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1. Introduction

Recent literature shows an increasing interest in methods to compute maximum likelihood
estimates for the parametersin State Space (SS) models. This may be dueto threefacts. First, the SS
representation includes as particular cases many standard formulations, e.g., ARMA, VARMA and
VARMAX. Second, the SS framework simplifies the analysis in many non-standard situations like
errorsinvariables[1, Ch. 3], conditional heteroskedastic errors[2] or random coefficients[3]. Third,
the exact likelihood function of a SS model, itsfirst and second-order derivatives and itsinformation
matrix have been analyzed by the literature [4; 1] which hence provides al the elements required to
implement robust and efficient estimation and testing procedures.

Thejoint log density function of the sample (y,, t=1,...,N), conditional on aninput vector (u),
can be written as a function of the conditional mean and variance of the initial state (x,):

t(ylu) = t(x/u) + e(ylu,x;) - ¢(x,/y,u) D

Under normality, the evaluation of (1) crucially depends on the values of E(x,/u) and cov(x,/u)
because these moments characterize the first termin (1) and provide an adequate initialization of a
Kaman filter (KF) required to calculate the second and third terms [5; 6]. Aswe will show in this
paper, initialization is also important because final estimates are sensitive to theinitial conditions of
the filter, being this effect very important in models with high signal-to-noise ratios, seasonal models
and when the sample is short.

The computation of adequate initial conditions depends on two issues, the stationarity of the
SS model and the stochastic nature of its inputs.

When the model is stationary, the standard initialization consists of using the unconditional
mean and variance of the initial state[7, Ch. 4]. In the non-stationary case these moments are not
finiteandtheliterature suggestsseveral aternatives: a) setting E(x,) = 0 and cov(x,) = kI, where
k is an arbitrary large constant [6]; b) using the information filter [8]; c) initializing the filter with
E(x,) = 0 and cov(x,) = O and adjusting the log-likelihood function to compensate for this
initialization [4]; d) [9] suggested applying the transformation approach of [10] directly to theinitial
dataset and €) [11] presents a new exact solution for the initialization of the Kalman filter for state
space models with diffuse initial conditions. [10] point out that method &) induces numerical errors
and method b) cannot be applied to all cases. Method d) provides the appropriate initialization of the



Kaman filter for the remaining dataset but needs modification when missing observations occur in
the initial dataset. Methods c), d) and €) does not allow for stochastic inputs.

[12] obtained the exact expressions of E(x,/u) and cov(x,/u) for a SS model with unit
rootsand deterministic inputs, thus providing adequateinitial conditionswhen theinputsare constant
terms or dummy variables. In most other cases, however, the exogenous variablesin an econometric
mode should be regarded as stochastic. In this paper we generalize their results by deriving exact and
approximate expressions for the conditional mean and variance of the initial state of a SS system,
allowing for stochastic inputs. Previous literature, mostly belonging to the engineering field, did not
pay attention to thisissue, probably due to the fact that in most physical systems inputs can be safely
assumed to be either deterministic or controllable. However, it is very relevant when modeling an
€conomic time series.

The outline of the paper is as follows. Section 2 states the problem and defines the basic
notation. In Section 3 we derive the exact expressions of E(x,/u) and cov(x,/u).InSection4 we
obtain approximations to these moments that both, avoid the need to know the stochastic structure
of the inputs and reduce the computational cost of initialization. The performance of the exact and
approximate criteriais tested in Section 5, by means of a simulation exercise. Appendices 1 and 2
contain the proof of the main results.

2. Thelikelihood of a SS modé with stochastic inputs
A SS modd in steady-state innovations form can be written as.
y, = HX, + Du, + ¢ (2
X, = AX, + I'u, + Eg (3

where the observation equation (2) generates the (mx 1) vector of measuresy,, fordl t=1,...,N, u,
isa(rx 1) vector of observable inputs and the state equation (3) describesthe evolution of the (nx 1)
State vector, x,. Model (2)-(3) can be stationary, non-stationary or partial non-stationary, depending
ontheeigenvaluesof A. Also, u, may include deterministic and/or stochastic inputs. Thesetwo issues
- stationarity and stochastic nature of the inputs - affect crucially the values of E(x,/u) and
cov(x,/u) and, therefore, the evaluation of the likelihood function.



We make the following assumptions about (2)-(3):
i) The system is gaussian, i.e., €,~N(0,Z.).

i) The initial state is independent of the sequence e, and such that x,/U~N(u,P,), being

U=[u,,..,uy].
iii) Thematrices H, D, A, T', E, and Z_ and the moments p and P, are unknown.
Assuming i), ii) and iii) our purpose consists of computing the likelihood of a vector 0,

containing al the parametersin H, D, A, T', E and Z_, using the datain Y =[y,,...,y,] and
U=[u,,...,uy]. Following [4], minus twice the log- likelihood is, apart from constants:

N N
2(2/U,0) = log|P,| + uP*u « Y log|B,| « 3. &'B e +
t=1 t=1

v log Pyt + Wy | — (Pl + wy)T(P + W) TP M+ wy)

(4)

where g, and B, (t=1,...,N) are the innovations and their covariance matrices resulting from a
KF(0,0), i.e., the Kaman filter applied to (2)-(3) with null valuesfor the mean and covariance of the
initial state. The values of w, and W, can be computed as follows:

W = W, Zt-—rlH TBt_let (5
W, =W,_, +Z H'BHZ_, (6)
Z, = (A-KH)Z_, (7

where w,, and W, should be initialized with null values, Z, = |, and K, isthe gain of the KF(0,0)
applied to (2)-(3).



3. Exact initial conditionsfor a SS model with stochastic inputs

In this section we derive the exact expressions of the conditional mean and variance of the
date x, for a SS model with stochastic inputs. Assume that the dynamics of the inputs are given by:
X1 = Fx + Ga )

u = JIx + g ©)
where &, is a vector of zero-mean random errors with covariance X, and independent from ¢, in

model (2)-(3). Matrices F,G,J and X, aretime-invariant and unknown. Following [1, Ch. 3] Egs.
(2)-(3) and (8)-(9) can be written in asingle SS system:

o, = Pa, + Mn, (10)
z = I-Toct + N, (1)
where:
A T'J ET — H DJ | D
= " = , H = , N =
0 F 0 G 0 J 0 1
(12)
€ Xt yt
n = ; o = ; =
t at t Xtu Zt ut

As ® isasquare matrix, there exists Q such that ® = Qdiag(®N,®F)Q ™, or:

TN
TE

®N 0

® - [Q" QF
0 o@F

(13)

where ®" and ®F are Jordan formsthat contain, respectively, the non-stationary and stationary roots
of ® [13, Ch. 1]. From (13), it is easy to decompose Eq. (10) in two subsystems:

aﬂl - Ve + T NMn, (14)

a, = ®Far + TEMn, (15)



where (14) and (15) represent the evolution of the non-stationary and stationary components of o, ,
respectively. In these conditions, the following result holds:

Proposition 1: Theexact first and second-order momentsof theinitial state x, of (2)-(3), conditional

oninputs, are:
E(x,/U) = 1 = P12P2_21(S + Pz_zl)fls (16)
cov(x,/U) = P, = P, - P,S(S + Py,) Py, P, (17)
where
S =XTD'X (18)
s=X'Dd (19)

X isameatrix whose block-row isJF_t_l, F_t = (F - KtJ)F_t_l,

Kalman filter gain resulting from the application of KF(0,0) to (8)-(9). We aso denote d as the

starting from F_O = |;and K, isthe

(rxN)x 1 innovations vector, d,, D isablock-diagonal matrix that contains the covariance matrices
of each r innovations and P; denotes the (i,j) block of the covariance matrix P, defined by:

P = kQV(QY)" + QFP E(QF)T (20)

being P E the solution of the Lyapunov equation applied to (15) [7, Ch. 4] and k an arbitrary large
constant. The proof of this theorem is given in Appendix 1.

Remarks:

1) Note that the variance of the initial state (x,) in the augmented mode! (10)-(11), P,,,
coincide with (17), which is smaller. When the problem consists of estimating the unknown

does not

parameters in model (2)-(3) this difference is relevant, because if the uncertainty of the initial state
is biased upwards, final estimates will be more imprecise than needed. However, when applied to
compute forecasts or smoothed values of y,, the augmented mode! (10)-(11) can be used, yielding
resultsidentical to those of model (2)-(3).



2) Expressions (16)-(17) are genera, as they can be applied in the stationary, non-stationary and
partia non-stationary situations. Note that in the last two cases the direct computation of (16)-(17)
may diverge to infinite. However, thisis not important for likelihood computation because (4) does
not depend on these conditional moments but on Pl'l, Pl'lu and p' Pl'lu and, as the following
Proposition states, these terms always converge to finite and easy to compute values. Besides, Pl'1
exists but is rank-deficient [12].

3) It iswell known that Jordan decomposition is numericaly unstable, see e.g., [14]. However, it is
not necessary to compute P ~1, as this only requires block-diagonalizing the transition matrix @ . A
stable and efficient procedureto do this consists of: a) applying areal Schur decomposition, to obtain
atriangular form and b) obtaining the block-diagonal matrix by solving a set of Sylvester equations,
see[13]. As @, and ®; have no common eigenvalues, the solution of these equations exists.

Proposition 2: The terms Pl'l, Pl'lu and p’ Pl'lu in (4) can be computed as:

Pt =V, - V(S + V,,) 1V, (21)
PrlH = - V(S + V,,) s (22)
WP = sT(S + V,,) TV, (P 'V, (S + V,,) s (23)

whereV; isthe (i,j) block of amatrix V suchthat V = P ! and (Pl'l)+ denotes the Moore-Penrose
pseudo-inverse of Pl'land theterms s and S are defined in (18)-(19). Note that the left-hand-sides
of (21)-(23) are finite even if (10)-(11) has unit roots. The proof of this result isin Appendix 2.

Building on Propositions 1 and 2, it is easy to derive specific expressions for the exact first
and second-order moments conditional on inputs of stationary, non-stationary and partial non-
stationary models:

1) Inthe stationary case, QV=0 and Qf=1. Then:a) P = P E, see Eq. (20), b) results (16)-
(17) hold and c) the conditional mean and variance depend on the input model. For example, if the
inputs follow a white noise process, it is easy to see that p=0 and
P, = AP,AT + EZ ET + I'ZI".



2) In the pure non-stationary case, Q5=0, QV=1 and P = k| wherek isalarge constant,
see Eq. (20). Then, expressions (21)-(23) collapse to zero. Since the likelihood function depends on
(21)-(23), it is not necessary to choose an arbitrary value of k which could degrade the Kalman filter
[4]. However, the term log| P, | in (4) cannot be computed. In this situation the log-likelihood
function can be approximated by thelimit when P, tendstoinfinity of ¢(Z/U,8) - log|P, |, which
yields:

N N
0(Z/U,0) = Y log|B,| + Y. &'B, e + log| W | - wy Wy'w,
t=1 t=1

3) Inthe partial non-stationary case, i.e., when somerootsof @ are stationary and othersare
not, 4 and Pl'1 arefinite and different from zero. Thisresult coincides with that obtained by [12] in
the deterministic input case. The expression of Pl'1 isgiven by (21) and the conditional mean isgiven
by (16). About the determinant of P, in (4), it is easy to compute the part corresponding to the
stationary roots by setting QN = 0 in (20).

4. Approximate initial conditions of a SS model

Expressions (16)-(17) require knowledge of both, the model generating the inputs and its
parameters. In this section we extend the previous framework by obtaining approximate initial
conditions that can be applied when the model for the inputs is unknown. Besides, the computational
cost of thisinitialization is smaller than that of the exact method. To do this, we reduce (2)-(3), into
a deterministic subsystem:

d d
X1 = AXe + T,

(24)

d

Yo = thd

+ Du

t

and a stochastic subsystem:

X5 = AX. + Eg,

(25)
ytS = HXtS t &

where X, = X1 + X5, ¥, = ¥ + Y, and we assume that cov(x;’x.) = O for all t [15]. This

t+1



hypothesis is not very restrictive, as the independence between x, and e, implies that a sufficient
condition for cov(x’x.") = 0 to hold is cov(x/x.) = 0.

From (24)-(25) it isimmediate that:
po=pt e (26)
P, =P + P’ (27)

wherep® = E(x,"/U), u® = E(x,”). Then, theproblemreducesto computing estimatesof pis, p¢, P;°
and Pld.

As for the stochastic subsystem, the immemoria time argument assures that an adequate
initialization is P = 0 and the solution for P, depends on the existence of unit rootsin (25) [12,
Theorem 3]. We use the definition of immemorial time given by [12, pp.154], i.e., aSSmode issaid
to have applied since time immemorial if the state transition equation (3) is assumed to hold for
t=0,-1,-2,..., where x. = 0 and r- -,

In the most general case, when the matrix A in (25) has both stationary and non-stationary
roots, (P,) ™ = (¥F)T(P E) ¥, where P E sttisfiesP E = AEPB(AF)T + PEEZ_E T(PF)" and
there exitssamatrix R suchthat A = Rdiag(A N,A E)R ™! or aternatively:

AN 0
0 AE

llJN
llJE

where AN and A E are Jordan forms that contain the non-stationary and stationary roots of A,

A =[RN RE] (28)

respectively. In these conditions (P,”) ! is aways finite.

In the deterministic system (24) we assume that theinitial state isafixed and unknown value,
xld, with Pld = 0. Maximum likelihood estimates of p¢ can be computed using the expressions
pd = W,\]le, where W, and w,, result from the propagation of (5)-(7) [4; 1].
In this case, the likelihood (4) can be concentrated with respect to p¢ and Pld. Substituting this
expression back into (4) yields the concentrated likelihood:



N N
log|l + P'W| + Y log|B,| + ¥ "B, 'Z - wTwlw (29)
t=1 t=1

Therefore, the approximation consists of a) computing p° using the immemoria time
argument, b) computing p¢ by maximum likelihood and c) using (26)-(27) to calculate the
approximateinitia conditionsfor thewhole system. Theresultinginitial conditionsare again different,
according to the stationary or non-stationary nature of the model:

1) If (2)-(3) isstationary, both the deterministic and stochastic subsystems are stationary. Hence
accordingto (28), RN = 0, RE = I, AE = A and the approximation to the initial conditions is
given by:

b= Wetw, (30)
P, = AP,AT + EZ ET (31
Note that expressions (30)-(31) do not depend on the parameters of the mode for the inputs (8)-(9).

2) When (2)-(3) is non-stationary, the conditional mean of the initial stateis p = W,\]le and
the inverse of the corresponding covariance is Pl'1 = 0. Thisresult coincides with that obtained in
[12].

3) The starting conditions of a partial non-stationary model are [ = W,\]le and
P, = (P5)"(PE)MPE, where PE sttisfies PE = AEPE(AF)T + PEEZ E T(¥F)", and
PE isdefined in (28).

The idea to derive adequate initial conditions under conditions 1), 2) or 3), consists of
reducing (2)-(3) into (24)-(25) and then applying the immemorial time argument. On the other hand,
the correct initialization of a model with no stochastic errors, depends only of the deterministic or
stochastic nature of the inputs. If these are stochastic, the solution consists of obtaining maximum
likelihood estimates of the initial state for the subsystem.



5. Reaultswith smulated data

In this section we test the initialization procedures proposed in Sections 3 and 4, using
smulated data. The samples were obtained with the random number generator of MATLAB,
initialized with the default seed, determined by the system clock, and discarding the first 100 values
no matter the sample size.

Tables 1 and 2 show the average estimates obtained with 1000 replications, the sample
gstandard errors and mean squared error (M SE) of the parameters of a stationary transfer function for
different sample sizes. We assume that the input variable follows first an AR(1) process and
afterwards a seasonal AR(1) process. We use three initialization methods of the Kalman filter: the
exact moments given by (16)-(17); the sandard initial conditions p =0 and
P, = AP,AT + EXZ_ET, which ignore the stochastic structure of the input [12] and the
approximate initial conditions (30)-(31). The main conclusions this experiment are the following:

1) When the sample size is small (30 or 50 observations) the estimates computed with exact
initial conditions are better than those corresponding to the alternative proceduresyielding a
lower MSE.

2) The estimates become less sengitive to starting conditions as the sample size increases.

3) The approximateinitial conditions behave well for all sample sizes. These results suggest that
the approximate criterion does not differ substantially fromthe exact initialization procedure.

4) When the model is seasonal (see Table 2) the importance of using exact initial conditions
increases but the approximation proposed in Section 4 continues performing very well.

[Table 1]
[Table 2]
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Appendix 1: Proof of expressions (16)-(17).

From (14)-(15), [12] prove that:

o
o = |~ N (A.1)
o

Therefore, the distribution of the initial stateis Qe; ~ N(0,P) where the blocks of P can
be written as:

P, = kQ,Q + QPEQ; ; P, =P, = kQ,Q) + Q.PEQ,

P, = kQ,Q; + Q,PEQ,

(A.2)
where (QY) = [Q[ QJ] and (QF)" = [Q] Q;], see Eq. (20).
It is easy to prove [1] that:
Xl ~
d =[0 x| ,|+d (A3)
X1

being d, the innovations resulting from a KF(0,0) applied to (8)-(9) and dt those corresponding to
a process generated from a zero initial state and covariance matrix. The block-row of matrix X is
JF_t_l and F_t = (F - KtJ)F_t_l starting from F_O = | and K, isthe KF(0,0) gain. If we define d as
the (rxN)x1 vector of innovations d, and D asthe block-diagonal matrix that containsthe covariance
matrices of each r innovations, the whole system can be written as:

N (A.4)

where X* = [0 X] and o] =[x, (x,")"]". Then, the joint distribution of [alT dT]T is, again,

normal with zero mean and covariance matrix:

11



P PT(X")T

(A-5)
X*P X*P(X*)"+D
Under these conditions, the conditional mean and covariance of o, are:
E(a,/d) = PT(X*)T{D + X*P(X*)"} 'd (A.6)
cov(a,/d) = P - P(X*)T(D + X*"P(X*)} 'X*P (A7)

Taking into account that aI = [xlT (x,)]", the exact expressions for the conditional mean and
covariance would be:

E(x,/U) = p = P,XT(D + XP,,XT)d (A.8)
cov(x,/U) = P, = P, - P,XT(D + XP,,XT)1XP,, (A.9)
and the application of the matrix inversion lemmato (A.8)-(A.9), yields (16)-(17). [ |

12



Appendix 2: Proof of expressions (21)-(23).

Let be IT a symmetric matrix such that:

1-'[ll HlZ _ P

HZl H22

11 P12

1
01 PptS

| (A.10)

P

wheretheblocks P,,, P,,, P,, and P,, are defined in (A.1) and S is defined in (18). Applying the

inverse of partitioned matricesto (A.10) it holds that:

I, - (P

- - -1
11 1 PlZ(S b Pzz) 1P21} (All)

I, = —l'IllPlz(S‘1 + PZZ)’l (A.12)

and applying again the inverse of partitioned matrices, Egs. (16)-(17) can be written as.
W=PL(ST+ Py, 1S ts (A.13)
P, =P, - PlZ(S‘1 + PZZ)’lP21 (A.14)

Comparing (A.11)-(A.12) with (A.13)-(A.14) we obtain:

Pt=1I, (A.15)
P 'u = IM,P,(St + Py,)'Sts= - Ss (A.16)
WPty = sTSTUL, I, 10,,S s (A.17)

where IIj, is the Moore-Penrose pseudo-inverse of II,,, such that II,, = II,,II;,II,, and s is
defined in (19). By Theorem 3 of [12], theinverseof P = kQV(QY)" + QP E(QF)T existsand is
non-zero, see Eq. (20). Denoting V = P 1, such that:

13



-1

_ Vll V12
V21 V22

Pll P12

= - pt (A.18)
P21 PZZ

it iseasy to provethat the blocksof II in (A.10) and those of V in (A.18) arerelated by the following
equalities:

I, = Vi = Vip(S + V) 1V, (A.19)
I, = V,(S + V,,) 'S (A.20)
I, = V,,(S + V,,) 'S (A.21)

and substituting (A.19)-(A.21) in (A.15)-(A.17), we obtain:

Pt =V, - V(S + V,,) 1V, (A.22)
Pl = V(S + V,,)'s (A.23)
WP = sT(S + V,,) TV, IV, (S + V,,) ts (A.24)

where II;; existsand isnonzero. Then (A.22)-(A.24) coincide with (21)-(23), respectively, and both
quantities are always finite and non-zero. [ |

14
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Table 1: Summary of ssimulation results of a state

Wy =
N W,
30 0.603
(0.063)
50 0.600
(0.048)
100  0.601
(0.032)
200  0.600
(0.023)
N W,
30 0.650
(0.096)
50 0.631
(0.069)
100 0.617
(0.042)
200  0.609
(0.026)
N W,
30 0.603
(0.064)
50 0.600
(0.048)
100  0.601
(0.032)
200  0.600
(0.023)
N: Sample size

©,

0.304
(0.090)

0.304
(0.072)

0.305
(0.048)

0.302
(0.034)

Exact Initial Conditions [see equations (16)-(17)]

A

o

0.494
(0.052)

1

0.497
(0.041)

0.497
(0.026)

0.498
(0.019)

(1-6¢B)u =¢ ;

A2
Oa

0.089
(0.024)

0.092
(0.018)

0.098
(0.014)

0.099
(0.010)

Yi

MSE (&)

3.997

2.316

1.039

0.511

1-5,B

MSE(&,)

8.752

511

2.276

1.142

MSE(3,)

2.769

1.667

0.686

0.348

Standard Initial Conditions: =0 , PlePlAT+EZ}eET

A

©,

0.215
(0.153)

0.250
(0.108)

0.278
(0.062)

0.288
(0.039)

Approximate Initial Conditions: L= W,\]lw

A

©,

0.306
(0.093)

0.305
(0.071)

0.306
(0.047)

0.302
(0.034)

Standard errorsin brackets
Mean Square Error (MSE) multiplied by 1000

A

o

0.533
(0.080)

1

0.519
(0.054)

0.507
(0.030)

0.504
(0.020)

A

6l

0.492
(0.052)

0.496
(0.041)

0.496
(0.026)

0.498
(0.019)

A2
Oa

0.156
(0.090)

0.134
(0.062)

0.119
(0.034)

0.110
(0.019)

A2
Oa

0.086
(0.024)

0.090
(0.018)

0.097
(0.014)

0.098
(0.010)

MSE (&)
11.763

5721
2.067

0.749

MSE (&)
4,051

2.318
1.038

0.512

MSE(&,)
30.579

14.225

4.251

1.665

N

MSE(&,)
8.704

5.109

2.28

1421

MSE(3,)
7.521

3.24
0.943

0.917

P,=AP,AT+EZ E’

MSE(3,)
2.792

1.668
0.686

0.349

space model witg stochastic input. Theoretical values: ¢ = 0.8,
06, w,= 03, 8,= 05 o0,= land 0= 0.1 Replications: 1000. Mode!:

_ (0, + 0, B)

MSE (62)
0.721

0.402
0.197

0.107

MSE (62
11.19

4.965
1.501

0.461

MSE(6)
0.761

0.421
0.199

0.108



Table 2: Summary of simulation results of a seasona state model Wig1 stochastic input. Theoretical values:
¢= 08 w,= 06, w;= 03, 0,= 05 0.= land 0,= 0.1 Replications: 1000. Model:

_ (0, + 0, B)

(1-¢6BYu =€ ;
t t t 1 5,B°

U+

Exact Initial Conditions [see equations (16)-(17)]

N N 3 A2 N N 3 A2
N @, ®, d, 0, MSE (&) MSE(®,) MSE(3,) MSE(67)
30 0.608 0.303 0.492 0.088 3.146 2.23 2.56 0.848
(0.056) (0.047) (0.050) (0.027)
50 0.604 0.300 0.496 0.093 1.707 1217 1541 0.453
(0.041) (0.035) (0.039) (0.020)
100 0.560 0.300 0.500 0.098 0.78 0.506 0.62 0.203
(0.028) (0.023) (0.025) (0.014)
200 0.600 0.300 0.499 0.098 0.372 0.251 0.31 0.102
(0.019) (0.016) (0.018) (0.010)
Standard Initial Conditions: =0 , P1=AP1AT+E26E T
~ ~ Iy A2 ~ ~ Iy A
N @, , 3, 0, MSE(®,) MSE(®,) MSE(3,) MSE(67)
30 0.679 0.334 0.465 0.183 15.725 5.917 7.6 13.93
(0.098) (0.069) (0.080) (0.084)
50 0.641 0.315 0.484 0.152 5.438 2.244 3.06 5.717
(0.061) (0.045) (0.053) (0.055)
100 0.617 0.307 0.494 0.132 151 0.699 0.892 2.18
(0.035) (0.026) (0.029) (0.035)
200 0.609 0.304 0.496 0.115 0.573 0.307 0.386 0.536
(0.022) (0.017) (0.019) (0.018)
Approximate Initial Conditions: u=W,\]1WN . P,=APA T +EX E T
N - 3 A2 - - 3 2
N ®, w, &, 0, MSE(®,) MSE(®,) MSE(3,) MSE (o,
30 0.610 0.304 0.488 0.076 3.474 2.423 2.985 1.119
(0.058) (0.049) (0.053) (0.023)
50 0.606 0.301 0.493 0.085 1811 1.305 1.65 0.565
(0.042) (0.036) (0.040) (0.019)
100 0.601 0.301 0.498 0.094 0.8 0.521 0.627 0.222
(0.028) (0.023) (0.025) (0.014)
200 0.601 0.301 0.499 0.096 0.375 0.256 0.315 0.11
(0.019) (0.016) (0.018) (0.010)
N: Sample size

Standard errorsin brackets

Mean Square Error (MSE) multiplied by 1000
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