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Introduction

The recent discussions of Simmel’s contribution to structural social sciences (BREIGER:
1990), have not yet completely reached the mathematical modelling of networks. In Simmel’s
terms, individual identities are considered as a property of the network of relations between
membership groups. This follows the basic idea of all structural analysis that entities should be
defined as a result of the relational systems and not independently from them. However, there is
then a gap between the actual level of theoretica understanding of structural concepts and the
basic mathematical modelling. This gap appearsin social network analysis when social networks
are defined as a set of individuals as nodes and a set of inter-individua relations defined as
contingent phenomena concerning individual nodes while looking for socia structure by these

means. Many difficulties arise in concrete, empirical research based on this kind of data.

The first of these difficulties is how to compare the structure of a social group in two
different times, separated by a time interval of a few decades, if the social networks we use to
represent social structure have as nodes concrete individuals, identified by their names.
Individuas identified in the first instance will not appear in the second, many years after: they
will be dead". New individuals, not appearing in the first network, will be the nodes of the

" The present article owesto FRANGCOIS LORRAIN the elegance of the mathematical formalization and to
DOUGLASR. WHITE the careful edition that hel ped the author to suppress many of theinitial errors. All the
remaining defaults are entirely author”s responsability.

! But “dead” does not mean necessarily biological death: comparing two networks built from data separated in time
by, for example, only five years, individuals of the first disappear in the second, as new ones appears that were not
in thefirst. Individuals who do not appear in the second network are not necessarily dead nor are those who now
appear new born: what happensis simply that individuals are not forever in agiven socia position. The effects of
time on networks whose nodes are concrete individual s do not reduce to the case of generational replacement: social
time has different cycles that we are starting to study properly [Moody,J. And White, D.R., 1999]
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second. The nodes of the two networks being different, the comparison becomes impossible but,

nevertheless, we often practically know that social structures are comparable.

Second, when the time interval sparating two empirical descriptions of socia facts is
long enough, we will find that the identity of social subgroups (and in some cases, of social
ingtitutions related to them) has also changed. The social relations defined by and associated with

member ship will then not be comparable.

This kind of practical and empirical problems are solved when the operationa definition

of social networks takes into account the theoretical conceptions of structural sociology.

The concept of places and of the networks of places presented here may contribute to
solve many of the problems previously mentioned. We define the place of an individual as the
subset of groups to which he belongs, contained in the set of all the groups to which al the
individuas in the network belongs. So defined, a place is a relational entity that expresses the
intrinsic relational nature of individual identity, as well as, a the same time, the relational
character of group identity. The agebra of networks of places shown how initialy defined
nuclear groups can be derived from their relations in a network of places. We will see also that

places can be viewed as defining sets of structurally equivalent individuals.

2- What do we mean by individuals?

When we say: let’s consider two individuals, A and B. How do we know that they are different
from each other ? The answer to this question seems so obvious that we never discuss it.
Nevertheless, individual identity is not a smple matter.

The attributes used to socially differentiate individuals are mainly socia. The individual’s
name is a socia ingtitution, regulated by custom, and by civil law in contemporary states.
Names are inherited, and so, related to parenthood systems, the primordial socia institution.

Names means, mainly “ Individual A isamember of afamily, X”. She or he is a daughter/son of
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a particular couple of other individuals.

Other attributes of individuals, used to identify them, are social institutions as well: professions
can be viewed as the names socially given to individuals who belong to specific social groups.
To say “A is a lawyer” means also “A is member of the Bar”. Most of the characteristics of
individuals, as well as professions, with the main exception of physical attributes of the body, are
sacialy constructed categories, related to social groups with a certain level of institutionalisation.

Taking this point of view, it is possible to define individual identity as a set of membership
relations. This definition of identity is, as we will see later, an operational concept that can be
used as a powerful tool in structural social sciences. As Breiger (1990) shows, Simmel’s ideas on
the intersection of socia circles (1927) can be understood as a logic of identity deriving from

multiple memberships.

3- What do we mean by social relations?

The expression social relation is, at least, as seemingly obvious as the meaning of the term
individual: social relations are relations between individuals. Socia sciences take them as facts
because they seem to appear like factsin individual consciousness.

Social research constructs data sets of social relations asking individuals about their social
relations, and noting their answers in a more or less careful manner. Registered answers are very
heterogeneous. some of them refer to emotions, other to values and attitudes, both merely
psychological entities. But some species of answers refer also to objective socia process, in a
way that, because of their psychological nature, it is not always easy to relate to the social facts
we are looking for.

Since Nadd (), we know that not al of the individua’s interactions have to be studied by
socia sciences. Some interactions are merely random events, never reproduced, that can not or
should not be confused with social relations: the expression social relation should be used only
for patterns of interaction that are independent from the particular individuals involved in them.
Those patterns should be aso regularly existing in time, over periods longer than individual’s
human life

Some psychological entities noted in empirical research respect the preceding criteria, but

many don’t. It is not easy, from a strictly empirical standpoint, to distinguish one from another in



what concerns their individual character or their properties in time.

But not all of them are only psychological entities: in the individua’s answers, we get
subjective references to socia facts that can be observed in the outside world, out of the
individua’s consciousness.

Traces of many social relations are kept in archives, where their inscription is institutionally
produced: inscription is a social process which depends upon the relation’s compliance with
rulesand norms. And it implies the acknowledgement of the relation by a social group, in such a
way that it is no longer a inter-subjective matter, but a socially regulated socia relation: a
marriage is more than an inter-individual affair as the inter subjective relation become properly

published, recognised and deserving an inscription in the collective memory.

4.- Membership relations and their sociological meaning

The individual’s membership to a particular social group is a very general kind of social
relation, embedded in our ways of &lking about ourselves and about our relations with others.
What has being said before about individual identity is a very important part of the sociological

meaning of membership relations but it is not the whole: it remains another aspect.

In addition to its contribution to the definition of identity, membership determines also the
nature and contents of inter-individual interaction. It is because subject X belongs to the group
of physicians that he can have a particular relation with subject Y, invaving the possibility for X
of modifying Y’s behaviour (eat or drink a particular substance), as Y recognises X’s

membership to the group of doctors and himself as needing a doctor’s care.

The concept of role is not an adequate instrument to capture this very important aspect of
socia structure: the socia existence of a doctor has more contents than those captured by the
mention of an individual in a doctor’s role. As well, relations between corporation board
members cannot be defined and understood from their mutual interaction, forgetting the

determinant character of their common membership.

Common memberships explain the content of relations better than data proceeding from



subjective descriptions, and it is more so when the relations under study are, as they should be in
social sciences, un-individualised and long-lasting types of interaction. Only for the types of
relations that Simmel considers as merely inter-subjective, do membership’s determinations lose

their explanatory power.

5.- The concept of place: networks of places

The preceding considerations came, of course, after the need for a new concept became evident,
one more adequate to capture the un-individualised and time-regular character of social relations,
and as it became evident how to define it. Dealing with data about multiple memberships of
thousand of individuals over decades or long periods of time, it is clear that the following
definition is, for the moment being, a convenient research tool.

If we have a set of individuals

| ={iyipiz

belonging each one to one or more socially (not only analytically) defined sets of individuals,
here called institutions to stress with the word the socially built character of the set and noted

E={el,92,%,...}

we will define a place P as a subset d E such that at least one of the individuals members of |
belongs to every one and only to the institutions included in the subset P. That isto say

p_:{ei E:liiej}

]
So defined, places are subsets of E, independent from individuals not only because we can find
many individuals having the same place, but also because, thinking in time, an individual’s place

can last longer than the individual himself, as others one can occupy a particular place after the

first one disappears.

Also, socia structure can be defined as a retwork of places, using the following straightforward
definition of arelation between two places.



Definition 2: Two places P and P, areinarelation Rif R C B /E

The set P of al the places defined in E and the set R of their relations constitutes a network of
places.

6.- Structural Equivalence and Networks of Places
In anetwork of individuals, we can identify sets of structurally equivalent individuals

(LORRAIN & WHITE, 1971). We can look at structurally equivaent individuas in a network o
membership relations. We have a set of individuals

= {iy i)

and a set of institutions

E={el,g,%,...}

each individual is a member of a certain subset of institutions. For example, if | ‘s set cardina’s

is seven, where E had two elements, we could have the following membership relations

We consider an individual i, to be linked to an individua is through alink e if both individuals
are members of &:

i, ¥® i ifi, i 1 e



In our example, we will have the following

Links of type e, between individuals

In this network, two individuals are structurally equivalent if they are both members of,
precisely, the same institutions. In our example, individuals is, i2 and iz are all members of the
same ingtitution e; and to no other; consequently

i1, 2 and iz are structurally equivalent.



Individualsis and is are both members of institution e; and ez and to no other , and so
i and is are structurally equivalent
Similarly, is and i; are members of e, and they do not belong to any other institution, thus
ig and iy are structurally equivalent
Two individuals are structurally equivalent if the occupy the same place, in the sense previously
defined. Each class of equivalent individuals corresponds to a place, that is to say, to the set of

institutions that defines the place itself. In our example, we have three classes of equivaence of
individuals corresponding to the following places:

Equivalence classes Corresponding places
{i1, 12, is} {el)
{ia, is} {e1, &}
{ie, i7} {e}

Each class of equivalence of an individual corresponds to an unigque place and, reciprocally, each
place defines an unique equivalence class of individuals. The expressions equivalence class of

individualsand place are practically synonymous.

If structurally equivalent individuals are identified, a reduced network is obtained, where points

are equivalence classes, that isto say places. In our example the reduced network has the
following appearance, where links e; are represented by continuous arcs and those of e, type, by
dotted arcs.

Reduced Network Network of Places Q

{il,(i;is} {(eg

....... T l or the equivalent T L T l

NG, SLIIOLEOLS

v v v




A place X islinked to aplace Y by alink e if individuasbelongingto X andtoY belongs al

of them to institution ex — that isto say, if ingtitution ex belongs simultaneoudly to the set of
institutions of the place X and to the one of place Y:

X ¥3® Yif X,YE g

We saw how the network of individuals linked by ingtitutions can be reduced to anetwork P of
placeslinked by institutions. It is possible, aso, to define a dual network: a network P* of
institutions linked by places. In this dua network an ingtitution e is linked to an ingtitution g by
alink Pif these ingtitutions belongs both to the place P:

e ¥%® e if g,61 P

In our example, the dua network P* is the following:

P R

(o

Points of P (places or classes of equivalence of individuals) are the relations between points of
P* and relations between points of P are the points of P* (the institutions).

This duality is very interesting. The places can be conceived as points of a network as well as
the relations between points of a network. If we concelve socia structure as a network where
different entities, material and informational, flows, then the description of its structure by means
of the concepts here defined alows us to consider the individuals or their classes of equivalence
either as points through which something flows or as channels by which this circulation takes
place.

The study of the network of places P or of its dual network P* , nevertheless, can not be limited
to the analysis of direct relations between the points. Indirect relations, concatenation of direct
relations, may have a great structural signification in the network.



7.- The chains of links in the networks of places

Following the usage established by Lorrain and White (1971), we will call morphisms the
relations g between the points of a network of places, as well as any chain of such relations
These morphisms represent the direct or indirect relations between places.

Among the morphisms, we can distinguish between the generator morphisms, e, that are the
elements of E, and the composed morphisms, chains of generator morphisms. Then, in our
example, we will have a composed morphism €, og, from Pto P.

PY20 Quhe P
e 0

There are also morphisms e og, from P to Q, from Qto P and from Q to Q. Here we have other
examples of composed morphisms:

€ 0€, 08,
| v

P Y4;® (93/43/32® Q ¥47® 5
| A

e oe,

'ez 0e,

The graph d a generator morphism e is the set of couples (X)Y), where X and Y are places
belongingto e ( containing e ). For example, if

AL ={P,Q} isthe set of places belonging to er ,

The graph of e; is simply the cartesian product A; © A , that isto say, the set of all the couples of

eements of Ay

Graph of e; P———>Q R

Equally, the graph of e, will besmply A,” Ay

@ @

P «———* R
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Graph of &

The composed morphism e ce, is defined smply because there exist individuals who belong
smultaneoudly to both institutions, that is to say, because there exists a place (in this case, Q)
containing both institutions. That is equivalent to say that the intersection A1 C A is non empty.

It is the same for any other composed morphism g og, .

Which is the graph of the composed morphism €, 0e,? It is the set of al couples (X,Y), where X
is a place belonging to e; (containing the element e;) and Y a place belonging to e, (containing
). In other words, the graph of the composed morphism €, 0g, is the cartesian product A~ Ap.

)
» Q

graph of € 0e, P

\

>0

equally, the graph of e,0e, isA "~ A

)

K
Q<—R

graph of e, og F

We observe a very interesting thing: while the composed morphism e, oe oe,, is defined (that is
to say, if there is such a chain of relations between the points of the network of places P and,
what is the same, that intersections A« A and A~ An are non empty), then the graph of the
composed morphism e, oe oe, is smply equa to Ac~ An. The same way, if the composed
morphism €, O€, O€,, O€, is defined, then its graph is simply A" A,, and so on.

Because as we have seen the morphism e, oe, as well as al the defined morphisms of the type

€ 0 ... og have al the same graph that e, we can consider al these morphisms as

corresponding to the same socia relation and, consequently, identify all those composed
morphismsto ex:

(] g 0.. 0g =€ 06 = §,.

Similarly, al the defined morphisms e 0 ... oe have the same graph as e oe and we will
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consider them as representing the same saeial relation and are thus be identified to €, o€, :

(02d] € 0... 0g =g 0g .

The equations (1) and (2) express the law of the first and the last letters (LORRAIN: 1975).

Let's focus now on the law of morphisms composition in the case where there are only two

generating morphisms, as in our example. To simplify the notation we will equate
g —aande =b
Following the law of the first and the last Ietters, every composed morphism has to be equal to

one of the four morphisns a, b, adbor boa. The composition table of the morphisms is the

following one:

a b aadb boa
a a aob aob a
b boa b b boa
aob a aob aadb a
boa boa b b boa

In our very simple example, graphs of the four morphisms are the following:

Q@

Graph of a: P————>Q
Graph of b: P Qe ——*
Graph of adb: ||D - Q >

Graph of boa: F*

o0




We will note that, while generating morphisms a and b have symmetrical graphs, composed
morphisms have non symmetrical graphs. We find again here a very important aspect of social
structures: the non symmetrical social relations.

The set of morphisms (a, b, aob, boa ), together with their composition table constitutes what is
called asemigroup. This semigroup S has been generated by the set of institutions (g =aand &
=b) and each element of Sis idempotent (e, oe, = g ) and Sis arectangular band (CLIFFORD
& PRESTON, 1961). In this particular case, it should be called a square band, a particular case
of arectangular band.

This semigroup S has notable properties. One of them is that a and b have isomorphic places in
the composition law: if we substitute everywhere in the composition table a by b and b by a, we
got the same composition table, with a permutation of lines 1 and 2 and of lines 3 and 4, as well
as columns 1 and 2 and columns 3 and 4. All this changes nothing to the behavior of morphisms.
In atechnical language, the permutation

ja b aob boai
%b a boa aobfvg

is an automorphism of the semigroup S.

Then, nothing in the composition table allows us to distinguish between socia relations a and b
of our network of places. On the contrary, of course, graph of a in the network of places §
different from graph of b, because of the different set of places related by a and the particular set
of places that b relates, these two sets of places may contain different numbers of places and their

intersection can be more or less important.

There is other interesting — and strange — property of this semigroup. It is possible to take as

generating morphisms aadb and boaand find, by means of the compositions laws, aand b as
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composed morphisms:

(3 adboboa=a and boaocaodb=Db

This last fact is, from a sociological standpoint, of a great signification: we can consider the
generating relations a and b, that is to say, the ingtitutional memberships defining places, as
derived from indirect relations, the composed morphisms. Intra institutiona relations may be

viewed as derived from inter ingtitutional relations. We can, then, conceive places as defined by

their mutual relations, which is the minimal condition of any structural thought in socia
sciences. Also, in what concerns social actors subjectivity, this last fact allow us to consider
consciousness of membership as a fact derived from unconscious indirect social relations
Subjectivity is no longer a prior condition for social structure.

Equations (3) imply that, if we replace in the composition table:

aby adb,adb bya b by boa and boa byhb,

we got the same composition table, with permuted lines and columns. The permutation:

i a b aob boay
%aob boa a bgvg

is also an automorphism of semigroup S. That isto say, aand aadb are in isomorphic positions

inS, aswedl asb with boa.

We know also that the set {a, aob} constitutes a sub semigroup of S, as well as does the set {b,

boa}, both sub semigroups being rectangular bands.

Also, the permutation:

i a b aob boai
%boa aob b ag
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is another automorphism of Sand we can say that aand boa areinisomorphic positionsin S, as
well asband adb. Theset {a, boa} constitutes a sub semigroup of S, in the same way as the

set {b, adb} being both sub semigroups and rectangular bands.

8- Conclusion

LORRAIN and WHITE (1971) article has been widely read and quoted . The idea of
structural equivalence as a tool for reducing networks of individuals by the way of substituting
individuals by classes of structuraly equivalent individuals has been accepted, with the only
restriction of its applicability to rea situations — where it is difficult to find structurally
equivalent individuals — and also, because the amount of calculus that is necessary to find them.
It has been a very interesting idea, a fascinating concept and a complex mathematical
construction.

Nevertheless, the other main idea that LORRAIN and WHITE develop in their article has
been lost. And it was, at least from my point of view, the most important: compound relations
can have determinant structural consequences in social networks It is a fascinating idea,
because compound social relations do not appear in the consciousness of the individuals whose
direct relations are determined and structured by them.

In the later article, the social effect of a compound, indirect relation, namely naon*
(where n"! is the reciprocal of relation n that aindividua a has with his enemy b), was shown to
explain the actual divisions of a concrete group of individuals. they came together in empirically
observed subgroups, that are components of the graph of this compound and indirect relation
(whose interpretation is: a(non'l)b means that a and b are linked by the existence of, at least, a
common enemy x) with an individual outside the subgroup. This is the logic of coalitions, that
has a very clear sociological interpretation. But here it appears out of subject’s intents, as it is
derived from the actual grouping of subjects.

My hypothesis concerning why such an important intuition has not been taken into
account in contemporary research on social networks is very smple. The social effect of indirect,
compound relations is in contradiction with the ideological postulates of voluntaristic

individualism, with the explanation of social action as a set of interacting individual actions, each
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one of them driven by individual’s ideas, values and motifs. Indirect, compound socia relations
are neither conscious nor voluntary and, consequently, they have no place in the current
academic interpretation of structures and processes.

LORRAIN and WHITE's article has had part of the responsibility of this state of affairs:
it deals with networks of individuals and, doing so, focuses the attention on the most traditional
perspective in contemporary social sciences. units of analysis are always individuals, primary
relations are, also always, relations between individuals. The composition of relations was
interpreted by most of the readers as a complicated procedure to get the initial network reduced,
to build classes of equivaent individuals.

The concepts of place and of network of places here developed starts from a different
methodological standpoint: social relations should not be defined as relations between
individuals because those relations are not full fledged social relations: they cannot be regular
over long period of time, being defined without any discussion of the identity of individuals or,
equivaently, without taking into account the social processes that are responsible for those
differentiated identities. Places, on the contrary, are independent of the identities of the
individuals who occupy them, either simultaneously or not.

Networks of places are networks of a kind of socia relations that are not necessarily facts
of consciousness, as are inter-individual relations. Places are not socia subjects or actors but
structurally defined social entities which have not consciousness, ideas, values, norms nor
motifs. That is why they are, initially, a concept difficult to understand and to use as a tool for
socia research.

Nevertheless, networks of places offer a direct and smple way to capture socia facts: in a
network of places, individuals or — better, classes of structurally equivalent individuals are
identified by the place they occupy. Individua’s identity is then strictly positional. And places
can be defined either by “primary” ingtitutions — the membership groups in the raw data — or by
the relations between places. But the structure of networks of places is, as it has been shown
above, such that “ primary” ingtitutions can also be conceived as the result of composition of
relations. This last property implies that not only individua’s identities are relationally defined,
but aso that “institutions’ or primary membership groups can be defined afterwards, and

explained, by the mean of the composition of compound morphisms, considered then as primary
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data

Simmel’s concept of social circles as a source of individual’s identity and also of the
inter individual relationships has been interpreted merely as rude and pre-technical definition of
the so called “ego centered network”, losing then the main founding intuition of the German
sociologist. For Simmel, socia circles are also defined by their mutual relationships. their
intersection is something more (structurally) significant than a mere subset of individuals. And
this is s0 because, for Smmel as for us, individual identity is not given a a pre social, pre
relational, fact. Then, individuals have as identity their social relations and, reciprocally, social
relations can be viewed as particular subsets of individuals. In sociological theory no concept can
exist outside — prior to — its sociological definition, unless we accept that social sciences are no

more than applied psychology, a new conception of mora or a branch of biology.

But the concept of place is defined as a subset of the set of institutions, and not as the
intersection of two or more social groups. The intersection of sociad groups are subsets of
individuals. The duality of individuals and groups that Breiger underlines (Breiger: 1974), means
that we can look at socia redlity taking into account two networks, the network o individuals
and the network of groups, that are dua because relations between groups are individuals and
relations between individuals are groups. Networks of places, as above defined, have as points
the set of places, and as relations between points, the intersection of places, two dua networks
are no more needed to capture social structure, because no network of individual relations is
needed.

Neither Smmel’s ideas, nor the conception of the dudity of individuals and groups
(Breiger:1974) that constitutes the current formalization of these ideas, are equivaent to the
concept of places and networks of places. Networks of places are social networks, but social
networks socially defined: the “a priori” definition of individual’s identities and of membership
group’s identifications becomes a starting point of the analysis that is transformed by the analysis

itself, as it explains its owns origins as by-products of inner structure.

Furthermore, using identified (distinct) individuals as units of analysis implies that the
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time intervals inside which we can observe whether regularities appear are biologically
delimited. Networks of individuals have a short life and thus can not be used as an analytical tool
for assessing whether relational patterns are or not invariant over time period longer than average
human life. As soon as a social scientist works, as we did, with data sets covering five decades
and thousands of individuals belonging to institutionalized membership groups that may also
modify their formal identities over the period of time under exam, the critique of the concepts
used in socia network analysis is not smply a theoretical question. It becomes an empirical
need, as it is the construction of a new conception of a socia network allowing research on
available data on fundamental aspects of socia reality. Obvioudly, this need is not felt if research
is limited to a mere mathematical modeling of a social redlity that is little more than an alusion
to an external set of ill defined facts.

Finally, a short comment on the purpose of research in social network analysisin
particular, and in structural sociology in general. Let’s suppose that we will be able to discover
interesting socia structures, particular shapes or forms in social netwaks that bring a new light

on our experience of society. We will then say: so it is...

But scientific endeavor has always had other aims. We have need to know also why these
forms appear, and not only what is their shape. Metaphoricaly, we wait for the transition from
statics to dynamics. But this transition, in physics, required first the development of kinematics,
the description of the changes of position in time of invariant objects.

The purpose of the construction of networks of placesisto seek atool for describing
changes in time of invariant patterns. In some way, the present work pretends to be a step toward
the construction of a“kinematics’ for the social sciences. But in no way it triesto be an
explanation. In our field of research, dynamics will be something similar to the socio-genesis of

socia structures.

The emergence of regularities — patterns of networks of places invariant in given time

intervals — could be the starting point for a research in the dynamics of socia structures. A few
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ideas could be worth to be explored:

1.- The regularities appearing in structural analysis could be considered as the outcomes

of processes of regulation.

2.- What is regulated should be the socia production of social entities, understanding as
auch socia subjects and positions, their relations, but also all other socia products; objects that
are not produced by nature are as socia as humans beings are supposed to be. Then, categories

and concepts have to be thought as socially produced.

3.- That processes of regulation should be also socialy produced, at least if we want to

remain in the attempt of providing a social explanation of social facts.

These three points were the basis of previous attempts of sketching a theory of socid
reproduction [Pizarro: 1972, 1999], that is probably till far from maturity.
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