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Topological Quantization of the Magnetic Flux
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The quantization of the magnetic flux in superconducting rings is studied in
the frame of a topological model of electromagnetism that gives a topological
Sformulation of electric charge quantization. It turns out that the model also
embodies a topological mechanism for the quantization of the magnetic flux
with the same relation between the fundamental units of magnetic charge and
flux as there is between the Dirac monopole and the fluxoid.
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1. THE TOPOLOGICAL MODEL OF ELECTROMAGNETISM

This section summarizes the basic elements of the a topological model
of electromagnetism (TME from now on) previously proposed by one
of us,) which is locally equivalent to Maxwell’s standard theory but
implies furthermore some topological quantization conditions with intrigu-
ing physical implications®~® (3 is a review of the results obtained up
to 2001). The TME makes use of two fundamental complex scalar fields
(¢, 0), their level curves being the magnetic and electric lines, respectively,
so that each one of these lines is labelled by a particular value of the cor-
responding scalar. It turns out that the set of magnetic and electric lines
has very curious and interesting topological properties.

The two scalars are assumed to have only one value at infinity, which
is equivalent to compactifying the three-space into the sphere S>. This
implies that they can be interpreted (via stereographic projection) as two
maps S> — S2, which can be classified in homotopy classes and, as such,
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characterized by the value of the Hopf index n. It can be shown that the
two scalars have the same Hopf index and that the magnetic (resp. electric)
lines are generically linked with the same Gaussian linking number £. If p
is the multiplicity of the level curves (i.e., the number of different magnetic
(resp. electric) lines that have the same label ¢ (resp. 6)), then n=~¢u?; the
Hopf index can thus be interpreted as a generalized linking number if we
define a line as a level curve with p disjoint components.

An important feature of the model is that the Faraday 2-form F =
% wdx* Adx' and its dual *F = %*F,wdx” AdxV are proportional to the
two pull-backs of o, the area 2-form in $2, by ¢ and 0, i.c.,

Ja

_¢)*G, *.7::\/5
C

F=-— Y= g*o, (1)
C

where /a is a constant with dimensions of electric flux and a value of
Ja = \/hc/ey in SI units (%, ¢, g being the Planck’s constant, the light
velocity and the vacuum permittivity). Natural units will be used here, so
that /a/c=1. Consequently, the two maps are dual to one another in the
sense that

*(¢p*0) = —0%0, )

where * is the Hodge or duality operator. Curiously enough, the existence
of two maps satisfying (2) guarantees that both F and *F obey Maxwell’s
equations in empty space without the need for any other requirement. We
will note F = (E,B), *F = (—B,E).

The electromagnetic fields having the form (1) are called “electro-
magnetic knots”. They are radiation fields, i.e., they obey the condition
E -B=0. It must be stressed here that, because of the Darboux theorem,
any electromagnetic field in empty space can be expressed locally as the
sum of two radiation fields.

The pair of scalar fields (¢, 0) generate a Faraday 2-form and its dual
which can be expressed as

va

C

*f:“/—adwdu, with v=1/(1+10)%), u=arg®)/27, (4
C

F=Y"dsndp, with p=1/1+|p/>), s=arg@®)/27r, ()

so that ¢ = /(1 — p)/pe'?™ and 6 = /(1 — v)/ve' >,
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This implies that the magnetic and electric fields have the form

f

B=Y2v)xvs= £ (BouVv — duVu), (5)
E = \/_Vu x Vv = f(aosz —dopVs). (6)

The quantities (p, s) and (v, u) are called the Clebsch variables of the fields
B and E, respectively (and of the scalars ¢ and 6 as well). Note that ¢ and
6 are not uniquely determined by the magnetic and electric fields. Indeed,
a different pair defines the same fields E, B if the corresponding Clebsch
variables (P, S), (V,U) can be obtained through a canonical transforma-
tion (p,s) — (P, S) or (v,u) — (V,U). However, the canonical transfor-
mation must satisfy two conditions: (i) 0 < P,V < 1 and (ii) S, U must be
the arguments of complex functions in units of 27, i.e., they can be multi-
valued but their change along a closed curve must be an integer. Changes
in the Clebsch variables will be introduced later in the article.

2. THREE QUANTIZATION CONDITIONS

As stated before, the TME is locally equivalent to Maxwell’s standard
theory.23 However, their differences from the global point of view are
quite interesting, as seen in the following three topological quantizations:

(1) In the TME, the electric charge of any point particle must neces-
sarily be equal to an integer multiple of the fundamental value eg=+/7ice,
in SI units (or ¢p = | in natural units). Furthermore, if a charge has m
fundamental units ¢ = meg, then m is a topological index equal to the
degree of the map 6’ : & — S2, i.e, the restriction of 6 to any closed sur-
face ¥ enclosing the charge. It follows that, generically, there are exactly
m lines converging to or diverging from a charge meg that have any pre-
scribed complex value of 6 as their common label. Note that ¢y = 3.3
e=5.29 x 10719 C, where e is the electron charge®. The same mechanism
applies to any hypothetical magnetic charge, so that the model has room
for monopoles if and only if their magnetic charges are integer multiples
of go =eg/c =+/Tiep/c. In natural units, the electric and magnetic funda-
mental charges of the TME are equal ¢) = gg = 1, the corresponding fine
structure constant is ag = 1/4m, e = 0.3028 and the magnetic charge of
the Dirac monopole g =2m/e=20.75. It must be stressed here that Max-
well’s theory embodies no charge quantization.

As the TME is classical, ¢y and oy must be interpreted as bare val-
ues. In Section 8 of Ref. 3, it is argued that this interpretation is plau-
sible since the quantum vacuum is dielectric but paramagnetic, so that it
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changes the electron charge from eg to e (<ep) and the monopole charge
from gog = ep/c to g(> go). Intriguingly, it turns out that « is close to
the estimated value of «; at the unification scale. This suggests that the
topological model gives a theory of bare electromagnetism (i.e., without
the effect of the quantum vacuum) or for high energies (at the unifica-
tion scale), since in this limit one can argue that the bare charges interact
directly. The symmetry implied by the TME between electricity and mag-
netism would be broken by the effect of the quantum vacuum.

(i1) The electromagnetic helicity H is also quantized. In natural units,

H:lf (A-B+C-E) d’r =n, (M
2 R3

where B =V x A, E =V x C, the integer n being equal to the common
value of the Hopf indices of ¢ and 6 (in physical SI units, the term C-E
in (7) would be divided by ¢2, the right-hand side being equal to n#i/cep).
Note that H = Ng — Ny, where Ny and N are the classical expressions of
the number of right- and left-handed photons contained in the field (i.e.,
H=Ng— NL:fd3k(EzRaR —apar), ag(k), ar (k) being Fourier transforms
of A, in the classical theory, but are the creation and annihilation opera-
tors in the quantum version). This implies that

n:NR—NL, (8)

which reveals a curious relation between the Hopf index (i.e., the general-
ized linking number, which is equal to the electromagnetic helicity) of the
classical field and the classical limit of the difference Ng — N.. This differ-
ence has a clear topological meaning, and is attractive from the intuitive
physical point of view.

(iii)) The topology of the model also implies the quantization of the
energy of the electromagnetic field in a cavity. More precisely, it predicts
that its energy £ in a cubic cavity will obey the relation

£ =no, ©)

where n = d/4, and d is an integer equal to the degree of a certain map
between two orbifolds. This rule is different from yet very similar to the
Planck—Einstein law. The two rules are identical when d is a multiple of 4.

Next we will show that the TME predicts the quantization of the
magnetic flux of a superconducting ring, which in standard theory is
always an integer multiple of half the fluxoid g/2, where g is the Dirac
monopole. In the case of this topological model, the unit of magnetic flux
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is go/2, where gy = ep/c is the fundamental magnetic charge of the model,
equal to go=+/7€p/c in SI physical units (or, equivalently, go=1 in natural
units). This means that the relationship between the fundamental charge
and the fluxoid in this model is the same as in standard theory.

3. FLUX QUANTIZATION IN AN INFINITE SOLENOID

Let us consider an infinite perfect solenoid around the z-axis. The
adjective perfect means that no flux escapes through the coils. Since this
can only happen in a superconducting ring, “perfect solenoid” and “su-
perconducting solenoid” are synonymous in this work. So, the magnetic
field vanishes outside and is constant and equal to B = Be, inside the
ring, where e, is unit vector along the axis. In the TME, this field strength
corresponds to the scalar ¢ (which gives a map 3 — $2).) Given the
configuration of the magnetic lines of this solenoid, it is impossible for
¢ to be regular in the entire sphere S3. However, we may consider the
3-space as 2 x R and require that ¢ be regular for the induced map
S% > S2, the first S? being the plane (x, y), and the second the complex
plane, both completed with the point at infinity). If ¢ = |¢|exp(2ris) and
p=1/(1+[¢/*), then

B=Vpx Vs. (10)

Since B = 0 outside the solenoid, p and s can not be independent
functions there. This could happen in three different ways: (i) s = f(p),
f being a nontrivial function, or (i) s = so = constant, (iii) or p = pg =
constant.

(1) If s = f(p), we can substitute s with s — f(p). This is a canoni-
cal transformation of the variables s, p which does not affect the value of
B in view of Eq. (10). The new expression of ¢ is real outside, but com-
plex inside the solenoid in general. Consequently, the magnetic flux across
a section of the solenoid is topologically quantized, and is equal to the
area of the set ¢(S) in the sphere S2, where S is any surface that com-
pletely cuts the solenoid and is bordered by a circuit outside it. In fact,
this flux must necessarily be Flux = n/2, because any curve contained in
a great circle of a sphere encircles a integral multiple of semi-spheres. Or,
considering the stereographic projection, if the curve is contained in the
real axis it encircles an integral number of semi-planes.

(i) If s is constant, the situation is similar to and gives the same flux
quantization as (i) (outside the solenoid, ¢ takes values also in a great cir-
cle of 2 ). Hence Flux = n/2.
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This is interesting, because it means that when either (i) or (ii) is true
the flux in the solenoid is necessarily quantized, and the fundamental flux-
oid is go/2, just as in standard theory the real fluxoid is half the Dirac
monopole g/2 = 10.37.

(iii) Let p = po outside, and s variable—otherwise we would have case
(i1). Then the scalar would be

6= 1- Po eiZns(r, (p)’ (11)
Po
where r = (x2 + y?)!/2 and ¢ is the azimuth. Moreover,
2
d
/ B do=m, (12)
0o J¢

i.e.,, an integer. A simple example of such a function is s = mg/27x.

In order for ¢ to be a regular map of the plane xy on the complete
complex plane with s a non-constant function of ¢, either pg = 0 (so that
¢ = o0) or pg =1 (or ¢ = 0). Otherwise ¢ would not be well defined at
infinity in this plane. In both cases, it turns out that Flux = n/2.

Conclusion: In the topological model of electromagnetism, the mag-
netic flux in an infinite perfect solenoid is always an semi-integral multiple
of the fundamental magnetic flux /a/c = 1, so that

n
Flux = —. 13
ux 7 (13)

4. FLUX QUANTIZATION IN A FINITE SOLENOID I

Let us consider now the case of a superconducting ring (i.e., of a per-
fect but finite solenoid), limited by the planes z = —L/2 and z = L/2 and
two cylinders around de z axis with radii rg and ro+38rg, although the par-
ticular values of these two radii are not relevant. Since the magnetic field
does not enter inside the superconductor, B = 0 inside it.

If the superconductor is infinitely thick (i.e., 8rg = 00), the topology
of the problem is the same as before, and all the results are also the same.
In the realistic case in which dr( is finite, there are also three cases, as in
Section 3, just after Eq. (10), but substituting “within the superconducting
material” for “outside the solenoid”. It is evident that the result would be
the same in the two first cases (i) and (i1). However, it is not clear at first
glance that the same could be said of case (iii).

In order to study the third case, let us apply these ideas to the
quantization of the magnetic flux across a superconducting ring® using



Topological Quantization of the Magnetic Flux 433

standard theory. In this case the wave function can be treated as a classical
macroscopic field ¢ = /p ¢'?, the following equation being satisfied

WV = QA, (14)

where Q = 2e is the charge of a Cooper pair of electrons. The flux is thus

2rn’

Q 9
n’ being an integer. We see that the fundamental unit of flux is 27/Q.
Note that the phase shift in an Bohm-Aharonov experiment is eFlux/7.

Let us take the case of a finite superconducting ring of cylindrical

shape, as explained before. The interior magnetic field in the central plane
z=01is

Flux:fA-ds: (15)

B = B(r)e., (16)

where r is the radial coordinate, and the magnetic flux is
Flux :/ B(r)rdrdy, 17
Co

where Cy is the circle of radius ro. Because of the symmetry of the prob-
lem, we can take a scalar ¢(r, ), with p = 1/(1+]¢|?) and s = arg(¢)/27,

such that

1 /opd ap d

B:_(_P_S__P_S .. (18)
r \or dp 0@ or

It is convenient to define the dimensionless radial coordinate as

R=_, (19)
ro

so that, in each plane (R, ¢), ¢ can be taken as a map ¢: C; — S2, where
C is the circle with R =1, and

11 /0pod ap 0
B L1 (_P_S__P_S>uz_ 20)
rOR ORJdp Jp IR

The magnetic flux across the superconductor turns out to be

Flux = / (—— — ——) dRdg. 21
c; \0R3¢p 03¢ IR



434 Raiiada and Trueba

The quantity between brackets in (21) is the Jacobian of the change of
variables (p, s) — (R, ¢), so that

Flux = / dpds, (22)
#(C1)

where ¢(C;) is the image in $2 of the unit circle C;.

The magnetic field in the superconductor satisfies a phenomenological
equation in the transition layer in which the magnetic field goes to zero.
This is the second London equation

A=-)>V xB, (23)

where A(r) is in the Coulomb gauge and A is the penetration length of the
magnetic field inside the superconductor material (in practice, A is about
10 A, much shorter than the inner radius of the superconductor ring r).

5. FLUX QUANTIZATION IN A FINITE SOLENOID II

Let us write F = dA, where A = A,dx". In the Coulomb gauge
(V- A = 0), the vector potential A(r) is purely azimuthal and its modu-
lus depends only on the radial coordinate r. From (5) and (18) the vector
potential can be written as

ds

1
A:A(r)u(p: ;p%

u, . (24)

It follows that s =s(¢) (otherwise A would not be azimuthal) and p=p(r),
since p (ds/dgp) must be regular on the ring axis. Furthermore fozn Ayrde
must be independent of r inside the superconductor, from which

P =po, s:nzi. (25)
b4

Inserting Eq. (24) into the London Eq. (23), we obtain the following ordi-
nary differential equation for p(r),

2
22 (d—p—ld—”)—p:o. (26)
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Up to the first order in A/rg, we can neglect the first term in (26) to
obtain

p(r)=0, r=>r, 27)

which characterizes p inside the superconductor. Since the Clebsch vari-
able p has to be continuous and constant inside the superconductor, with
a value p = pg, we obtain pyg =0, i.e., ¢ = oo.

In the TME, if an electromagnetic field is generated by the scalar field
¢ and the Clebsch variables (p,s), it is also generated by the scalar 1/¢
and the Clebsch variables (1 — p, —s). In the latter case, Eq. (27) would be
1—p(r)=0, r >ry, so that pg =1 and ¢ = 0 inside the superconductor.

Consequently, the value of the scalar field ¢ inside the superconduc-
tor is ¢ = oo or ¢ = 0. In both cases, the magnetic flux is

2 n
Flux = / A(R)roRdy = / —dy =n. (28)
C 0 2

If we consider the solutions given by the families (i) and (ii), we find that
the magnetic flux is always quantized, since it is always an integral multi-
ple of 1/2, i.e.,, Flux = n/2.

This argument relies on London’s equation. However, the same con-
clusion can be reached taking an alternate route. The radial derivative of
p is in general discontinuous at rg. However, this irregularity in the map
¢ is eliminated if either ¢ = 0 or ¢ = oo inside the superconductor. There-
fore, the requirement that the map is regular leads to the topological quan-
tization of the flux, without taking into account the London equation.

6. CONCLUSION

As explained in previous papers, the topological model of electromag-
netism (TME) presented in Ref. 1 embodies a topological mechanism for
the quantization of the electric charge, the fundamental unit being 1 in
natural units (= 3.3 ¢). This work now shows that the TME also predicts
that the magnetic flux is quantized, the fundamental flux unit being 1/2
in natural units. Consequently, the relation between the fundamental mag-
netic flux and electric charge in the TME is the same as that between the
Dirac monopole and the electron charge in standard theory.
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