € L((0,T), L*(RY)) for some s > s5. Denote o = 3*(s) if 3*(s) < 1, while
a < 1 and close to 1, if §*(s) = 1. Then we show below that

]| Loo (26, 7), 0 (mN)) < L€, ||l Loo ((o,1),10 ®NY)) (3.3)

for some continuous function L(e, z) and € > 0 small enough.

Assume for a while that (3.3)) holds true. Then, using now the embeddings of Bessel
potential spaces we get a bound of u in L>((2¢,T), L>°(RY)) provided 4o — N/s > 0. Note
that this is always satisfied if 5*(s) < 1, since 45*(s) — N/s =4 — N/r > 0, or if 5*(s) =1
and s > %.

On the other hand, if 4o — N/s < 0, we get a bound of u in L>=((2¢,T), L¥(RY)), where
4o — N/s = —N/s.

Now the argument can be iterated as, by assumption, g € L3(R"Y). In particular we have
that from a bound in L>=((g,T), L*(RY)) we obtain a bound in L>((2¢,T), L?(RY)).

In fact if we measure the gain of regularity in the last step above, the relationship between
s and §, neglecting in both of them an arbitrarily small term, can be expressed as —N/§ =
4 — N/s or, in terms of the variable w = —N/s, —N/§ := H(w) = 4 + w.

11



Note that, starting at wy = —N/sg, we have to iterate H(w), which is an increasing
function until in a finite number of steps we reach some value wy1 = H(wy) > 0 such that
Sps1 > . Since H(w) is an increasing function with no fixed points, this is always possible.

Therefore it remain to prove , which will be done in two steps.

Step 1. Estimate for short times. Assume 2¢ < t* < T and t* < 1. From the variations of
constants formula (2.6), we have

u(t) =T(t —e)u(e) + / T(t — s)hy(u(r)) dr + / T(t — s)ho(u(r))dr, t€ (et).

Hence, denoting below by ¢ different constants that do not depend on u, we have using
Theorem [2.1], for some w > 0,
Cefw(tff) —w(t—r)

t
€
[w() ]| ey < ———7 llule)l sy +c/ g1l sy + llu(r) ]| e ey ) dr
EN S G e @)+ f (t_r)a( (®Y) =)

t o p—w(t—r)
—l—c/g m”u”(r)HHgg(RN) dr te (e t"),
for some —f,(s) < ¢ <0 with @ — { < 1, to be chosen below. Using the embedding
LI(RY) — H¥(RY)

for some 4¢ — & < —% < —2& we have

t e—w(t—r) ) t e—w(t—r)
C/a e ) ey dr < C/E = e N zon ey

In this last term we are going to use the Nirenberg-Gagliardo inequality and w > 0 to
obtain the bound

t
1 (1-0)
o R = LA G
For this, we need
N N N
—— < ——<da—-—
s qp s
and finding 6 € (0, 1) such that
N N N N N
—<—<la——)0—-(1-0)— =4abh — —
s qp s s s
which we write as N N N
a4 < —— <Adaph — 20
S q s
Now we show that this is possible even with
6p € (0,1).
In fact the choice of (, ¢, 6 as above is possible provided
N N N N
max{4¢ - —., ——p} <= <ga- 2L (3.4)
q s

with ¢ > a— 1 and { > —f.(s).
12



Hence, if 8*(s) = 1 we have a < 1 and close to 1 and then the lower bound on ¢ reduces
to(>a—1

N N _ N N
do—4— " cqe - T yy 2P
s s q s

which is satisfied iff —4 — ¥ < —3 which, in turn, is satisfied because of (3.2)) and s > s.

Also, —%3 < 4o — —3 is Clearly satlsﬁed and holds in this case.
On the other hand if 8*(s) <1 we have a= ﬁ*( ) and then
N N N N
4B (s) —d— — < 4( — — < —= < 4B*(s) — =L,
s s q s
which is satisfied iff —4 — % < —% which, in turn, is satisfied because of 1’ and s > sq.
Also,
N N N N
—4B(s) — ~ <AC - — < —— < 4B (s) - =L,
s s q
which is satisfied iff

o1 < () + (o)

Note that from (2.4), 8*(s) + B.(s) is greater than 1. Finally, —%2 < 43*(s) — 22 is also
satisfied and ({3.4]) holds in this case too.

Then, using the Nirenberg-Gagliardo inequality, and (t —e)* < 1, w > 0, we get

(t = &)*[lul®)

Ls(RN) T+ HUHLM((E,T),LS(RN)))

el = o) [ e I o () 28,

io@yy < c([[u(e)] L@y + gl

t
o 1 *
<a+b(t—e) /EWH ()||H4D¢RN t € (et
where
(1-0
a = c(llgllpe@m) + 2ulieem@y), b=l gy

Now observe that

(t—E)a/E WHU( )||H4a (RN)
< sup |[(r —&)%u(r >HH4(1 RN( €)a/ (t—r) —1 dr

re(e] o= (r —g)bp

and using the change of variable r = ¢ + 2(t — ¢) and using (¢ — ¢)17% < 1, we get

¢ 1
(t =) | e () [ faagny dr < B(L = a + ¢, 1= 6pa) sup |[(r = &)*u(r)||fsuen)
5 (t - T) ¢ ) re(e,t]
where B(-,-) is Euler’s Beta function.
Thus we have
(= )y < 04 W1 =+ C L= B0 s =)y £€ (2.8
re(e,t
13



Hence,
2(t) == sup |[(r —&)*u(r)||gao@ny, t € (e,17),

re(e,t]
satisfies
0<z(t)<a+bB(1—a+(1—0pa)z(t),
and, since pf < 1, we get

0 < z(t) < 2,
where zj is the unique positive root of z = a + bB(1 — a + (,1 — Opa)z’. We have then
20

u(t o < ——— e<t <t

lllzeer) < G2z e <0<
which completes the proof of Step 1. In particular, |[u(2¢)|| g10@~yy < 28, which will be used
in Step 2.

Step 2. Estimate for longer times. As in Step 1, from the variations of constants formula,
now for times 2¢ <t < T < 0o, we have

t —w(t—r)

W(HQ\

|w(t)]] prao @y < Cefw(tfzs)HU(%)HH;M(RN) + C/ L™y T [[u(r)] LS(]RN)) dr

2¢e

t e—w(t—r) _
S . te(2:,7).
ro | e e, dr e @aT)

Using again the Nirenberg-Gagliardo inequality we get now

[u(@)ll 1o vy < e(llu(2e) s @y + 1]

Lo@N) F lull oo 21y, @Y)))

t efw(tfr)
o | e I o ) 28,

3

A ot efw(tf'r)
ath [ e ) e . € (227,

where, using the bound in Step 1,

a:= C(siazo + Hg’ Ls(RN) + HUHL‘”((2£,T),LS(RN))) b = CHuHLOO ((2¢,T),L5(RN))*

Letting now
2(t) ‘= sup ||u<r)||H;1°‘(RN)7 le (2€7T)a

re(2e,t)
we obtain that Z(t) satisfies
2 A Ar(l_a_FC)AGp
0 S Z(t) S a+ bwz (t),
and thus, since 0p < 1,
0 < z(t) < 2,

where Z, is the unique positive root of Z = a + bFll—ﬁffg) 20 Therefore,
||'LL(t)||H;1a(RN) S Zo, et < T,

which completes the proof of (3.3)). O
14



Remark 3.4. Observe that, implies that 1+ 4% > p. Therefore, according to Theorem

can be read as being subcritical in L (RY).

Now we prove the following result, whose first part applies to any local solution of (|1.1)
which lies in L?(RY). Note that this solution could be a local solution with initial data in
L*(RY), as in Theorem , with p = 2 or a local solution with initial data in H2(R") as in

Theorem , with p > 1 such that H2(R"Y) c L*(R"), that is ]\QI—JL <p<2
Proposition 3.5. Assume @f@, that is
vf(z,v) < C(z)v?* + D(x)jv], zeRY veR
with C' and D as in and (1.8). Then
i) If u(t) is a local solution in L*(RY), the norm of u(t) in L*(RY) does not blow—up in finite

time.

i) Additionally, assume conditions (1.2)-(1.5), (1.10), (1.11) and
8
<l+—==p 3.5
p<lt<=re (3.5)

then the local solutions of for ug € L*(RY) as in Theorem with p = 2, are globally
defined. In particular

S(t)ug = u(t;ug) t>0
defines a strongly continuous semigroup in L2(RYN).
Proof: Multiplying (1.1)) by u, using (1.6), (1.8) and the embedding H?*(RY) — L% (RY) we

have

1d 2 2 2
il + NAuleny < [ Cai+ [ D@l

Ls(RN) ||u||H§(RN)-

S/ C'(x)u2+||D
RN

Taking into account that the norm ||Aul|r2myy + ||ul| 2@~y is equivalent to the norm in
H?(RY) and using Cauchy inequality we get, for any ¢ > 0,
1d
2dt
Rewriting the above inequality as
3 e+ 5 180y + (1= Sulauny~ | C@)i) < EIDIE w5l
o g 2@ T5 L2(RN) L2®)” [ = I L vy 75 12 ()

and using Lemma 2.3 we get

c €
Hu”%%ﬂw) + HAu”%Q(RN) < /RN C(:z:)u2—|—g\|D %S(RN) _'_i(HAuH%?(IRN) + Hu“%?(RN))'

2, (3.6)

for some w € R. Thus Gronwall’s lemma gives the bound of the L*(R") norm of u on finite
time intervals, which proves 1).

For ii) note that since p satisfies (3.5)), then (2.7)) implies that the solutions are global. [

Now if we assume some more dissipativity we get
15
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Theorem 3.6. Under the assumptions of Proposition assume furthermore that
holds for some wy > 0.
Then there exist bounded absorbing sets in L*(RY), in L=(RYN) and in HZ(RY), for any

2<7<o00ando <40 (1) =4+ (ﬂ — g) , for the semigroup of solutions in L?(RY)

T

defined in part ii) of Proposition . That is, if X denotes any of the spaces above, there
exists an Ry > 0 such that for any bounded set B C L*(RN) of initial data of (1.1), there
exists T = T(B) such that

lu(t;uo)||x < Ro forallt >T.

In particular, the norm of all equilibria of s bounded in X by Ry.
Furthermore, for t > 0, the semigroup S(t) is bounded from L*(RYN) into X .

Proof: Proceeding as in Proposition and using Lemma with sufficiently small € > 0,
we get (3.6)) with some w > 0. Gronwall’s Lemma now implies that

B 2c
[ull72@ny < lluol|72@yye™" + Il Te@nys t >0, (3.7)

which gives the result in L?(RY). Then, Proposition with so = 2 and Proposition
give the result in the other spaces. The rest is immediate. U

Now we turn into some estimates in H?(RY) of the solutions. For this the arguments are
based in using the functional

B0) = [ 18P~ [ FGa.0), o e HERY) 3:5)

with F(z,u) = [}’ f(z, s)ds, which will be shown below to be a suitable energy functional
for (L.1)) in H?(RY).
. 2
First observe that from 1) and 1} we get F'(z,u) = g(z)u +m(z)s + Fo(z,u). If
(1.5]) is satisfied then

|Fo(z,u)| < c(u? + |ul/).
Hence, if N <3, orif N > 4 and p < p? = 1 + > then Fy(-,u) € L'(RY). Also from part
iv) in Remark [2.2| we have that mu? € L'(RY). Therefore E is well defined on H?(R").

Lemma 3.7. Assume u(t) is a local solution in H*(RN). Then as long as it exists, it satisfies
the estimates

E(u(t;ug)) < E(u(s;ug)) t>s
/WmmﬁmmW+Ewme=ﬂMWM)t2&

Proof: Multiplying (1.1)) by u; we obtain

d
—Eu(®) = —llu 2@y < 0. O

We now prove that the energy is bounded below.
16



Lemma 3.8. Suppose that the conditions @7(@ hold.

Then there are positive constants ¢y, c3 and co € R such that

o[ doPia [ P-a<BE), ocHRY).
RN RN
If in addition, holds for some wy > 0, then
a1[|dl@ny — a2 < B(9), ¢ € H*(RY).
for some positive constants ay, as.

Proof: By assumption on the nonlinear term we have
F(x,u) = /0" f(z,s)ds < %C’(:L‘)zf + D(x)|u|, u e R
and hence
200) > [ 180k~ [ cwet—2 [ Dalel, o€ R,

Using (1.8)), Holder’s inequality, the embedding H?(RY) < L*(R") and taking into account
that the norm [|A¢||z2@n) + [|¢]|r2@®n) is equivalent to the H?(RY) norm we get

280) 2 [ |80f - [ Clao? ~2ID

2 2 €
> [ 1aef - [ e - 2ol

which we rewrite as
2B() 2 51860a + [ (1= N80 = Clo)e?) - 1D
Now using Lemma [2.3| with € > 0 small enough we obtain
2B(6) 2 5186 ] 2w, + wll6 ) — 1D
with some w € R which is positive if holds for some wqy > 0.

In this case, in particular, the solutions of ([I.1)) are global and define a nonlinear semigroup
in H?(R"Y). Namely, the following result holds.

Theorem 3.9. Assume conditions f, , and (@— hold, that is
vf(z,v) < C(x)v* + D(x)jv], zeRY vekR

with C and D as in and (@
If N > 4 assume moreover that holds with

Ls(]RN)W L' (RN)

£
To(r) — §(|IA¢||%2(RN) + |6l 22 @),

€
%S(RN) - §H¢H%2(RN)'

2
L#(RN)

8
2
<p.=14——.

i) Then the local solutions of for ug € H?*(RY) as in Theorem with p = 2 are
globally defined. In particular

S(t)yug = u(t;ug) t>0
17



defines a strongly continuous semigroup in H?*(RYN).

Assume, in addition, that holds for some wg > 0. Then
i) The orbits of bounded sets in H*(RY) for {S(t) : t > 0} are almost immediately bounded

in L°(RY) and in HZ(RY), for any 2 < 7 < 0o and o < 46*(1) = 4 + <¥ - M) . That

r

is, if X denotes any of the spaces above, for any bounded set B C H*(RY) of initial data of
and any € > 0, there exists K = K(B) such that

llu(t;uo)l|x < K for allug € B and t > e.

iii) There is a bounded absorbing set in L*(RY). That is, there exist an Ry > 0 such that
for any bounded set B C H*(RY) of initial data of , there exists T'=T(B) such that

|w(t; uo)||r2ay < Ro  for allt >T.
i) The set of equilibria of is a bounded set in L®(RY) and in HZ(RY), for any
2<71T<00 anda§4ﬂ*(7):4+<¥—ﬂ)

T

Proof: From Lemmas and [3.8] we have, for t > 0,

" /RN At uo) + ¢ /RN u(ts o) 2 — e < E(ut:ug)) < Buo)

with ¢1,¢3 > 0 while from part i) of Proposition we get a bound in finite time of the
L*(RY) norm. Hence, we have bounds in finite time of the H?(R") norm and since p < p? =
1+ 25 we get i) (see )

If in addition, holds for some wy > 0 from Lemma

ay [[u(t; uo) [ Frzmny — az < E(u(t;ug)) < E(ug)

with a;,as > 0, and then orbits of bounded sets in H?(R") are bounded in H?*(RY).

If N < 3 this already implies a bound for u in L>®(RY)N L*(RY). Then since g € L™(RY)
for any 2 < 7 < oo Proposition |3.2] gives the result for all 2 < 7 < oo.

If N > 5 we have H2(RY) c L~ (RY) N L2*(RY). Hence, Proposition with any
2 < 59 < ]\2[—]11 satisfying , gives L>®(R")-bound on the solutions. Note that we can
use Proposition with sy as above because p < p?. Again, since g € L7(RY) for any
2 < 7 < oo and we now have L2(RY) N L>®(R")-bound on the solutions, Proposition
gives the result for all 2 < 7 < oc0.

If N =4 we proceed as above with any sy < oo satisfying .

Note that part iii) follows from (3.6)—(B.7) which still hold.

Finally, note that from , for any equilibrium of we get

2c
ellAullZa@ny + @llullZo@ny < — D

%S(RN)

with w > 0, which gives the bound in H?(R"). Again Propositions [3.3] and [3.2] as above
gives iv). O
Remark 3.10. Note that if holds for some wg > 0 then the energy in (@ 1S a
Lyapunov function for the semigroup {S(t) : t > 0} in H*(RY), in the sense of [16], pp. 49-

50]; that is,
18



) B HX(RY) — R is bounded below,
(ii) E(uo) — 00 as |[uol| g2@ny — 00,
(iii) E(S(t)uo) is nonincreasing in t for each ug € H*(RY),
(iv) if uo is such that S(t)ug is defined for all t € R and E(S(t)ug) = E(ug) for t € R

then ug s an equilibrium point.

(i

With this, to conclude the existence of a global attractor it is enough to establish a suitable
dissipativeness and asymptotic compactness property of the solutions (see [16]). This will be
our main concern in the next section.

To conclude this section, observe that combining the arguments in Proposition and in
Theorem (3.9 we get the following result for the critical case in L*(RY).

Theorem 3.11. Assume conditions (1.9)-(1.4)), (1.10), (1.11) and @— hold, that is
vf(z,v) < C(z)v* + D(x)jv], ze€RY veR
with C and D as in and @, and assume moreover that holds with
8
p=p.=1+ N

Then the local solutions of forug € L2(RYN) as in Theorem|2.4| with p = 2 are globally
defined. In particular

S(t)yug = u(t;ug) t>0
defines a strongly continuous semigroup in L*(RY).
Moreover, for any t > 0, S(t) : L*(RY) — H*(R") is bounded.

Proof: Consider a local solution for ug € L?(RY) as in Theorem [2.4| with p = 2. Then ({3.6))
implies that for any 0 < ¢; < t5 < oo such that the solution exist in [0, t5] we have

to
[ Ml < o o)

t1
Hence the mean value theorem for the integral implies that there exists some intermediate
time 0 < t; < § < ty < oo such that

Clta [z
Ju(8) gy <

Now, we can apply part i) in Theorem , to get that the solution is global. For this note
that for N > 4 we have p! =1+ % <pP=1+ %. In particular note that at ¢ = t, we get
a bound on ]|u(t2)H12qQ(RN depending on ||ug|| 2@~y and ty itself.

Note now that again (3.6)) implies that for any ¢t > 0, S(t) : L*(RY) — L?(R") is bounded,
and the argument above proves that for any ¢ > 0, S(¢) : L*(RY) — H?(RY) is bounded. [J

Now we show another situation in which ((1.1]) defines a semigroup in L?(R"), even for some
supercritical cases in L2(RY). For this, we will assume a one side monotonicity condition of
the form

of N
a—(a:,u) < L(z), zeRY ueR, (3.9)
u
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with a certain N
LeLyRY), o> max{ -, 1}. (3.10)
Namely, the following result holds.

Theorem 3.12. Assume condztzonw (-) (-) (‘) and assume (m) and (3 (-)
1.9

If N > 4 assume moreover that holds with
<p=14+0
p pc - N 4
Then
i) Part 1) of Theorem applies for initial data in H*(RY). Hence defines a semigroup
{S(t) : t >0} in H*(RY).
i) The semigroup {S(t) : t > 0} extends uniquely to a semigroup in L*(RYN) and for any
t>0,S(t): L*(RY) — H*(RY) is bounded.
Proof: Note that from (3.9) we have
vf(z,0) < L(x)o? + [g(2)||v], z € RY, v € R,

that is (1.6) holds with C(x) = L(z) and D(xz) = |g(x)|, which satisfy (1.9) and (1.8).
Therefore part i) of Theorem applies and we get 1).

Now take u$,ud € H*(RY) and set z(t) := S(t)ug — S(t)u for t > 0. Then from ([1.1)
2+ A% = f(x, S(t)ug) — fla, S(t)ug), t > 0.
Multiplying this equation by z, integrating over RY and using ([3.9)), we have
1d
il e +18eln < [ Li@lel
Finally, applying Lemma [2.3], we obtain for small enough € > 0
1d

2dt
with a certain w € R. Thus for any T" > 0,

1S(t)uh — Sl vy < e(D)ub = oy 0< ¢ < T

HZHL2 (RN) +€HA2HL2(RN + wl[2 HL2 ®y) <0 (3.11)

and
1S (Yug — SC gl r2omy, m2eyy) < o(T)llug — ugll 2@y, 0 <t <T.

Thus, the semigroup can be extended uniquely to L*(RY).
Proceeding now as in the proof of Theorem we get that for any ¢ > 0, S(¢) : L*(RY) —
H?(RY) is bounded. O

Remark 3.13. i) Note that this last result applies for ezample when
f(z,v) = m(z)v — oo™, 2 e R v eR,
even with
1 8
Pe = 1 + =< P

N
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and, if N > 5,
<p.=1+ s
p pC N 4

which is supercritical in L?(RY), although subcritical in H*(RY).

ii) Note that a very similar argument is carried out for reaction diffusion equations in [2].
However in that paper no upper bound on p is need for any dimension N. This is due to
the fact that for reaction diffusion equations, due to the maximum principle, condition
implies that solutions corresponding to very smooth initial data are globally defined. Here we
rely on part i) in Theorem to obtain global solutions for H*(RY) instead.

For both cases of the semigroup constructed in Theorem and Theorem |3.12] we have

Theorem 3.14. Assume conditions (1.2)-(1.4]), (1.10), {1.11) and @— hold, that is

vf(q:v <C'( W+ D(x)|v], xcRY veR.

with C and D as in (1.9) an
Assume, in addition that E holds for some wy > 0.

Then for both the semigroups constructed in Theorems and[3.19, we have
i) The orbits of bounded sets in L*(RY) for {S(t) : t > 0} are almost immediately bounded

in L°(RY) and in HZ(RY), for any 2 < 7 < 0o and o < 46*(1) = 4 + <g - ﬂ) . That

r

is, if X denotes any of the spaces above, for any bounded set B C L?*(RY) of initial data of
and any € > 0, there exists K = K(B) such that

lu(t;uo)l|x < K for allug € B and t > e.

ii) There is a bounded absorbing set in L*(RY). That is, there exist an Ry > 0 such that for
any bounded set B C L*(RY) of initial data of (1.1)), there ewists T = T(B) such that

|w(t; uo)||r2ay < Ry for allt >T.

i) The set of equilibria of is a bounded set in L®(RY) and in HZ(RY), for any
2<17<00 anda§4ﬁ*(7):4+<g_ﬂ>

Proof: In both cases of Theorems and the result follows from Theorem since
for any t > 0, S(t) : L*(RY) — H?(RY) is bounded. O

4. LONG TIME BEHAVIOR OF THE SOLUTIONS

In this section we investigate the dissipative mechanism for and prove the existence
of a global attractor. For this, after either Theorem [3.6] Theorem [3.14] or Theorem it
remains to show that the semigroup defined by in L?(RY), or H?(RY) respectively, is
asymptotically compact, see [16].

First we will show the asymptotic compactness in L™(RY) for any 2 < 7 < oco. For this,
we will use a suitable cut-off function as in [23] (see also |2} [13]), to show that the solutions
of become small “as |x| — oco” uniformly for large values of time and for bounded sets

of initial data.
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After this is done we will use the variation of constants formula to prove that this property
actually holds in H?(R") for every 2 < 7 < oo and ¢ < 43*(1) =4 + (g - ﬁ)

T

Lemma 4.1. Under the assumptions of either Theorem[3.6, Theorem [3.1) or Theorem|[3.9,
for each B bounded in L*(RY), or in H*(RY) respectively, and for arbitrarily chosen € > 0
there exist certain tg > 0 and R > 0 such that

sup sup ||u(t; uo) || ({jz1>ry) < € (4.1)

upEB t>to
for any 2 <71 < 0.
Proof: Note that from Theorem [3.6] Theorem [3.14] or Theorem [3.9 we have bounds of the
orbit of B in H*(RY) and in L®(RY). In particular it is enough to prove the result for
T =2
Chose any smooth function 6y : [0,00) — [0, 1] such that 6y(z) = 0 for z € [0,1] and
Op(z) =1 for 2 > 2. Let 0(z) = 03(z) for = > 0 and define

$|2 N
¢k($):9(—), reRY, k=1,2,....

L2
Multiplying (1.1) by u¢, we have

1d 5 5, B .
ST RNu o + /RN |Au| ¢ = /RN Au(ul¢y — 2V ¢y, - Vu) + /RN uf(x,u)py (4.2)
= J1 + JQ.

Now, as a consequence of the bounds in H?(R") and properties of ¢, there exists a
constant ¢ > 0 such that
c

Jp = —/ Au(ulAgy — 2V ¢y - Vu) < T
RN

Also, since
1 1 1 1
A(ugl) = ¢ Au+2Vu -V (9} ) + ul(¢p),
then using again the bounds in H?(RY), we obtain that there is a certain constant, which
we again denote by ¢, such that

[ 1suko= [ (o

1
= N
RN
On the other hand, applying (1.6, we get

JQ:/ uf(x,u)py S/ C(x)(u¢,§)2+/ D(z)|u| .
RN RN RN
Hence, (4.2)) transforms into

Ld > 3 2c
2dt Jon u?Pr + /RN [Augy)? < /Rz]; C(x)(ugf)? + /RN D(@)ulés + 5 (43)

) = 2Vu- V(67) — uA(6?))’
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1 1
We next estimate the integral [,v D(2)[ul¢x by [[D@; L@ |ugy || gy, and from 1D
after using the embedding H?(RY) — L*(RY) and an equivalent norm in H?(RY), this can
1

be bounded by ¢|| D@} || 1swn)([|A(ud? )| L2@yy + [[udf || 2@yy). Hence we get

) 1 1 2
/RN D(@)[ulgr < S(1Au) 2@y + ludi I72@)) + IID% 12y (4.4)
From (4.3)—(4.4), we have for 6 > 0
1d ) 1 1 1
10 sy + 518 @0H By + (1 = DA e = [ Clal(wof ) <
5, 1 c? 2c
< 5”“@3 H%Q(RN HD¢k LsrN) T &
and using Lemma with > 0 small enough we infer that
1d 2c

thHU% HL2 ®~) T HA(U%)HLZ(RN +WHu¢k HL2 ®V) < 5 HD¢k
with w > 0. We thus observe that

s RN)"‘?

1
(1) 2= [u(0)f e
satisfies the differential inequality
2. +wzp, < e,
with w > 0, where

de 22
cigz—c—l—i(/ DS> — 0 ask — oo.
koo 0 N apsiy

Thus (4.1 follows now using Gronwall’s inequality. U

Lemma 4.2. Under the assumption of Lemma each sequence of the form {S(t,)uon},
where {ug,} is bounded in L*(RY), or in H*(RY) respectively, and t, — oo, has a subse-
quence convergent in L™(RN) for any 2 < 1 < o0.

Proof: Given any ¢ > 0, we know from Lemma that there is a certain ko, N € N such
that )
1S (tn)uon — S(tm)tom || (flz)>key) < € for all n,m > N.

From the bounds in either Proposition or Theorem [3.9] {S(¢,)uo,} is bounded in,

say, Hf 7 (RY), for any 2 < 7 < oo, there exists a subsequence, denoted the same, which
converges in L™ ({|z| < ko}). Hence
1S (tn)ton — S(tm)tom| - @yy < € for all n,m > N.
Hence, {S(t,)ugn} is a Cauchy sequence in L™(RY), which completes the proof. O
Lemma 4.3. Under the assumption of Lemma each sequence of the form {S(t,)uon},
where {ug,} is bounded in L*(RN), or in H*(RY) respectively, and t, — oo, has a subse-
quence convergent in HZ(RYN) for any 2 <7 < oo and o < 43*(1) =4 + (g — %)
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Proof: As a consequence of Lemma there exists a subsequence {S(t,, — 1)ugn, } of
{S(t, — 1)ugn} which is a Cauchy sequence in Y = L™(R¥). In addition, by either Theorem
3.6, Theorem or Theorem [3.9] the orbit of the set {ug,} (and thus also the set {S(t, —
1)ugy,}) is bounded, for ¢ > 1, in HZ(RY) and in L>®(RY).

Then we can truncate the nonlinear term in and assume that it is Lipschitz from
Z = H?(RY) into Y = L™(RY). Then, using the variations of constants formula, from [9]
Theorem 3.2.1] we get that S(1) takes {S(t, — 1)ug,} into a precompact subset of Z, so that
{S(tn, )un, )} has a subsequence convergent in H?(RY). O

Therefore we get the following

Theorem 4.4. Under the assumptions of either Theorem|[3.6, Theorem[3.1]] or Theorem[3.9,
the semigroup defined by in L2(RYN), or in H*(RY) respectively, has a global attractor
A, which is compact in L*(RN), or in H*(RY) respectively, invariant S(t)A = A, and

bounded in H?(RY) for every 2 < 7 < 0o and o < 45*(1) = 4 + (% - ﬂ)

r

Moreover A attracts bounded sets of L>(RY), or in H*(RY) respectively, in H?(RY) for
every 2 <1 < oo and o < 4P (1) =4+ (g—ﬂ>

Furthermore -
A =WE),

which is the unstable set of the set € of equilibria of (1.1)).

Proof: In the case of the semigroup in, H*(RY), by Theorem , the set of equilibria is
bounded in H?(RY) and the orbit of bounded sets is bounded in H?(R"). By Lemma[4.3]the
semigroup is asymptotically compact in H*(RY). Since the energy is a Lyapunov functional
for , then the existence of the attractor A, as in the statement, follows; see [16, Theorem
3.8.5, page 51].

For the case of the semigroup in, L*(RY), by Theorem [3.6| or Theorem there is a
bounded absorbing set in L?(RY), while by Lemma the semigroup is asymptotically
compact in L?(RY). Again, by [16], the existence of A follows. But again Theorem or
Theorem imply that all solutions enter H?(R") and then the attractor is the unstable
set of equilibria.

The rest is immediate. U

Remark 4.5. Note that the result above implies in particular that the attractor of problem
attracts solutions uniformly in RY and even more in C’g”a(RN) for a <1 when r = oo.
5. SOME EXAMPLES

In this section we show some sample nonlinearities which can be handled with the previous
results.

Example 5.1. Assume
f(z,0) = g(z) —cv+ fo(v), z € RN, v €R,
with

c>0, wvfolv) <0, geL*RY)NL®RY).
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It is immediate that (1.6) holds with C(z) = —c, D(z) = |g(z)| and that the solutions of the

linear problem are exponentially decaying as t — oo.

Consequently, Theorem and [1.9 apply. Note that in these results the growth
restrictions should be fulfilled as stated in the assumptions of these theorems. Namely, p < p}

in the L*(RN)-setting, whereas p < p* for space dimensions N > 5 in the H*(R"N)-setting.

If moreover f{(s) < L then Theorem[1.3 applies and the semigroup can be then extended
to L*(RN) even in some supercritical case p < p (see Remark[3.13).

Now, observe that if g = 0 then the attractor reduces to {0}, since (3.6) holds with D =0
and w > 0.

On the other hand, if g # 0 and f{(s) < 0 the attractor reduces to the unique equilibria,

since holds with w > 0.

Example 5.2. Assume now that
f(z,v) = m(x)v —n(z)|v] v, € RY, v €R,

where 0 < n € L*(RY) and

8
1<p<pz=1+m when N > 4.

Observe that %(m,u) < m(x) and assume . Hence Theorem applies and we
have a semigroup of global solutions of in L*(RY) and H?(RYN). In fact, the semigroup
operators are bounded from L*(RN) into H*(RN) for every t > 0.

Then to apply Theorems and[4.4), we will require that

m(z) = m(z) + my(z), = € RY,
where
r N N
my,my € L;(RY) for max{l, Z} <r<oo

and assume that the semigroup generated by —A%+m I is exponentially decaying ast — oo.
Note that with the aid of Young’s inequality we now have

0 (@,v) = m(@)o? = n(@)[ol ™ < my(2)e? + Cylma (@) [n(a)] 75 ol

for each v € R and every v € RN such that n(z) # 0. Thus (1.6) holds with C(z) = m(z),
D(z) = %1|m2($)\ﬂfp1[n(:v)]ﬁ and Theorems|3.1} and apply provided that we also have

1} <s<2 (ands>1if N=4).

N
D= Pfl 11;7 L3 (RN
|ma|P=TnT=r € L*(RY) for some maX{N+4,

Observe that in a similar way we can deal with a more general nonlinearities; for example
f(x,v) = m(x)v+ U(x)p(v) — n(z)vfv], 2 € RN, v € R,

where 0 < n € L>®(RY) and p(v) is a polynomial of degree less than p.
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6. SOME COMMENTS ON CRITICAL AND SUPERCRITICAL CASES

In this section we make some remarks on the role played by the critical exponents p. =
1+ 2 for the L*(RY) setting and p? = 1+ > for the H*(RY) setting.

First, note that as proved in [I2], the critical exponents above appear naturally when
proving local existence of . These exponents are related to the growth of the nonlinear
terms only. In particular they do not distinguish nonlinearities that, for large values of u,
behave as +|u|’~'u. However one may expect that the two different signs behave different
when studying the asymptotic behavior of solutions.

For example for reaction diffusion problems (see discussion in the Introduction) it is shown
in [2] that for f(u) ~ —|u|’~'u, the problem is well posed and dissipative for any value of
p. On the other hand, for f(u) ~ |ul[’"'u, local existence holds only for p < 14 + in
L*(RY) and p < 1+ 545 in H*(RY). It was actually proved in [5] that in this latter case, if
p>1+ %, orp>1+ ﬁ respectively, the problem is ill posed. Both results in [2] and [5]
use again in an essential manner the maximum principle. In particular a key point in [2] is
that, comparison principles, allow to obtain bounds in L>(RY) of the solution for any value
of p.

Back to ((1.1)) observe that for logistic type nonlinearities f(x,u) = g(z)+m(z)u—u|ul’~,
see Section [5} the energy would give under suitable assumption on g(x), m(x), at least
formally, bounds on the H*(RY) and the L/T(R") of the solution at any positive time.
However note that Propositioncan only be used with s = p+1 againif p < p? = 1+ %.

As observed below (2.§), for the critical case in H*(R") it is not enough to bound the
H?(RY) norm of the solution to guarantee that it is global. However the critical case in
L*(RY™) in Theorem or even the supercritical cases in Theorem can be handled
because the solutions enter H2(RY) and in this space they are in a subcritical regime. Hence
the bounds in H?(RY) prove the solutions in L*(RY) are global.

However we have not found any good estimate on the solution that would allow us to go
beyond the critical exponent in the H*(RY) setting. Here the lack of maximum principle
becomes a major difference with reaction diffusion equations.
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