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immediate, asit only requiresto modify aconditioning information set. Three examplesillustrate the
adverse effect of an inadequate initialization on smoothed estimates.
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1. Introduction

Most state space methods are built on two basic forecasting procedures, filtering and
smoothing, being fixed-interval smoothing (hereafter, ‘smoothing’) the most widely used variety of
the last one.

Smoothing consists of obtaining the first and second-order moments of a random vector
conditional to all the datain a sample. Among other uses, it has been applied to interpolate missing
data, Kohn & Andey (1986), to ‘clean’ signals contaminated by noise, Kohn & Andley (1987), to
obtain the exact score function of the parameters, Koopman & Shephard (1992), to compute efficient
estimates of time-varying parameters, Swamy & Tavlas (1995), to compute the unobservable
componentsin structural time-series models, Harvey (1989) and to calculate the residuals of a state
space model, Kohn & Andey (1989).

Many authors, e.g., De Jong (1989) or Kohn & Andey (1989), emphasize the importance of
initialization in the forward filtering phase and propose adequate solutions for stationary systems.
Perhaps oversmplifying, they consist of using stable values for the state vector and its covariance
matrix, e.g., its unconditional first and second-order moments. In the nonstationary case the initial
state covariance, P, isarbitrarily close to infinity and, therefore, these initialization criteria cannot
be used.

In a pure nonstationary framework, i.e., when all the roots of the model are in the unit
boundary, a common practice consists of approximating the diffuse initial conditionsby P, = kI,
wherek is an arbitrary big value. Frequent ‘rule of thumb’ values for k may vary between k=107 and
k=10". Thisinitialization allows one to keep using standard algorithms, but generates biased results
when Kk is not adequately chosen and induces numerical errors, Andey & Kohn (1985).

Literature suggests solutions to these problems such as: a) using the information filter, b)
modifying the Kalman filter to allow for partialy diffuse priors, Andey & Kohn (1989) or ¢) using
a diffuse version of the Kalman Filter, De Jong (1991). These three methods are inadequate in the
partial nonstationary case, when some states are diffuse while others have finite variances. Besides,
the first method requires the transition matrix to be nondefective and can be computationally
inefficient, Andey & Kohn (1985). A recent idea that may be useful in this context consists of using
a sguare root algorithm based on the Givens transformation, Snyder & Saligari (1996). While this
approach deals explicitly with P, when it depends on k - +«, its implementation in a smoothing
algorithm is difficult.

The procedure proposed in this article is analytically exact and can be applied to stationary,
nonstationary or partially nonstationary systems. We first derive an analytical relationship between
exact fixed-interval smoothed moments and those obtained from any smoother started with x, =0

2



and P, =0. Combining this result with the smoothing equations, we obtain an algorithm which
corrects the effect of the filter initialization to provide exact smoothed moments.

The layout of the paper isthe following. In Section 2 we define the notation and characterize
the relationship between exact and arbitrarily initialized smoothed moments. Section 3 presents a
practical implementation of the method, suggests how it can be extended to other forecasting,
filtering and smoothing problems and discusses how to reduce its computational cost. Section 4
includes three examples that illustrate the effects of inadequate initialization in trend estimation,
interpolation of missing values and forecasting. A final Section synthesizes the main points of
previous analysis and provides some insight about when should one worry about initial conditions.
The Appendix contains the proof of the theorem in Section 2.



2. Exact expressions for the smoothed moments

2.1. Problem statement and notation

Consider the state space model:
z = Hx, + Du, + Cy, (1)
X, = ®x, + T'u, + Ew, (2

where the observation equation (1) generates the (mx1) vector of measures z, t=1,2, ..., N, u,
isa (rx1) vector of inputs and the state equation (2) describes the evolution of the (nx1) state
vector X,.

We make the following assumptions about (1)-(2):
1) w,~1ID(0,Q),v,~I1ID(0,R), cov(w,v,) =S, foral t=1,2,..,N
2)  Theinitia state isindependent of w, and v,, and such that x, | u,,...,uy ~ (X;,P;)

3) ThematricesH, D, C, ®,T', E, Q, Rand S are known (or have been estimated previoudly)
whereas x, and P, are unknown.

Denoting theinformationavailableupto t = j by: Q, = {zl, Zys s Zy Ups Uy, o uj}andthefirst
and second-order conditiond moments of the state vector by: Xy = E(X, | Qj) and
Py; = E[(x, - xt“.)(xt - xt“.)T | Qj] , afixed-interval smoother isanagorithmto obtainestimatesof Xi|N
and P, . The strict interpretation of x,, and P, as conditional moments requires the normality
assumption. If the data is non-gaussian, x,,, isthe best linear estimator of x,, which mean squared

erroris Py .

t|N

Most smoothers operate in asimilar way. In afirst (forward) phase data are filtered from t=1
up to t=N. In asecond (backward) phase the filtered moments are corrected from t=N up to t=1.

Model (1)-(2) can be stationary, nonstationary or partially nonstationary, depending on the
eigenvalues of @. Also, u, may include deterministic and/or stochastic inputs. These two aspects -
stationarity of the system and stochastic nature of theinputs - affect crucially the values of x; and
P,. Their combined effect on filter initialization was analyzed by Casals & Sotoca (1997) in a
maximum-likelihood framework.



2.2. Decomposition of the smoothed moments

Let be the model:
z' = Hx, + Du, + Cy, ©)
X4, = ®x + Tu, + Ew, (4)

where the states and measures correspond to (1)-(2) with theinitial conditions x," =0 and P, = 0.
Notethat z" is not observed.

Propagating the state equations (2) and (4) it follows that:

X, = ®x, + %/ (5)
where x," isindependent of X, . Then, the conditional expectation of (5) is:

XiN = q)t_lxlm + XN (6)

Also from (1)-(2) and (3)-(4) it is easy to prove, Rosenberg (1973), that:

2= HO X, + 2 (7
where 7, =z, - Z)1-1 isthe sequence of Kalman Filter innovationscorrespondingto (1)-(2); thevalues
Z', defined accordingly by " = 7" - 7,_,, aretheinnovationsresulting fromaKaman filter applied
to(3{4) addatedwith X, = 0 ad P, = 0, herestter KRO0); ardithenretrices @, aregventy @, = (@ -K,H) @, ,
with @, = 1.

Eq. (7) can be written for al the sample as:

Z=Xx, +2Z" (8)

where X isthe block-diagona matrix whoset-th block is H?t_l and the (mxN)x1 vectors Z and Z*
contain the KF(0,0) innovations Z and Z", respectively. Note that Z* isindependent of X, .

The problem consists then of obtaining the conditional expectations in the right-hand-side of
(6), taking into account the relationship (8). The following theorem states the solution:



Theorem. The exact smoothed moments of the state in (1)-(2) can be expressed as:
X, = { @ - ELX (27)T1B X} x,  + E[X (2)1]B 2 9
t-1 *rza\T1R -1 t-1 * 2\ TIR -1y L T *
P ={ @ -Ex (27)T1B X} Py (@1 -E[x, (2)T1B X} T+ Py (10)

~ %

where B is a block-diagonal matrix that contains the covariance matrices of Z
second-order smoothed moment of the state in (3)-(4).

and Py isthe

The proof of thisresult isin the Appendix. Note that:

1) Egs. (9)-(10) apply to stationary, nonstationary and partialy nonstationary systems, asthe only
terms affected by P, are x, , and P, and this dependence occurs through P, !, whichis
finite, see Egs. (A.1)-(A.2) in the Appendix, De Jong (1988) and Casals & Sotoca (1997).

2)  The computation of E[x,"(Z")T]B *X and E[x,"(Z*)"| B *Z in (9)-(10) depends on the
specific smoothing algorithm to be used. Thisissueis further discussed in next section.



3. Implementation of an exact smoothing algorithm
3.1. Smoothing of a general state space model
Theresult (9)-(10) can be combined with any standard smoother to derive an exact dgorithm.

To do so we use an efficient and stable method due to De Jong (1989). The forward step consists of
running a standard Kalman filter through all the sample and the backward recursion is given by:

Xin = Xgeer * Pyiealia (11)
Pt|N - Pt|t—1 N Pt|t—1Rt—1Pt|t—1 (12)
r., = H'B'Z + ®/r, with r = 0 (13)
R, =HTB'H + ® R®, with R, = 0 (14)
® = ® - KH (15)

where x, ,_, and P,,,_, were computed intheforward step, B, isthet-th diagonal block of B and K,

is the Kalman filter gain.

In this framework, the terms of (9)-(10) are given by the following expressions:

E[X'(Z)1B 2= X4 +Pyiafis (16)
PtTN = Pt|t—1 - Pt|t—lRt—lPt|t—l (17)
@"-E[x(Z)11B*X= (1 -P ;R )@, (18)

and combining (11)-(15) with (16)-(18) yields the following algorithm:

Forward step: Propagate a KF(0,0) and:

., = (P - KH)®, with D, =1 (19)
X, = H®, (20)
W, = W, + X, B X, with W, =0 (21)
w, = w,, + X, B'Z with w, = 0 (22)



Backward step: Propagate (13)-(15) and:

Vyn = (1 - PR @, (23)

Xgn = Xy * Pealion + VX (24)

Pt|N = Pt|t—1 - Pt|t—1Rt—1Pt|t—1 * Vt|NP1|NVt|TN (25)
where:

X n= PN (P %, + W) (26)

Pin= (Pl_l W) ! (27)

1

2)

2)

The following remarks should be made about this algorithm.

From an analytical point of view, Kalman filter could be initialized with any arbitrary values.
However, the (0,0) initial conditions are convenient, as they simplify the equations and save
computing time.

Comparing (24)-(25) with (11)-(12), it is immediate to see that the effect of the arbitrary
initialization is corrected by theterms V,, X, and V,, Py, NVt|TN-

Previous results can be easilly extended to forecasting, filtering, fixed-point and fixed-lag
smoothing, as it only requires to modify the conditioning information set in (9)-(10) and
combining the resulting equations with any standard algorithm.

3.2. Smoothing of special state space models

To simplify notation we have assumed that model (1)-(2) istime-invariant. However our results

do not rely on this fact and, therefore, the algorithm (19)-(27) can be generalized to time-varying
systems just by adding a subindex to the nonconstant matrices. On the other hand, if the measures
to be smoothed are indeed outputs of a constant coefficients system, computational gains can be
obtained with the following implementation of the algorithm.

The basic idea consists of using a KF(O0, |5) instead of a KF(0,0), where P isthe stationary

solution of the Riccati equation in the Kalman Filter. In this case, the algorithm (19)-(27) smplifies
to the following equations:



Initial step: Compute P such that:

P-®P® +EQE "-KBK ' (28)
where:

B=HPHT+CRCT (29)

K=(®PHT+ESCT)B™ (30)

Under general conditions the solution of (28) exists, is unique and positive semi-definite, see
Chan et al. (1984) and there are efficient algorithms to compute it, see lonescu et al. (1997).

Forward step: The KF(O, I5) in the forward step simplifies to computing:

X D Xyyq + LU + K?, (31)

t+1|t:
zt:Zt_HXt|t—1_Dut (32)
and (19)-(22) with K, = K and B, *=B .

Backwar d step: Consistsof propagating (13)-(15) with K, = K, Bt'lz B, (23)-(25) with Pt|t—1 =P
and:
xlIN:Pr0+V1INP1|N[(P1—P)’1>?1+WN] (33)

P, .=P-PR I5+V1|N[(P1+I5)’1+WN]’1V1T|N (34)

1N~ 0
instead of (26)-(27).

The computational efficiency of thisrecursion is due to a positive tradeoff between the setup
cost required by (28)-(30) and the reduced computation and memory requirementsin theforward and
backward steps. These savings derive from three facts: first, the propagation of (31)-(32) requires
lesscomputation than the analogous K F(0,0); second, inthetime-invariant case E[ 2" (Z,")"] = B for
all t, so this matrix needs to be inverted only once; and third, the fact that K, =K, B, = B! and
Pyt = P for all t reduces memory consumption.

When expressed in state space form, many common time series models (e.g. VARMAX)
conform to steady-state innovations structure, see Aoki (1990). In any of these cases, previous
algorithm can be drastically simplified because the solution of the Riccati equationis P =0, seeChan
et. al (1984).



3.3. Comparison of computational load

Table 1 compares the computational cost of the algorithms discussed in sections 3.1 and 3.2

for severa system dimensions. The first rows show the cost in flops of the standard smoother with
approximate initial conditions, row (A), the exact smoother in the general case, row (B), the exact
smoother inthefixed-coefficients case, rows (C)-(D), and the exact smoother intheinnovations case,
row (E). The second part of the table compares all the implementations of our method with the
approximate case.

1)

2)

3)

4)

(Insert Table 1)
Note that:

Anincrease in the number of states (n) penalizes our methods, while an increase in the number
of measures (m) favors them.

The approximate smoother has a computational advantage around 40-50% when compared
with the general implementation of our method.

In the fixed-coefficients case, the approximate algorithm and the simplified exact method have
similar variable costs. However, the latter has a setup cost (D), derived from the solution of
(28)-(30). To make afair comparison, we have computed a ‘break even’ figure, which isthe
number of samplesthat should be processed using our algorithmto offset the setup cost. Unless
mis close to n, the approximate method maintains a substantial advantage.

When the mode is in steady-state innovations form, the number of flops required by the
standard smoother more than doubles that of our method.

When the model has steady-state innovations structure and its coefficients are fixed, our

specialized agorithm should be more stable and precise than any standard method, as it avoids the
on-line solution of the Riccati equation of the Kalman filter, which is recognized as its main source
of numerical instability.
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4. Examples

The first example in this section illustrates three common ideas about the initialization x, = 0
and P, =kl : a) the value of k should be selected taking into account the metrics of the data, b) a
misspecification of k generates substantial smoothing errors in the beginning of the sampleand c) a
‘right’ value of k exists for any data set. Whereas these ideas may hold often, the second example
shows that they cannot be taken as granted, as smoothing errors may persist for any value of k.

When smoothing is applied out of the sample it becomes a pure forecasting algorithm. Because
of its own nature, forecasting is not very senditive to initial conditions. Despite this fact, the third
example shows that inadequate initialization may result in substantial forecasting errors.

4.1. Egtimation of unobservable components in a structural time-series model

Harvey (1989, pp. 89-90, 217-218 and 516) analyzesa 28-day-period seriesof purse snatchings
reported in Hyde Park area of Chicago and proposes a simple random walk plus noise model for its
trend. It consists of the following equations:

T,=T, ,+n, (35)

Y, =T, +¢ (36)
where y, is the number of purses snatched, T, isthe trend int, and the noise terms are such that
n, ~ iid(0,07), € ~iid(0,07) and E(n,e,) =0 for al t. Maximum-likelihood estimates for the

parametersin (35)-(36) are 67 = 5.15 and 6. = 24.78.

The next step inthe analysis consists of computing smoothed estimates of the trend both, from
the exact smoother (19)-(27), and the propagation of (11)-(15) from a Kalman filter started with
X, =0 and P, =kl , with k=10, 10?, 10° and 10*.

Figure 1 shows the first 20 observations of the series versus the exact and approximate
smoothed trends, being the last one computed with k = 10 and k = 102, It isimmediate to see that
a) the exactly smoothed trend capturesthe level of the series much better than the approximation and
b) the approximation error, defined as the difference between the trend computed with the exact and
approximate trend, decreases as k increases. Asamatter of fact, this error becomes negligible for k
=10% and k = 10%.

(Insert figure 1)
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4.2. Interpolation of missing data

In the second example we estimate the missing values that arise when linking a yearly time
series of real US Gross Domestic Product, from 1929 to 1997, with a quarterly series for the same
variable, from 1947/Q1-1997/Q4. Both series are expressed in billions of 1992 U.S. dollarsand were
obtained fromthe Bureau of Economic AnalysisWEB page (http://www.bea.doc.gov/bea/dnl.htm).
The quarterly data is deseasonalized and annualized by multiplying each observation by four.

The first step in the analysis consists of modeling the quarterly time series. After a standard
univariate analysis, the following ARIMA(1,1,0) model was found statistically adequate:

(1-.35B)(1-B)g,=.54+4 , 6>=.98, Q(15) = 18.22 (37)
(.07) (.09)

where B denotes the backward operator, g, = log(GDP,/4) x100, being GDP, the original data as
published by the source, figures in parentheses are the standard errors of the estimates and Q(L) is
the Box-Ljung portmanteau statistic computed with L residual autocorrelations. The second step
consists of computing an accumulated series defined as:

Gi=0+0 1+ G »* G 3=(1+B+B2+B%)g, (38)
Egs. (37) and (38) imply that G, follows a noninvertible ARIMA(1,2,0)%(0,0,1), process:
(1-.35B)(1-B)?G,=(1-B%4 (39)

to see the relationships between (37) and (38)-(39), take into account that
1-B*=(1-B)(1+B+B?+B3).

Finally we build a quarterly time series of G, combining both, yearly and quarterly data. This
series hasthree missing valuesin each year from 1929/1Q to 1947/4Q, and no missing datafromthis
date to the end of the sample. Applying the exact and approximate smoothers to the sample and
model (39) yields the results shown in Figures 2 and 3.

Figure 2 compares actual data with exact and approximate GDP smoothed estimates for the
first 80 quarters, being the last ones computed with k=10, Notethat the exact smoother capturesthe
level of the series from the beginning of the sample, while approximate smoothed estimates are quite
bad for the first 12 quarters. Figure 3 compares the approximation errors corresponding to k=107,
10° and 10*. Note that they do not decrease as k increases. Thisbehavior isdueto the fact that model
(39) contains both, stationary and unit roots. In the next Section we analyze this result with more
detail.
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(Insert figures 2 and 3)
4.3. Forecasting a nonstationary time series
Consider 60 random draws from the process.
(1-.7B)(1-.9B*+.6B®)(1-B)(1-B*)y,=(1-.9B*)a,, a ~iidN(0,1) (40)
which are equivalent to 15 years of quarterly data.

Table 2 compares three years of forecasts for y, computed with the exact and approximate
smoother (k=10%).

(Insert Table 2)

Note that: a) forecasts of y, computed with both methods differ, b) the approximation error
issystematically negative, c) the yearly growth rates computed from both series of forecasts are very
different and d) the errors increase with the forecast lead time, due to an accumulative effect. In a
sengitivity analysis (not shown here) we found that the value of k affects the approximation errors,
but they remain substantial for any choice of k.

Simulation experiments based on larger samples and models with a short-memory forecasting

equation do not generate significant errors. Therefore, these two aspects are crucial for forecaststo
be sensitive to initial conditions.
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5. Concluding remarks

Previous examples illustrate that initializing the smoother with P, = kI may generate severe
errors in some redistic stuations. The following points summarize the conclusions from our
experience and may help to decide when one should worry about initial conditions:

1) Inmost economic applications, any series with a pure nonstationary representation can be
safely smoothed using approximateinitial conditions, providing that the choice of kisadequate
for the metrics of data.

2)  Ifthemode hasboth, stationary and nonstationary roots, theuseof P, = kI inducessmoothing
errors at the beginning of the sample, which tend to zero at arate depending of the system
dynamics and remain perceptible for any choice of k. The rationale behind this result is that,
whereas a big value of k is a good approximation for the diffuse prior of a nonstationary state,
it is not adequate for the stationary states.

3) Inmany practical situations smoothing errors are not important. However, if: @) smoothing of
initial samples is of primary interest (as in the second example), b) the sampleistoo short for
the errors to die out (as in the third example) or ¢) standard deviations of the smoothed
estimates are important, the results may be substantialy distorted by the approximate initial
conditions.

One referee replicated the examples in Section 4 and pointed out that his’lher smoother
performs better than the approximate method. The comparison we made in previous sectionsisfair,
asthe only difference between the approximate and the exact algorithmsisin theinitial conditions.
However, we have not done an exhaustive investigation of the available smoothers based on
approximate diffuse priors. Indeed, the referee’s remark suggests that some ‘inexact’ methods may
perform very well in practice. In informal experiments we have found that heuristic initialization
criteria, such as augmenting the sample with backcasts or using different values of k for stationary
and nonstationary states, improve very much the accuracy. Also, smoothers specialized in SS models
with particular structures should be more efficient and precise than general purpose agorithms, see
Section 3.2.

In summary, advanced practitionerswill find waysaround the problemsthat approximateinitial
conditions may cause. However, our agorithm can be useful for less sophisticated users and to
smplify ‘tuning parameters in commercial software. Above all, it allows one to forget some
secondary (but important) issues and to concentrate in the most rewarding aspects of model building
and forecasting.
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Appendix: proof of expressions (9)-(10)
First, De Jong (1988) shows that the smoothed moments of the initial state are:
Xi|n = (XTB*X + P, 1) (P, tx, + XTB12) (A.D

P,y = (XTBIX + P! (A.2)

1IN

and the exact expressions of x; and P, in (A.1)-(A.2) were derived by De Jong & Chu-Chun-Lin
(1994) assuming deterministic inputs, and by Casals & Sotoca (1997) for the genera case. Therefore
(A.1) provides the first conditional moment in the right-hand-side of (6). Note that (A.1)-(A.2) is
smilar to ageneralized least squares estimate of x, in (8).

Second the orthogonal projection lemma states that, for any random vector y,:

E(y, 1Q)=E(,QNDIEQQN]IQ (A.3)

i
Applying this result to x,", and taking into account (8) we obtain:

X = EOT| XX, +27,u) = E[x(Xx, + 2 ) HE[(Xx, +2°)(Xx, +2*)1]} 2 (A.4)

which, by independence of x,” and x,, simplifies to:
xt’l‘N:E[xt*(i*)T][XPllNXT+B]’1Z (A.5)
Applying the matrix inversion lemmato (A.5) and substituting the result in (6) we obtain:

Xt|N - q)t—lx +E[Xt*(z*)T]B_l(2_XX1|N) (A.6)

1N
which, after rearranging some terms, yields (9). |
On the other hand, taking into account Egs. (8) and (A.5), we can write (A.6) as.

X = @ -EDX (2)T1B X (0 =X0) + X A7)

which by the independence of x,” and X, implies (10). |
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Fig. 1. Plot of data (solid line) versus exact (‘0’) and approximate smoothed trends computed with
k=10 (‘+') and k=10? (‘x").
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Fig. 2. Plot of GDP (‘0’) versus exact (solid line) and approximate (‘+') interpolations; k=107,
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Fig. 3. Approximation errors computed with k=107 (solid line), k=10° (‘+') and k=10* (‘0’).
800
600
400

200

-200

Billions of constant USD

-400

©)

-600

_800 1 1 1 1 ]

Time

20



Table 1. Comparison of computational costs.

Dimensions of the SS model T
n=2, m=1 n=4, nE1l n=2, m=2

Computational costs (in flops) for each sample processed:

(A) Approximate smoother 236 1298 354
(B) Exact smoother (genera) 350 1980 506
Exact smoother (fixed-coefficients):
(C) Variable cost 232 1372 280
(D) Setup cost 2880 23040 2880
(E) Exact smoother (innovations model) 106 570 136
Approximate vs. exact smoother (general):
Extraflops (E)=(A)-(B) -114 -682 -152
Efficiency ratio (B)/(A)% 148.3% 152.5%  142.5%
Approximate vs. exact smoother (fixed-coefficients):
Extraflops (G)=(A)-(C) 4 -74 74
Efficiency ratio (C)/(A)% 98.3%  105.7% 79.1%
Break Even (D)/(G) 720 NONE 38.9
Approximate vs. exact smoother (innovations models):
Extraflops (H)=(A)-(E) 130 728 218
Efficiency ratio (E)/(A)% 44.9% 43.9% 38.4%
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Table 2: Exact versus approximate forecasts (computed with k=10% of simulated data.

Exact  Approximate o (©O=Yearlylog (D)=Yearly log Error
Lead time forecasts forecasts (A)-(B) growth rate growth rate (Q)-(D)
(A) (B) implied by (A) _implied by (B)

1 931.98 932.17 -0.19 2.13% 2.15% -0.02
2 937.59 938.15 -0.56 2.02% 2.08% -0.06
3 943.31 944.29 -0.98 1.98% 2.08% -0.10
4 946.28 947.70 -1.41 1.76% 1.91% -0.15
5 947.38 949.46 -2.08 1.64% 1.84% -0.20
6 950.95 953.95 -2.99 1.42% 1.67% -0.25
7 955.28 959.22 -3.94 1.26% 1.57% -0.31
8 957.51 962.37 -4.87 1.18% 1.54% -0.36
9 957.55 963.47 -5.92 1.07% 1.47% -0.40
10 950.77 966.93 -7.15 0.92% 1.35% -0.43
11 962.99 971.35 -8.36 0.80% 1.26% -0.45
12 965.67 975.17 -9.49 0.85% 1.32% -0.47
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