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a b s t r a c t

We have investigated the optical switching in a five-level atom in a novel configuration of electromag-
netically induced transparency. This N-tripod type level scheme combines the attractive features of
cross-phase modulation appearing in N-type atoms with the ability to slow light pulses associated with
tripod atoms. The addition of a new driving field to the usual tripod configuration allows to control the
double-dark resonances which appear in the four-level tripod system and thus enables to manipulate the
probe absorption and dispersion properties. We have studied the temporal dynamics of two pulses, a
probe pulse and a switch propagating pulse through the sample. In the presence of the switching field,
a deep in the absorption at resonance due to one-photon electromagnetically induced transparency
appears and the atomic system is transparent to the probe field, which propagates at a very small group
velocity. By tuning the fields, one of the usual double-dark resonances appearing in tripod system can be
controlled (Stark-shifted) and the medium, which is transparent in the absence of the control field, will
become highly absorptive. The linear and cross-phase modulation susceptibilities have been calculated
and we predict the possibility to realize two-photon switching and giant cross-phase modulation. Finally
we address the question about the generation of an entangled coherent state and we show that the giant
cross-phase modulation provided by this N-tripod atomic system can be used for realizing polarization
quantum phase gates.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Laser field induced quantum interferences have been proven to
be crucial in controlling the optical properties of an atomic med-
ium. Both stimulated processes such as light absorption and refrac-
tion [1,2] and also spontaneous processes were shown to be altered
almost at will due to stimulated extra indistinguishable quantum
mechanical pathways [3,4], and many interesting phenomena,
such as electromagnetically induced transparency (EIT) [5,6], las-
ing without inversion (LWI) [7–10], refractive index enhancement
without absorption [11–13], and giant non-linearity [14–16] have
been predicted and experimentally demonstrated. Although the
main features of quantum interference processes are adequately
covered by the three-level approximation, there has been consider-
able interest in coherent effects in multilevel systems because the
presence of additional levels increases multifold the possibilities of
interference phenomena to exist. Since the quantum interference is
ll rights reserved.
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usually very sensitive to the two-photon resonance, its perturba-
tion by means of another field allows the control of the optical re-
sponse. The pioneering work of Schmidt and Imamoglu [17,18] in a
N-type four-level atom has opened the possibility of enhance non-
linear, non-absorptive, cross-phase modulation of two fields in a
medium in which giant Kerr non-linearities in the EIT regime
may be obtained. The absorptive counterpart of this system was
proposed by Harris and Yamamoto as a quantum switch in a N-
four-level scheme that will absorb two photons but not one [19].
In these systems, adding a four atomic level to a K system can
cause a non-linear interaction between the third field and the
probe field so that photons of one light field affects the photons
in another field. The experimental verification of this prediction
has been carried out recently by Yan et al. and Cheng et al.
[20,21] in a four-level atom realized with cold Rb. Such unusual
physical effects associated with EIT are believed to be useful for
the development of new techniques in quantum optics and pho-
tonics. Since light can carry quantum information in the form of
single-photon polarization states [22–24], or vacuum plus single-
photon superpositions, quantum light switching with single pho-
tons and the generation of entanglement of coherent states may
also have important applications as a first step towards quantum
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Fig. 1. Schematic diagram of a N-tripod atom driven by a probe (XP) and trigger
(XT) fields and two control fields X2 and X4.
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information processing. Cross-phase modulation between weak
signal fields is one of the most important challenges for non-linear
optical switching and quantum information in order to achieve
quantum logic gates of an optical quantum computer. Numerous
quantum schemes have been proposed in order to generate such
a kind of coherent superpositions. Cavity quantum electrodynam-
ics seems to be a promising approach to this task [25,26]. However,
the strength of the interaction of two single light quanta is too
small to enhance the photon–photon interaction so the optical
quantum gate operation cannot be efficiently implemented. EIT
may afford a strong cross-Kerr effect at the single-photon level,
and lead to a deterministic all-optical CNOT implementation.
Harris and Yamamoto proved [19] that the total phase shift expe-
rienced by a field is limited by the time that the faster of the two
fields spends inside the medium. The main hindrance of such
schemes is the mismatch between the group velocity of the pulse
subject to EIT and the control field which limits considerably the
interaction time and reduces the cross-phase modulation. In order
to get rid of this bottleneck, strategies to induce EIT for both fields
have been developed. In particular, Lukin and Imamoglu [27] pro-
posed an atomic system formed by two kind of atoms, one of them
formed by usual N-type atoms and a second kind of the K-type. A
variety of four-level atomic systems driven by three fields have
also shown that the probe absorption can be characterized by dou-
ble-dark resonances [27]. Such double-dark states can interact and
produce large cross-phase modulation (XPM). For example, tripod-
type atoms have proved to be robust systems for engineering arbi-
trary coherent superposition of atomic states [28]. Paspalakis and
Knight [29] have analyzed transparency, slow light and parametric
generation in a medium of tripod atoms. Petrosyan and Malakian
and Petrosyan and Kurizki [30,31] have shown that this system
can support large magneto-optical rotation with negligible absorp-
tion. They also found a novel regime of extremely efficient non-lin-
ear interactions of two multimode single-photon pulses in a tripod
atom which allows the propagation of two orthogonally polarized
weak fields with the same group velocity. In a related work,
Ottaviani et al. [32] and Rebic et al. [33] have pointed out that
the large Kerr XPM between the probe and trigger fields enables
one to implement a phase gate with a conditional phase shift in
the order of p in M-type systems. Very recently, by using an effi-
cient preparation technique in the 87RbD1 line, large XPM via inter-
acting double-dark resonances in an ideal four-level tripod system
has been experimentally demonstrated [34], and new configura-
tion with combined N-type and tripod-type subsystems was pro-
posed to generate large XPM [35].

In this paper, we analyze the feasibility of controlling the dou-
ble-dark resonances appearing in a five-level N-tripod level
scheme with the aim of obtain optical switching and phase gate
operations. Specifically, we use a new control field to couple one
of the sublevels in the tripod-type atom with another excited level
to involve an additional fifth level, thus we are dealing with a N-tri-
pod configuration which exploits some of the properties of the N-
type schema, in particular, the possibility of inducing giant
non-linearities while modifying the two-photon resonance
condition of the two K-subsystems of the tripod atom. Our numer-
ical results also show the optical switching properties based on the
control of two two-photon resonances in this five-level N-tripod-
type atom. The switching mechanism is due to the two-photon res-
onance in a five-level atom in a novel configuration of EIT. The
addition of a new field to the usual tripod configuration allows
us to control the double-dark resonances which appear in a four-
level tripod system. We will show that quantum interference lead
to interesting spectral features. In particular, we will show that one
weak field can be used to control another weak field, and vice ver-
sa. This new EIT configuration not only enhances the cross-phase
modulation, but also allows it to transmit pulses through the atom-
ic medium with small absorption at resonance. Compared to previ-
ous tripod or M-schema, it is shown that the flexible pumping
arrangements allows for the propagation of the driving and probe
pulse with nearly the same group velocity. In view of this, another
motivation for this work is to analyze the possibility of a phase
gate scheme using the cross-Kerr non-linearities occurring in a
N-tripod five-level configuration.

The paper is organized as follows: Section 2 establishes the
model, i.e., the Hamiltonian of the system and the evolution equa-
tion of the atomic operators assuming the rotating wave approxi-
mation. Section 3 is devoted to present the numerical results and
to discuss the possibility of switching via the control of the dou-
ble-dark resonances. In Section 4 we analyze a phase-gating
scheme using the considered five-level atom. Finally, Section 5 pro-
vides the conclusions.

2. The model

The level scheme for the five-level atom as shown in a N-tripod
configuration is shown in Fig. 1, which can be experimentally real-
ized in Rb atoms [35]. The system interacts with a weak probe field
of frequency xP (j1i ! j4i transition), a weak trigger field, xT

(j3i ! j4i transition), and two strong couplings fields of frequen-
cies x2L (j2i ! j4i transition), and x4L (j2i ! j5i transition),
respectively. The electric field can be written as

~E ¼ 1
2
~EPe�ixPt þ~ETe�ixTt þ~E2e�ix2Lt þ~E4e�ix4Lt þ c:c:
h i

; ð1Þ

~EðP;T;2;4Þ being the amplitudes of the slowly varying field enve-
lopes. The resonant frequencies between the different levels are
xij ¼ xi �xj, xj being the energy (in �h unities) of the level
jjiðj ¼ 1� 5Þ. The corresponding atomic detuning for these transi-
tions are DP ¼ x41 �xP, DT ¼ x43 �xT, D2 ¼ x42 �x2L, and
D4 ¼ x52 �x4L.

Note that this composite system consists of two subsystems; if
the atomic level j3i is omitted, the system is reduced to a N-type
scheme. On the other hand, if the atomic level j5i is omitted, we
have a tripod-like system. When all fields are present the system
under consideration can be viewed as two adjacent K-N-type sys-
tems, one involving the probe and control fields XP, and X2, respec-
tively, while other involving the trigger and control fields XT, and
X2, while sharing the coupling field X4.

The Hamiltonian of the system under the dipole and rotating-
wave approximation can be written as

H ¼ �h ðDP � D2Þr22 þ ðDP � DTÞr33 þ DPr44 þ ðD4 þ DP � D2Þr55½ �
� �h ðXPr41 þXTr43 þX2r42 þX4r52 þ Adj:½ �; ð2Þ

where rmn ¼ jmihnj are the usual Pauli matrices and Xm stands for
the Rabi frequencies which are defined in terms of the dipole mo-
ment lij between the atomic levels jii and jji and the amplitudes
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of the electric field applied to this transition Ek, as
Xk ¼ lijEk=2�h; k ¼ 2;4; P; T and i; j ¼ 1� 5.

In the interaction picture and the rotating-wave approximation,
the equations of motion for the density matrix elements read

oq55

ot
¼ �c52q55 � c51q55 þ iX4q52 � iX4q25;

oq44

ot
¼ �ðc41 þ c42 þ c43Þq44 þ iXPðq14 � q41Þ þ iX2ðq24 � q42Þ

þ iXTðq34 � q43Þ;
oq33

ot
¼ �ðc32 þ c31Þq33 þ c43q44 þ iXTðq43 � q34Þ;

oq22

ot
¼ �c21q22 þ c42q44 þ c52q55 þ c32q33 þ iX2ðq42 � q24Þ

þ iX4ðq52 � q25Þ;
oq41

ot
¼ �ðc41 þ iDPÞq41 � iXPðq44 � q11Þ þ iXTq31 þ iX2q21;

oq42

ot
¼ �ðc42 þ iD2Þq42 � iX2ðq44 � q22Þ þ iXPq12 þ iXTq32 � iX4q45

oq43

ot
¼ �ðc43 þ iDTÞq43 � iXTðq44 � q33Þ þ iXPq13 þ iX2q23;

oq32

ot
¼ �½c32 þ iðD2 � DTÞ�q32 � iX2q34 þ iXTq42 � iX4q35;

oq21

ot
¼ �½c21 þ iðDP � D2Þ�q21 � iXPq24 þ iX2q41 þ iX4q51;

oq54

ot
¼ �½c54 þ iðD4 � D2Þ�q54 þ iX4q24 � iXPq51 � iX2q52 � iXTq53;

oq51

ot
¼ �½c51 þ iðDP þ D4 � D2Þ�q51 þ iX4q21 � iXPq54;

oq52

ot
¼ �½c52 þ iD4�q52 þ iX4q22 � iX4q55 � iX2q54;

oq53

ot
¼ �½c53 þ iDT�q53 þ iX4q23 � iXTq54;

oq31

ot
¼ �½c31 þ iðDP � DTÞ�q31 � iXPq34 þ iXTq41; ð3Þ

where cjij ¼ 1;2;3;4;5 are the spontaneous decay rates between
the level jji to levels jii, respectively, and ĉij are the dephasing rates
ĉij ¼ ð1=2Þ

P
lcil þ ð1=2Þ

P
lcjl. We assume the closing condition

q55 þ q44 þ q33 þ q22 þ q11 ¼ 1.
Although it is possible to solve numerically Eq. (3), in order to

obtain more transparent steady-state solutions to the Bloch equa-
tions, we will assume that the intensity of the probe and trigger
fields are much weaker than the intensity of both coupling fields,
i.e., jXPj2; jXTj2 << jX2j2; jX4j2 so the population remains mainly
in the ground levels j1i and j3i, with the populations of the other
levels vanishing. If we keep two lowest-order contribution in probe
and trigger fields the expressions of q41 and q43 can be written as

q41¼
iXP C21þjX4 j2

C51

� �
q0

11

C21þjX4 j2
C51

� �
C41þjXT j2

C31

� �
þjX2j2

ð4Þ

�
iXPjXTj2 C21þjX4 j2

C51

� �
C32þjX4 j2

C35

� �
q0

33

C31 C21þjX4 j2
C51

� �
C41þjX3 j2

C31

� �
þjX2j2

h i
C34 C32þjX4 j2

C35

� �
þjX2j2

h i ;
q43¼

iXT C�32þ
jX4 j2
C�35

� �
q0

33

C�32þ
jX4 j2
C�35

� �
C�34þ

jXT j2
C�31

� �
þjX2j2

ð5Þ

�
iXTjXPj2 C�21þ

jX4 j2
C�51

� �
C�32þ

jX4 j2
C�35

� �
q0

33

C�31 C�32þ
jX4 j2
C�35

� �
C�34þ

jX3 j2
C�31

� �
þjX2j2

h i
C�41 C�21þ

jX4 j2
C�51

� �
þjX2j2

h i ;
where C41 ¼ ĉ41 þ iDp, C31 ¼ ĉ31 þ iðDP � DTÞ, C34 ¼ ĉ34 � iDT,
C32 ¼ ĉ32 þ iðD2 � DTÞ, C51 ¼ ĉ51 þ iðDP þ D4 � D2Þ, C42 ¼ ĉ42 þ iD2,
C35 ¼ ĉ35 þ iDT, and C21 ¼ ĉ21 þ iðDP � D2Þ. q0

11 and q0
33 are the

initial populations of the atomic levels j1i and j3i, respectively.
The above expressions include the linear response to the probe
fields (terms proportional to XP and XT) and the XPM between the
probe and the trigger field (terms proportional to XPjXTj2 and
XTjXPj2). Now it appears evident that the five-level system can
be viewed as two adjacent subsystems, i.e., a tripod system and a
N-type system. In fact, if we set jX4 j2

C51
¼ 0, the linear part of q41 re-

duces to the result obtained by Paspalakis et al. for a tripod system
[29,33]. On the other hand if we set jXT j2

C32
¼ 0, it reduces, to first or-

der in XP, to the result obtained by Imamoglu and Smith [17].
The main difference arises from the presence of the Stark-shift-

like terms such as G21 ¼ C21 þ jX4 j2
C51

. As we will see below these
terms are very important in order to modify the cross-phase mod-
ulation between the probe and trigger field. Thus, the new incorpo-
rated transition (j2i ! j5i) driven by the field X4 modifies the
usual optical response of a tripod atom [33] by introducing an AC
Stark-shift for the state j2i giving a non null cross-phase modula-
tion term for the probe and trigger fields even at exact EIT reso-
nance (DP � D2 ¼ 0 and DT � D2 ¼ 0).
3. Optical switching via dark resonances

We proceed to examine probe absorption profiles for the five-
level atom as a function of the probe detuning DP and for different
situations of the driving fields. The set of density-matrix Eq. (3) can
be easily solved to obtain the susceptibility of the atomic system.
In the following analysis, Rabi frequencies, decay constants and
detunings are scaled to the decay rate of the upper level c41. In
(Fig. 2) we show the real and imaginary part of the probe suscep-
tibility versus the probe laser detuning DP under the resonance
condition D2 ¼ DT ¼ 0. The two absorption peaks in Fig. 2a near
�X4 form the standard Autler-Townes doublet and corresponds
to one-photon absorption from the ground state j1i to the dressed
states generated by the field X4. When the control field XT is off, an
absorption peak appears at line center DP ¼ 0 (dashed line), which
corresponds to the non-linear absorption (two-photon absorption
in the dressed states), manifested by constructive interference be-
tween two excitation paths. Then the probe field is absorbed for all
detunings. However, when the control field is switched on
(XT ¼ 0:5), a narrow feature emerges at line center where nearly
perfect transparency is achieved. Hence, for proper tuning the trig-
ger field XT on/off, a probe field can propagate at resonance with-
out appreciable attenuation. The narrow transmission window is
accompanied with a steep, dispersive profile, and a correspond-
ingly change from superluminal to subluminal group propagation
regime. This can be appreciated from Fig. 2b where the probe dis-
persion is showed. Thus, the considered five-level system can be
used for absorptive switching of one weak field by another weak
field.

When the control fields XT and X4 are detuned from resonance,
the five-level atom presents other interesting features. In this case,
the field X4 acts as the switching field. In Fig. 3 we plot the imag-
inary part of the probe susceptibility versus the probe laser detun-
ing DP under the resonance conditions D2 ¼ �DT ¼ 0:25c41, for the
Rabi frequencies X2 ¼ XT ¼ c41 and two different values of the con-
trol field X4. In contrast with the first case, this new configuration
clearly shows the special properties of the five-level system con-
sidered which combines the properties of the N-type system
scheme and those of the tripod scheme.

In the case with X4 ¼ 0, the atomic system behaves as a tripod
system, so we recover the EIT profile with a sharp absorption peak,
and simultaneously two dark resonances at DP ¼ D2 and DP ¼ DT.
This behavior was previously found by Paspalakis and Knight in a
four-level atom in a tripod configuration [29]. The inspection of
Fig. 3 reveals that the spectral properties can be dramatically chan-
ged when the Rabi frequency of the control field X4 is different



–5 0 5
0

1

2

3

4

5

6
x 10

–3

Δ γ
p

/
41

Δ γ
p

/
41

Im
(ρ

41
)

a

–5 0 5
–4

–3

–2

–1

0

1

2

3

4
x 10

–3

R
e(

ρ 41
)

b

Fig. 2. (a) Absorption spectra Im(q41) as a function of the probe detuning for different values of the Rabi frequency of the control field XT. The atomic parameters are
D2 ¼ DT ¼ 0, D4 ¼ 4c41, and X2 ¼ X4 ¼ c41: XT ¼ 0 (dashed line), XT ¼ 0:5c41 (solid line). (b) Dispersive spectra Re(q21) as a function of the probe detuning for the same
parameters as in (a).
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from zero. In the vicinity of DP ¼ D2, the EIT persists because it is
caused by the three-level subsystem transitions (j1i ! j4i, and
j2i ! j4i). This atomic subsystem is not affected by the j3i ! j5i
transition driven by the control field X4. However there is a sub-
stantial difference in the transparency window in the vicinity of
DP ¼ DT. The effect of switching on the control field X4 is to shift
the spectrum by an amount equal to DPS (see dashed line in
(Fig. 3). Thus, for a photon xP with a detuning DP ¼ DT, the med-
ium, which is transparent for X4 ¼ 0, will become highly absorp-
tive for X4–0. Since the ultranarrow peak appearing at the line
center has a subnatural linewidth, a small change in the Rabi fre-
quency of the control field is enough to lead the system from
nearly transparency to high absorption, thus acting as an ultra-sen-
sitive switch.
In order to explain the above results, we perform an analytical
study of the phenomenon. In the linear regime, the linear part of
the q41 given by Eq. (4) can be approximated to

q41’
XPðDP�D3ÞðiCc� eD0Þ

ðDP�DTÞðĉ41CcþjX2j2Þþ eD0GT

h i
þ i CcGT� ĉ41

eD0ðDP�DTÞ
h i ;

ð6Þ

where

Cc ¼ ĉ21 þ
c5jX4j2

D2
4

; ð7Þ

eD0 ¼ ðDP � DTÞ �
jX4j2

D4
; ð8Þ

GT ¼ jXTj2 � DPðDP � DTÞ: ð9Þ

The absorption curves displayed in Figs. 2 and 3 are given by
Im(q41) which may approximate to

Imðq41Þ

’
XPðDP�DTÞ2 eD2

0þCcðjX2j2þCcĉ41Þ
h i

ðDP�DTÞðĉ41CcþjX2j2Þþ eD0GT

h i2
þ CcGT� ĉ41

eD0ðDP�DTÞ
h i2 :

ð10Þ

First, we analyze the case considered in Fig. (2) where
D2 ¼ DT ¼ 0. For the case XT ¼ 0, Eq. (10) reduces to

Imðq41Þ ’
XP

eD2
0 þ CcðjX2j2 þ Ccĉ41Þ

h i
eD0DP þ jX2j2
h i2

þ CcDP þ ĉ41
eD0

h i2 : ð11Þ

An inspection of Eq. (11) reveals that absorption is always pres-
ent at any detuning. In particular, at line center (Dp ¼ 0) it is in the
order of

Imðq41Þ ’
XPCc

jX2j2
¼ XP

c51jX4j2

jX2j2
: ð12Þ

On the other hand, when D2 ¼ �DT–0, as in the case considered
in Fig. 3, it is easy to see from Eq. (10) that absorption is zero if
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DP ¼ DT; ð13Þ

ðDP � D2Þ �
jX4j2

D4

" #2

þ CcðjX2j2 þ Ccĉ41Þ ¼ 0: ð14Þ

The last equation only has real solutions for DP if Cc ¼ 0, i. e., if
c21 ¼ 0 and jX4j ¼ 0. In this case, two dark resonances occur at
DP ¼ DT and DP ¼ D2. This result explain the two transparent win-
dows appearing in Fig. (3). Moreover when jX4j–0, null absorption
persists at DP ¼ DT while it presents a minimum at DP ¼ D2 þ jX4 j2

D4
.

Thus, the presence of the control field X4 destroys one of the two
dark resonances and shifts it for an amount given by jX4 j2

D4
.

These interesting results could be used to develop an optical
switch in which one driving field controls the absorption of an-
other field which oscillates at a different frequency [20]. In order
to show the switching characteristics, we solve the propagation
equation for the probe field in the slowly varying envelope
approximation

oXPðz; tÞ
oz

þ 1
c

oXPðz; tÞ
ot

¼ ic41aPq41; ð15Þ

oXTðz; tÞ
oz

þ 1
c

oXTðz; tÞ
ot

¼ ic41aTq43; ð16Þ

where aðP;TÞ ¼ xðP;TÞl2
4ð1;3ÞN=ð2�hc�0ĉ41Þ are the absorption coeffi-

cients, with N the atomic density of the medium. In the linear re-
gime, we easily obtain the steady-state probe field at the medium
output

Xout
P ¼ Xin

P e
�aPLIm

ĉ41q41
XP

� �
; ð17Þ

L being the medium length. The normalized absorptive loss of the
transmitted amplitude function can be obtained from Eq. (17) as
T � Xout

P =Xin
P . Fig. 4a shows the dependence of the probe transmis-

sion spectrum on the trigger field. Close to the center of the spec-
trum DP ’ 0, a low transmission occurs when the trigger field is
off whereas a high transmission takes place when this field is
switched on. This result is in agreement with the absorption spec-
trum shown in Fig. 2a. If we denote Toff and Ton the probe transmis-
sion associated with the closed (XT ¼ 0) and the open switch
(XT–0), respectively, we may define the contrast function
C � ðTon � ToffÞ=ðTon þ ToffÞ which measures the efficiency of the
switch. In the case shown in Fig. 4a, the contrast value at DP ¼ 0
is around 0.7. The switch can be optimized by means of the Rabi fre-
quency of the control field X2. In fact, the contrast value approaches
to unity as the Rabi frequency X2 decreases.
Fig. 4. Transmission spectra of the probe field T � Xout
P =Xin

P for aPL ¼ 3 and different
values of the driving field XT ¼ 0 (dashed line) and XT ¼ 0:5c41 (solid line). The rest
of parameters are the same as Fig. 2a.
These non-linear optical properties may be used to realize
absorptive switching in pulsed regime. For this purpose, we
numerically solve the field Eq. (15) and the density matrix Eq.
(3). We consider a weak probe field at the medium entrance
(Xin

P << c41) and we use the same parameters as in Fig. 2, that is,
X2 ¼ X4 ¼ c41, DP ¼ DT ¼ D2 ¼ D4 ¼ 0. The driving field XT plays
the role of the switching beam, changing its value at the entrance
of the medium from zero (switching beam off) to XT ¼ 0:5c41

(switching beam on) during the whole time evolution. Fig. 5 shows
the time evolution of the output probe field normalized to the in-
put field, i.e., the transmitted amplitude function, when the control
field XT is modulated as a train of rectangular pulses. When the
control beam is off, a strong absorption peak occurs at DP ¼ 0 (in
agreement with dashed line in Fig. 2), then the amplitude of the
output field is nearly zero. However, when the control beam is
on, the system becomes transparent since a hole appears at line
center (in agreement with solid line in Fig. 2).

4. Cross-phase-Kerr non-linearity and quantum gates

A major challenge for quantum information using individual
photons as qubits is the implementation of logic operations, which
requires efficient non-linear interactions for pairs of photons. Sev-
eral EIT schemes have been analyzed in order to achieve enhanced
non-linear coupling via XPM. The addition of the a new energy le-
vel to a three-level structure allows the violation of the strict two-
photon resonance condition through the Stark-shift induced by the
off resonant field which couples the new transition. If the distur-
bance of the EIT condition is small, the absorption does not in-
crease much but the non-linearity can be very high [17].

Here we propose a phase-gating scheme using the five-level
atom considered in (Fig. 1). In fact, this atom may be considered
as a realization of the idea of Lukin and Imamoglu [27] but using
a single spice of atoms. This atom, as discussed in Section 1, exhib-
its double EIT and is an alternative scheme to obtain cross-phase
modulation by allowing the system to be tuned to its dark states.
In addition, the inclusion of a new off-resonant field enables us
to disturb the dark resonance condition, which is essential to in-
duce large cross-phase modulation. Thus, we are interested in
exploiting the optical non-linearities occurring in the N-tripod-
type system for quantum gate implementations. We consider
two optical weak pulses XP and XT, as probe and trigger fields,
which couple the transitions j1i ! j4i and j3i ! j4i, respectively.
In addition, the same field ET couples the transition j2i ! j5i, so
X4 ¼ gXT, where g ¼ l52=l43. This is necessary in order to have
slow group velocity for both probe and trigger fields simulta-
Fig. 5. Time evolution of the output probe field Xout
P normalized to the input field

Xin
P and the control field Xout

T normalized to the Xin
T input field. The parameters are

the same as Fig. 4.
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neously. Now, we need the probe and trigger susceptibilities,
which are given by

vPðxPÞ ¼ limt!1
Njl41j

2

�h�o

q41ðxPÞ
XP

; ð18Þ

vTðxTÞ ¼ limt!1
Njl43j

2

�h�o

q43ðxTÞ þ gq52ðxTÞ
XT

� �
: ð19Þ

If we assume that the intensity of the probe and trigger fields is
much weaker than the intensity of both coupling fields, i.e.,
jXPj2; jXTj2 << jX2j2, then populations remain mainly in the ground
levels j1i and j3i, while the populations of the other levels vanish.
By keeping two lowest-order contributions in probe and trigger
susceptibilities in Eq. (4), the susceptibilities can be expressed as

vP ¼ vð1ÞP þ vð3;cÞP jETj2; ð20Þ
vT ¼ vð1ÞT þ vð3;sÞT jETj2 þ vð3;cÞT jEPj2; ð21Þ

where we have introduced the linear susceptibility, vð1ÞP , the third-
order self-Kerr susceptibility, vð3;sÞT , and the cross-Kerr susceptibili-
ties, vð3;cÞP;T , which are given by

vð1ÞP ¼ i
Njl41j

2

�h�0

C21q
ð0Þ
11

C21C41þjX2j2
;

vð1ÞT ¼ i
Njl43j

2

�h�0

C23qð0Þ33

C23C43þjX2j2
;

vð3;cÞP ¼ iNjl41j
2jl43j

2

4�h3�0

g2 jX2j2qð0Þ11

C51ðC21C41þjX2j2Þ2

"

� C21

C31ðC21C41þjX2j2Þ
C21qð0Þ11

ðC21C41þjX2j2Þ
þ C32qð0Þ33

ðC34C32þjX2j2Þ

" ##
;

vð3;cÞT ¼ iNjl41j
2jl43j

2

4�h3�0

g2 jX2j2qð0Þ11

ðC21C41þjX2j2ÞðC52C54þjX2j2Þ
1

C51
þ 1

C24

� �"

� C23

C13ðC43C23þjX2j2Þ
C23q

ð0Þ
33

ðC43C23þjX2j2Þ
þ C12q

ð0Þ
11

ðC14C12þjX2j2Þ

" ##
;

vð3;sÞT ¼ iNjl43j
4

4�h3�0

g2 jX2j2qð0Þ33

C53ðC43C23þjX2j2Þ2

" #
: ð22Þ

In the derivation of the above expressions we have assumed
jX2j � c21, and that the auxiliary transition (j2i ! j5i) is far de-
tuned, i.e., jD4j � c51; c53.

Eq. (22) explicitly shows the effect of the cross-phase modula-
tion induced by the interaction between the two weak fields: the
polarizability at frequency xP, due to field EP, depends on the
intensity of field ET. Since a completely analogous expression holds
for the polarizability at frequency xT, the cross-phase effect be-
comes evident. Thus, this term yields a non-null cross-phase mod-
ulation term even at exact EIT resonance (DP � D2 ¼ 0). This
situation contrasts to the results obtained in the tripod and M-type
systems, where the non-linear susceptibility vanishes at two-pho-
ton resonance. Now we apply the above calculations to a real
implementation of the N-tripod system following the recently pro-
posal by Wang et al. [35] in 87Rb. They consider Rubidium atoms
confined in a MOT where the ultracold atoms are transferred into
the state 5S1=2 with F ¼ 1; m ¼ ð�1;0;1Þ and with F ¼ 2, and
m = (�2, �1, 0, 1, 2). The simplified level configuration is shown
in Fig. 6. Transitions between these states and the excited levels
of the state 5P1=2 with F ¼ 2, m ¼ ð�2; �1; 0; 1; 2Þ are induced
by the optical fields. Specifically, the levels ð5S1=2; F ¼ 1; m ¼ 0Þ,
ð5S1=2; F ¼ 2; m ¼ 0Þ, and ð5S1=2; F ¼ 2; m ¼ 2Þ correspond to the
ground states j1i, j2i and j3i, respectively, while
ð5P1=2; F ¼ 2; m ¼ 1Þ, and ð5P1=2; F ¼ 2; m ¼ �1Þ correspond to
the excited states j4i, and j5i, respectively. We use Steck’s spectro-
scopic data for the decay rate the excited-states decay rate
c1 ¼ c3 ¼ 5:73 MHz, close to the measured values for a sample at
a temperature of 10 nK [36]. Other parameters used in the calcula-
tions are XP ¼ 0:1c41, and XT ¼ 0:02c41 which correspond to
XP ¼ 0:68 MHz, and XT ¼ 0:01 MHz. A control field X2 ¼ 0:7c41

which corresponds to X2 ¼ 4:76 MHz. Note that we have chosen
a small value for the trigger in comparison with the probe field
in order to avoid the influence os the self-phase modulation term
in Eq. (21). All these fields are at resonance with the respective
transitions, i.e., DP ¼ DT ¼ D2 ’ 0, while a detuning
D4 ¼ 4c41 ’ 23 MHz from the transition (j2i ! j5i) is assumed, in
order to satisfy the condition D4 � c41. Note that the proposed
model is not a complete description of the experiment as the
hyperfine splitting of the 5P3=2 state is less than the Doppler broad-
ening, so there are multiple level contributions. However, the mod-
el does give qualitative insight into the properties of the tripod
atoms [34].

For these parameters, the linear absorption Imðvð1ÞÞ, two-pho-
ton absorption Imðvð3ÞÞ and cross-Kerr modulation Reðvð3ÞÞ of the
probe and trigger fields are depicted in (Fig. 7) versus their respec-
tive detunings DP, and DT.

It is clear that within the transparency windows, the strengths
of the respective cross-phase are enhanced even at zero detuning,
while the two-photon absorption remains extremely weak, which
contrasts with the results obtained in N-type, tripod-type and M-
type atoms. Most interestingly, a very sharp peak near zero detun-
ing appears. This interesting result is produced by the combination
of the N-type atomic subsystem with the Tripod-type atomic
subsystem.

Apart from a large cross-phase modulation, a group velocity
matching is another fundamental condition for achieving a large
non-linear mutual phase shift [27], provided that the group veloc-
ity of the two pulses is significantly reduced. Let us see how small
and equal are the probe and trigger group velocities which can be
obtained in this N-tripod system. The group velocity vi

g is given by

vi
g ¼

c
1
þ 1

2
Re½vðiÞ� þxP

2
oRe½vðiÞ�

ox

� �
ði ¼ P; TÞ: ð23Þ

Using the expressions of linear susceptibilities given in Eq. (22),
and assuming two-photon EIT resonance condition, ðDP � D2Þ ’ 0
and ðDT � D2Þ ’ 0, the contribution of the non-linear susceptibili-
ties to vg are three orders of magnitude lower than the linear
one, thus they may be neglected. Therefore, we may derive simple
expressions for the group velocities

vP
g ’

2c�h�0jX2j2

Njl41j
2xPq0

11 1þ bjXTj2
h i ; ð24Þ

vT
g ’

2c�h�0jX2j2

Njl43j
2xTq0

33

; ð25Þ

where

b¼ g2

2ðc2
52þD2

4Þ
2jXTj2

ðc2
52þD2

4Þð2c41c52þ2DPD4þjX2j2Þ�2D2
4jX2j2

h i
:

ð26Þ

Eq. (24) and (25) show that group matching at the center of the
transparency window is achievable if the following condition holds

jl43j
2xTq0

33 ¼ jl41j
2xPq0

11 þ bjXTj2: ð27Þ

This condition may be achieved by properly adjusting the Rabi
frequency of the control field, jX2j, the detuning D4, and the initial
populations q0

11 and q0
33 as in Refs. [34,35].

The probe and trigger group velocities are 4.4 m/s, and 6.6 m/s,
respectively, at resonance (DP ¼ DT ¼ 0). Moreover, there exist a
region in the vicinity of the resonance where the group velocities
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Fig. 6. Realization of the scheme of a N-Tripod atom driven by a probe (XP) and
trigger (XT) fields and two control fields X2 and X4, using the D1 line of 87Rb.
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are very similar, (vP
g � vT

g ¼ 29 m/s). In fact, for this probe and trig-
ger detuning the cross-phase modulation reaches maximal value,
as can be seen from (Fig. 7). Thus the current N-tripod system of
enhancing cross-phase modulation has a very important advantage
over the one using the N-type system [20], i.e., it provides large
cross-phase modulation without accompanying absorption.

Now we are in position to analyze the phase gate operation, a
fundamental building block for quantum information processing.
In order to implement a quantum phase gate (QPG) between two
optical qubits, cross-phase modulation is a very essential require-
ment. In a QPG, one qubit gets a phase conditioned to the other qu-
bit state according to the transformation [37]

jii1jji2 ! ei/ij jii1jji2; ð28Þ

where ði; jÞ ¼ 0;1 denotes the logical qubit basis. This gate is univer-
sal when the conditional phase shift / ¼ /00 þ /11 � /10 � /01 is
non-zero, and is equivalent to a CNOT phase gate when / ¼ p.

In our case, the qubit is formed by the superposition of two cir-
cularly polarized states of the field and can be written as [32]

jqii ¼ bþi jrþii þ b�i jr�ii i ¼ ðP; TÞ; ð29Þ
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where jr�ii ¼
R

dxnðxÞay�ðxÞj0i, nðxÞ being a Gaussian frequency
distribution of incident wavepackets, centered at frequency xi

and b�i are constants. In order to obtain the acquired phases by
the probe and trigger fields we solve the propagation equation for
the slowly varying electric field amplitudes Eiðz; tÞ, ði ¼ P; TÞ,
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Fig. 9. Contours of the concurrence function C: (a) versus the Rabi frequency of the
control field and the length of the atomic medium, and (b) versus the atomic
detuning of the probe field and the length of the atomic medium. Other parameters
are the same as in Fig. 7.
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oEPðz; tÞ
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þ 1
vP

g

oEPðz; tÞ
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¼ i
kP

2
vð1ÞP þ vð3;cÞP jETðz; tÞj2
h i

EPðz; tÞ; ð30Þ
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þ 1
vT
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2
vð1ÞT þ vð3;cÞT jEPðz; tÞj2 þ vð3;sÞT jETðz; tÞj2
h i

ETðz; tÞ:

Under the two-photon resonance conditions and considering
small values for the trigger field ET, the self-phase modulation term
in the non-linear susceptibility can be neglected. Thus, the solution
of Eq. (30) is given by

EP;Tðz; tÞ ¼ EP;T 0; t � z

vP;T
g

 !
exp i

kP;T

2

Z L

0
dz0vP;Tðz0; tÞ

� �
; ð31Þ

L being the interaction length of the fields. Thus, the linear phase
shift and non-linear cross-phase shift are given by

/P;T
lin ¼

kP;T

2

Z L

0
dz0Re vð1ÞP;T

h i
; ð32Þ

/ð3;cÞP;T ¼
kP;T

2

Z L

0
dz0Re vð3;cÞP;T

h i
jET;Pðz0; s0Þj2; ð33Þ

where

s0 ¼ z0
1
vP

g
� 1

vT
g

 !
: ð34Þ

For gaussian probe and trigger pulses of time duration sP and sT,
and with peak Rabi frequencies XP0 and XT0, respectively, the non-
linear cross-phase shifts can be written as [32]

/ð3;cÞP ¼ kPL
2

ffiffiffiffi
p
p
jXP0j2

jl41j
2

erf ½fP�
fP

Re vð3;cÞP

h i
; ð35Þ

/ð3;cÞT ¼ kPL
2

ffiffiffiffi
p
p
jXT0j2

jl43j
2

erf ½fT�
fT

Re vð3;cÞT

h i
; ð36Þ

where

fl;m ¼
ffiffiffi
2
p

L 1�
vl

g

vm
g

 !
1

smvP
l

ðl;mÞ ¼ ðP; TÞ: ð37Þ

We assume that our N-tripod system shown in (Fig. 6) is imple-
mented only when the probe has jrþi polarization and the trigger
has jr�i polarization. Thus, following Octaviani et al. [32], the QPG
truth table for the N-tripod atom reads as

jr�iPjr�iT ¼ e�ið/P
0þ/T

linÞjr�iPjr�iT;
jr�iPjrþiT ¼ e�ið/P

0þ/T
0Þjr�iPjrþiT;

jrþiPjrþiT ¼ e�ið/P
linþ/T

0ÞjrþiPjrþiT;

jrþiPjr�iT ¼ e�ið/P
linþ/ð3;cÞP þ/T

linþ/ð3;cÞT Þjr�iPjr�iT; ð38Þ

where the conditional phase is defined through / ¼ /ð3;cÞP þ /ð3;cÞT .
By assuming realistic value for the electric dipole matrix ele-

ments for the system under examination l ¼ 2:534	 10�29 cm
[36], which are typical values for an alkali atom and atomic density
in the order of N ¼ 9	 1013 cm�3, and a length of the atomic sam-
ple as long as 1 mm, we find from (Fig. 8) that a cross-phase shift of
0:03p is reached. This choice of parameters corresponds to a mean
photon number around unity when the beams are focused in an
area of 1 lm in diameter and for a time of flight around 1 ls. It
is clear that a classical phase gate could be implemented by using
more intense probe and trigger field pulses allowing a cross-phase
shift of p. Although in these conditions we do not find very appre-
ciable amount of absorption, it is worth analyzing the influence of
the residual linear and non-linear losses in the degree of entangle-
ment for two subsystems of bipartite mixed or pure states. To do
that we use the entanglement of formation proposed by Wootters
[38], which, for a two-qubit system is given by

EFðCÞ ¼ h
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2

p
2

 !
; ð39Þ
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where hðxÞ ¼ �x log ðxÞ � ð1� xÞ log ð1� xÞ is the Shannon’s entropy
function, and C is the so-called concurrence. The expression relating
the concurrence C to the density operator for the output state de-
fined in the computational basis ½jr�iPjr�iT; jr�iPjrþiT;
jrþiPjr�iT; jrþiPjrþiT� is given by [38]

C ¼maxf0; k1 � k2 � k3 � k4g; ð40Þ

k’s being the square roots of the eigenvalues, in a decreasing order,
of the matrix ~q ¼ qrP

y 
 rT
yq�rP

y 
 rT
y , here q� denotes the complex

conjugation of q, and ry is the y-component of the Pauli matrix.
The case of C = 1 corresponds to the existence of the maximum
entanglement between the two fields, and C = 0 means no entangle-
ment between the fields. In (Fig. 9a and b) we plot the concurrence
versus the length of the atomic medium, and the Rabi frequency of
the control field and versus the atomic detuning, respectively. In
both figures it can be appreciated that there exists an optimal med-
ium length where entanglement is maximal and decreases as the
length increases due to the accumulation of linear and non-linear
losses. In addition, for a fixed length, the concurrence C can be con-
trolled by changing the Rabi frequency of the driving field and the
detuning of the probe field, among other parameters. The use of
these figures will allow us to select the optimum parameters to pro-
duce the highest degree of entanglement between the modes of the
electromagnetic fields.

5. Conclusions

In this paper we have analyzed the absorptive and dispersive
properties of a five-level atom in a novel N-tripod configuration
of EIT. This atomic scheme could be used for the realization of an
all-optical absorptive switch. It is shown that the switching mech-
anism relies in the control of the double-dark resonances which
appear in the system. These two dark resonances arise from the
subsystem formed by levels 1ji, j2i, j3i, and j4i when the control
field is turned off (X4 ¼ 0). The addition of the auxiliary field which
connects levels 2i and 5i induces a Stark-shift which breaks one of
the dark resonances while maintaining the other. Simultaneously,
the central peak caused by constructive interference experiences
nearly the same shift, turning the system into a highly absorptive
state. By numerically solving Eqs. (3) and (15) we have examined
the time evolution of both the probe and trigger fields showing
the dynamics of the switching process.

The linear and cross-phase modulation susceptibilities have
been calculated with realistic parameters for a confined cold sam-
ple of Rb atoms showing giant cross-phase modulation even at res-
onance of the probe and trigger fields. We have found that the
system exhibit large cross-Kerr modulation between the probe
and trigger fields even at resonance with nearly null absorption.
This fact may be used for realizing a phase gate with a conditional
phase shift in the order of 0.03p.
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