Bayesian VARs J

Andrea Carriero ()

Andrea Carriero

January 2018

Bayesian VARs January 2018 1/69



Bayesian Vector Autoregressions

The Bivariate VAR Model

@ Suppose we have observed two time series, Y7 ; and Y» ¢, over time.

@ A priori, we wish to allow for the two time series to co-move. That is, past
(lagged) values of Y5 ; may potentially explain the current value of Y] , and
vice versa.

o Bivariate VAR(p): A natural tool to model the joint dynamics of
(Y1t Y2,t) is by extending the idea of ADL models as follows:

p p

Yit = p+t 2 P1x Y10kt Z Y1k Y2,e—k T €1t
k=1 k=1
P p

Yo = Hp+ Z ok Yo,0k + Z Yok Y1,6—k T €2,t-
k=1 k=1

@ Separately, each of the two equations constitutes a restricted ADL model:

e same #lags for both Y7 and Y5 ; in both equations.
o current value of additional explanatory variable ("X;") is ruled out.
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Bayesian Vector Autoregressions

The Bivariate VAR Model

Recall the model:

P P
Yie = m+ ), P1 Y1tk T+ Y kYo k+eELe
k=1 k=1
P P
Yor = pp+ Z ok Yotk + Z Yok Y1,6-k T €2t
k=1 k=1

Collecting the coefficients in vectors and matrices,

Ylt:| [Slt:| [lﬁ] [‘Plk ')’lk}
Y = ! , &+ = ! , = , @ = ’ '
‘ [ Yot ‘ e |1 Ho , Pok Y2k
for k =1, ..., p, the above equations can be written as

Yt =Hu +CI)1 Yt,]_ + ...+ q)pyt—p + &¢.

The VAR(p)-model is just a multivariate extension of the univariate AR(p) model.
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Bayesian Vector Autoregressions

Relationship with simultaneous equation structural models

o Consider the following model, where the errors are mutually uncorrelated:

Yi: = ca+diYie—1+0Yor +unt
Yor = o+ yYiet+daYoro1+ uy

@ The model above is a simultaneous equation model (SEM). Models of this
type are widely used in economics. Re-write as follows:

{1 —(5]{5@]:{61]_‘_[6/1 0][Y1t1}+|:ult]
—y 1 Yo: o) 0 o Yotr-1 Ut
AO Yt = C+ DYt71 + ut

@ No forecasts can be computed from this form, as we need the
contemporaneous values of one variable to forecast the other.
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Bayesian Vector Autoregressions

Relationship with simultaneous equation structural models

@ To forecast, we need the reduced form which provides us with the values of
the variables as function of only shocks and past values.

@ By premultiplying by Aal we have:

Yy = Ayt C+ AgIDY, 1 + Aytur = By + By Y1 + &

B — B‘g]:[l NEE
L Bo -1 @
T o(12) ~1

e g =[5 T[S 4]

L b1 1

€1t _ [ 1 =6 e

|:€2t:| B 1} |:U2t:|

@ The reduced form is an unrestricted VAR

where:

B =
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Structural VARs

@ This means that, given a VAR:
Yi =By +B1Yi_1+et (1)

o If we identify the shocks in some way, e.g. ¢ = Aalut where uy has a
diagonal variance matrix we can write:

AgYe = AgBo + AgB1 Yi1 + ug (2)

which is a Structural VAR, i.e. a simultaneous equations model in which each
structural shock u; is uncorrelated with the others.

@ The matrix Ag describes the contemporaneous correlations across the
variables.
[Prior on By or AgBy?]
[Uninformative sign restrictions on Aal are uninformative for Ag?]

@ The same reduced form (1) corresponds to several structural forms (2), so
while it is easy to go from (2) to (1) the opposite is not obvious.
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The General VAR Model

@ The bivariate VAR model is easily extended to the general N-dimensional
case.

o Let Yi=[Y1¢ -, kat]’ € RX be a N-dimensional vector of time series.
@ The corresponding VAR(p) model is

Yt = U + q)l Yt—l =+ ... +q)p thp + &,

where u € RV is a vector, ®; € RV*N is a matrix, i = 1, ..., p, and
/ N
et = [e1,¢, ... €n,¢) € R is a vector of errors.

@ The errors are assumed to be i.i.d. with mean zero and covariance

Var (St) =X
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Bayesian Vector Autoregressions

Stationarity and Characteristic polynomial

o Characteristic polynomial: Introducing the matrix polynomial
corresponding to the VAR model,

®(z) = Iy — Pz — ... — PpzP, Iy is the identity matrix,
we can write the VAR(p) model as
D (L) Ve =p+er

o Stationarity: Suppose {¢;} is i.id. (0,%). Then the VAR(p) process is
stationary and mixing if all the roots of ® (z) lie outside the unit circle:

1@ (2)] =0= |z > 1.

Moreover, E [|| Y+||P] < oo if E [|je¢]|P] < oo.
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Bayesian Vector Autoregressions

ACF of a stationary VAR(1)

First and second moments:

E[Yi]
Var[Yt]
vec(Var[Yt])

Autocovariance function:

COV[Yt, Yt,]_]
Cov|[ Yt Yi_2]

COV[Yt, Yt—k]
Corr (Yt, Yi_k)

Andrea Carriero (QMUL)

Yt =Hu +q>yt-,]_ + €.

HAPE[Yeq] =y = (I —®) "
OVar[Y; 1)@ + 5 — Vy = OVyd + X

(I —® @) vec(T)

COV[(I)Yt,1 + &4, thl]
Cov[®Y;_1 +e, Yio]
D Vy ...

Cov[®Y;_1 +¢€t, Y k]
q)k

Bayesian VARs

— DVy
= ®Cov[Ys, Yi-1]

= okvy,
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Forecasting with a VAR

Consider for example a VAR(1) Y; = u + PY;_1 + €. Its MSFE-optimal
forecast is:
Yit1 = E(Yes1|le) = p+ @Yy

What happens if we go further ahead in the forecasting horizon?

Vio=pu+0Vi1 = u+®(u+0Y;) =+ ou+ %Y,

IMPORTANT: the notation ®? means ® = ®®, which is different from
squaring the elements of ®!

The h-step ahead forecast is:

Vieh =+ Pu+®u+ ..+ 1yt oy,

If the horizon is infinite, we have:

Vitoo = (521 @)p = (I — @) ' = E[Yy]
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Bayesian Vector Autoregressions

Forecast errors

@ The 1-step ahead forecast error is:

Virr = Yer — E(Yegalh)
Yier — (p+DYe)
= (ﬂ+¢)Yt+€t+1)—(]/l+q>Yt):€t+1

@ The 2-step ahead forecast error is:

Vira = Yeio — E(Yes2lle)
= (Ut @Y1 +er) — (p+Pu+ DY)
= OV +er2 —Ou—PY;
= O(Yep1 —(p+ Y1) +ee42
Dery1 + €142
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Forecast errors

@ The h-step ahead forecast error is:

Vieh = Yien — E(YVegnllt)
_ h _i
= "o+ Deppg E4h = ijl ol Tery

@ The variance of the h-step ahead forecast error is:
Var(veyp) = @120V | 4 ®Xd' + %

where X is the variance (matrix) of the error term &;.
@ As in the univariate case, the forecast errors are correlated with correlation:

COV(VT+21 Vl’-‘rl) = COV(CD£t+1 + €42, £t+1) = P
Cov(visz, vey1) = Cov(D%erpq + Pepin +er13,6041) = DL
Cov(Viph, Viy1) = COV((Dh7j£t+j + o Epg1) = dh-iy,
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Variance decomposition

@ The expression
Var(veyp) = @120V 4 4 ®Xd + %

is particularly useful because it can be use to decompose the total variance of
the innovations v, 4 in the contributions given by each of the variables in the

VAR.
@ However, in order to do so in an economically meaningful way one needs to
"rotate" the errors ¢; so that they are orthogonal

@ The simplest (but by no means the only) way to do so is by defining:
_ a1 ; _
et = Ay ug, with Var(ur) = A,
with Aal lower triangular with ones on the main diagonal, and A diagonal.

By construction we have:
Y= AytAaAyY
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Bayesian Vector Autoregressions

MA Representation of Stationary VARs

e Example with VAR(1):

Ye = p+P1Yi1+er
(I —®1L)Y:y = u-+er (AR representation, ®(L) = (I — P1L))
Yi = u+®P1Yi1+e

= u+&1(p+P1Yr2+er1)+er
= u+O(p+P1(p+P1Yez+ero)ter1)ter

= u(l+®1+ P+ ...+ OT)
+(I+PIL+ D32 4 .+ DLy
= ull(1) +TI(L)e; (MA, TI(L) = (I — P1L)7h)
(1) — (I—@®1) tand u(l—®1)"! =uy, then
Ye = p(l—®1) t+TI(L)er = py + (L)
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Bayesian Vector Autoregressions

MA Representation and impulse responses.

@ The MA representation can be used to compute impulse responses:
CID(L) Y = Ut e & Y = Uy +H(L)St

o Define the notation IT(L) = / 4 Tg 4 TIyL + ... + IT,L" + ..., where TT; has
generic element [IT]; ;. We have:

9Yitrh = [11)]; ;
9¢; ¢ 1
@ As with the variance decomposition, there is not too much economic meaning
unless we rotate the disturbances. Defining again

er = Ay tup, with Var(ue) = A,
allows to compute instead:

Yitth

= [IT*
auj,t [ I]

iJ

where
Yt = ‘uy —I—I—I(L)Aalut = ]/ly +H*(L)Ut
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VARs - Multivariate regression representation

o Consider the following VAR:
ye=By+ Byt 1+ By o+ ...+ Bpyr—pt+ut

e By collecting B = (By, Bi, ..., Bp)' of dimension N x k (where k = 1+ Np)
and x¢ = (L y,_1,¥] 5 ...,y{_p)’ of dimension k X 1 we have:

Yt = B/Xy_L =+ vt.

@ Now consider the equations for all observations t =1, ..., T. By stacking
them by columns and then transposing the system we get the multivariate
regression:

Y = X B + V V~N©O %)
TxN Txk kxN — TxN NxN
where Y is a data-matrix with rows y{, X is a data-matrix with rows
xt=(Lyl_1.Yi_o ...,y{fp) and V is a data-matrix with rows v;.

@ The FIML estimator coincides with OLS and is B = (X'X)~1X'Y

Andrea Carriero (QMUL) Bayesian VARs January 2018 16 / 69



Bayesian Vector Autoregressions

VARs - Vectorized representation

@ Vectorizing:

vec(Y) = vec(X B) + vec(V) V~NO %)
TxN Txk kxN TxN NxN

gives:
y=(Un®X)p+v v~N0OI®IT)
@ The OLS estimator is:

B= (v ® (X'X)"1X")y = vec((X'X) ' X'Y)

that is, equation by equation is equivalent to FIML system estimation.
@ This happens because of the peculiar structure of X ® /7

@ The VAR is a special case of a SUR model in which all the regressors are the
same. If we impose some restrictions on the coefficients of the VAR then it
becomes a SUR model in which the regressors in each equation are different,
hence FIML or 3SLS would be required.
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Inference based on OLS estimator

If the VAR model is stable, OLS estimator is normally distributed in large
samples.

@ It is consistent (but only if the VAR has sufficient lags to ensure the error is a
MDS)

Testing simple hypotheses: t-stat's are standard normally dist'd.

Testing joint hypotheses: F-stat's follow F-dist's.

Multiple equations and F-test: You may want to test hypotheses involving
several equations. For example, Hy : B, =0 in Y; = Zle BjY;_j+¢€t. You
can use F- or LR-statistics for this since the OLS estimators across equations
are jointly normally distributed.
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Bayesian Vector Autoregressions

Inference based on OLS estimator

@ Some things that are much harder to do on the basis of OLS estimates are:

e Impulse responses
e Variance decompositions
o Forecasts (for h>1, both point and density)

@ This is because all the functions above are nonlinear functions of the VAR
coefficients!

@ For proper inference, we need to use the delta method, or bootstrap
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Bayesian VARs

@ The outstanding ability of Bayesian methods in forecasting has been known
since the works of Litterman (1979) and Doan, Litterman, and Sims (1984)

@ Bayesian VARs offer three main advantages.

@ They are particularly well suited in handling very large cross-sections of data,
even when the time series available are short.

@ They offer a theoretically grounded way to impose judgmental information and
a-priori beliefs in the model.

© They provide a natural environment to produce forecasts of the whole
distribution of a time series, i.e. fan charts.
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Bayesian VARs

200% 7
=Actual {Monthly CPl inflation, US}

1.50%

1.00%

0.50% | r
|

000% T

1980

-0.50%

RMSFE=0.29%

-l00% -

———small VAR forecast

2005

Small VAR

Bayesian VARs

January 2018 21/ 69



Bayesian VARs
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Bayesian VARs
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Bayesian VARs

In a Bayesian VAR, the matrix of coefficients B is random.

One can specify his/her beliefs on the values of B as follows:

B~ N(:BO'QO);

The vector B, is the prior mean. One can set it to the values he/she believes
in

The matrix () is the variance around ;. It measures how uncertain we are
about our prior beliefs.
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Bayesian VARs

We will now proceed to study the same 5 cases we considered for the univariate
model.

Fix the error variance with an estimate (Theil's mixed estimator)

The Natural Conjugate N-1G prior

The Independent N-1G prior

The diffuse (Jeffrey's) prior

The Normal-diffuse (Zellner's) prior
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Bayesian Vector Autoregressions

Theil mixed estimator

The simplest case is the one in which the error variance is estimated in a

preliminary step and treated as known. Combining the prior B ~ N(B;, €);) with
the likelihood:

p(y|B.2) = (1) F L ir| 2
xexpl— (y = (In®@X)B)  (E@Ir) 7 (y—(In®X)B) /2]

The conditional posterior kernel is:

p(Bly.£) o« ply|B) x p(B) « exp[— (B—By) Q" (B~ By) /2]
x exp[— (v — (In @ X)B) (£ @ I7) "t (y — (I ® X)B) /2]
« exp[— (B—By) Oy (B—By) /2]

with
Ot =0+ (e X)(Eelr)H(iIve X),
B =0 (90—150 +(IveX) (L2 /T)_l)/) :
—
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Bayesian Vector Autoregressions

Theil mixed estimator

@ This yields:
Bly, X~ N(By. )
with:

A N -1
Ol =0+ (e xx) =0, + (L, XEx)

B =M (Qg_lﬁo + (ﬁ_l ®X’)Y> = (Qo_lﬁo + (ZtT:l Xf/i_lyt)l>

this is the conditional distribution of B under the independent N-IW prior.

° As Q;l — 0 the prior information becomes irrelevant:

B — E X' X)TETeX )y = (Iye (X'X) X )y =B
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Bayesian Vector Autoregressions

The Minnesota (Litterman’s) prior

The Minnesota prior in its original implementation is of the Theil mixed
estimation form

Then, the Minnesota prior moments can also be used to specify the moments
of other form of priors (N-IW conjugate and not, Normal-diffuse).

A-priori each variable in the VAR follows a

RWy:=0+1y;—1 +0y;—2+..+0yt p+e. Thatis, for k =0,...,p,:

EBY) =1 ifi=j k=1, E[B)] =0 otherwise.

The uncertainty around such prior mean is given by:
1
Var[ ( )} )\1 X)\Q( /;éj) X 0 /U' k:]_,,p

A1 measures the tightness of the prior: when /\1 — 0 the prior is imposed
exactly, while as A; — oo estimates will approach the OLS estimates.

Ay controls the standard deviation of the prior on lags of variables other than
the dependent variable. With A, = 1 there is no distinction between lags of
the dependent variable and other variables.

A3z controls the decay over lags
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The Minnesota prior

o . . . .
- are scaling parameters. These are estimated from univariate AR
J

regressions, 6,2 /(Asz

The error variance is estimated in a preliminary step using 6',2 and assumed
diagonal.

Usually the suggested values for the hyperparameters are:
/\1:0.2; /\2:1; /\3:10r2;
but there are ways to choose these optimally (See e.g. Carriero, Clark,
Marcellino 2012 and Giannone, Lenza, Primiceri 2012)
The forecast will be then a weighted average of an OLS and a RW.

It works remarkably well in macroeconomic applications

Marginal likelihood available in closed form

One can also impose cointegration and unit roots (sharply or as a prior)

Andrea Carriero (QMUL) Bayesian VARs January 2018 29 / 69



Bayesian Vector Autoregressions

The Natural conjugate case

@ An alternative prior is the natural-conjugate:

Bly.Z ~ N(By, Qo); T~ IW(Sp,v)

where vec(By) = B, and where:
O =2 Y

@ Note that the prior for B is specified conditionally on the knowledge of 2.
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Bayesian Vector Autoregressions

Wishart and Inverse Wishart

@ We have that
T~ W(S;t v) &~ IW(Sp, 1)

@ The Wishart pdf is:
p(Zfl) « |561|7V0/2|271|7(v07N71)/2 exp{—0.5tr(2561)}

with mean E[X7!] = 1S,
@ The Inverse Wishart pdf is:

p(X) o |So|10/2|g|~ (o= N=1)/2 expf —0.5tr(£15)}

The mean E[Z] = ;—p— S0

@ This is simply the multivariate version of an inverse gamma

Andrea Carriero (QMUL) Bayesian VARs January 2018 31/ 69



Drawing from an Inverse Wishart

@ The "notional data" interpretation of this prior distribution is the information
about precision from v i.i.d. N-variate normal observations with sum of
squares Sg.

@ To draw X we can:

@ Draw a matrix A = 50_1/2 V1., Of Vo random vectors from A ~ N(0, Iy);

NxN Nxvg
@ The quantity (AA") = v/Sy v is a random draw from W (o, Sp)
Q (AA")~! = (v'Sytv)~lis a draw from the corresponding Inverse Wishart
/W(Uo, 50).
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Matricvariate Normal

@ The p x g matrix X is said to have a matricvariate normal distribution:
Z ~ MN(M, Q,P)

where M is p X g and P and @ are positive definite symmetric matrices of
dimensions p X p and g X q if x = vec(X) is multivariate normal:

z ~ N(vec(M), Q® P)
@ The density is:
p(X) = 21792 |Qe P72

< exp |2 (2~ vec(M))' (@@ P (2 - vec<M>>}
— 27 PI2|Q P2 P 2 exp [;tr {ez-myP Yz~ M)}]

where we used tr(ABCD) = vec(A") (D' @ B)vec(C).
Bayesian VAR (P



Bayesian Vector Autoregressions

Multivariate regression likelihood

In the case of the multivariate regression we have that:

Y = X B + V V~MNQO, % , Ir)
TxN Txk kxN TxN NxN
with likelihood:
p(B.EIY) = 2m P2 |x| T/2 ) 7K/

exp [;tr {2—1(Y XB)’(YXB)}}
« 277072 g [—;tr {z—l(v —XB)(v - XB)}}
|Z|_k/2 exp {—;tr {Zfl(B — B) (B - B)}}

which is in the form of an X ~ IW(5, T — k) times a matricvariate normal for B
conditional on X
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Bayesian Vector Autoregressions

The Natural conjugate case

This prior yields the following posterior kernel:
(T— 1 A
p(B,d?|Y) o« |Z (T=h)72 oxp {—tr{Z_ls}]
2
_ 1
|Z| (vo+n+1)/2 exp {—ztr {2150}]
2|7 exp | -
2|7 exp | -

|Z|7(v1+n+1)/2

=] 2 exp |-
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Bayesian Vector Autoregressions

The Natural conjugate case

@ Thatis

B|Y,E ~ MN(Bi, %, ¥1); £~ IW(S1,v1)

with:

V1
51
b4
B

0 =2%

vo+ T,

So+ Y'Y +By¥y By — Bi¥{ B
(Fo ! +X'X)71,

Y1 (Yo !B+ X'Y)

e Equivalently for vec(B;) = By:

Bly, Z~ N(By, Z®@¥1); Z~ IW(S51,v1)

Andrea Carriero (QMUL)
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Bayesian Vector Autoregressions

The Natural conjugate case : symmetry

This posterior kernel can also be written in the multivariate normal form:

p(B.o*|Y)
THug—1-N 1
« |Z|7T 7 exp {2”(502_1)}

=1} exp { “3 (= (Un X)) (Z@I7) " (y = (Iy © X)B)
—3(B—By) O, (B— By)

which has a matricvariate representation because le =31 ®‘T’61 and
var(v) = L Q It.
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Bayesian Vector Autoregressions

The Natural conjugate prior : symmetry

Note that the expression for the posterior variance can be obtained using the
formulas we used before, and exploiting the Kronecker structure:

Ot = QM+ (e X)(EZe ) HIve X)
= T le¥hH+ = texX)

Symmetric Prior Symmetric likelihood

= e +X'X) = oY !

However, to do this we need to assume Q;l has a Kronecker structure and is
specified under knowledge of X!
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Bayesian Vector Autoregressions

Advantages of the natural conjugate prior

@ Advantages:

© Simple MC sampling: p(B|Z, y)p(Z]y) = p(B,Z|y)
@ Computational complexity of order N3 rather than N® —use
chol(¥1) * rand(k, N) % chol (2)’

© Marginal likelihood exists in closed form: p(y) = [P(ﬁflfgfz(iy);:(;(‘}}//l)ﬂ.i)

@ Implementable with dummy variables

@ Shortcoming: no asymmetric priors are allowed (also, no asymmetric
likelihoods, e.g. no stochastic volatility)
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Monte Carlo sampling

@ Simple MC sampling from the joint posterior p(B, X|y)
o Draw p(Zly)
o Draw p(BIZ,y)

@ To draw X we can:

@ Draw a matrix A = 5(;1/2 Vi, Of Vo random vectors from A ~ N(0, Iy);
NxN Nxvg
@ The quantity (AA') = V/SO_IV is a random draw from W (vg, Sp)
Q (AA)~1 = (vV/Sytv)Lis a draw from the corresponding Inverse Wishart
IW(U(), So).
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Computational gains

Drawing a sequence of 8 can be in general rather demanding, but in this case
the matricvariate structure considerably speeds up the computations.

An intuitive way to draw f, conditionally on a draw of the error variance %, is:
vec(B) = vec(By) + chol (X ®¥1) X v (3)

where v is a kN x 1 standard Gaussian vector process.

The Choleski decomposition above requires (kN)3 elementary operations.

However by organizing the elements of v in a kK X N matrix V such that
v = vec(V), one could draw the matrix & as follows:

® = By + chol (Y1) x V x chol(Z)". (4)

o This speeds up the computations by a factor of N3, because the two Choleski
decompositions chol(€)) and chol(X) require only k3 4+ N3 operations
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Bayesian Vector Autoregressions

Marginal Likelihood

The marginal likelihood is matricvariate t:
y=(Un@X)B+e
with e ~ N(0, 2 ®[). Since B|X ~ N(B;, X ® ¥g) then
(v @ X)BIZ ~ N((Iy @ X)Bo, (Iy @ X)(E@¥1)(Iy @ X)),
It follows that

yIE ~ NIy ®X)By (In@X)(E@Y0)(Iy®X) +(Z@1))
= N((Iy ®X)By, Z® (X¥oX +®1))

because ¢ and B are independent when conditioning on ¢
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Bayesian Vector Autoregressions

Marginal Likelihood

This is a normal, and X an inverse Wishart, so integrating this out gives a t:
y ~ t((In @ X)By, (XFoX' +1), So, vo)

which has pdf:

—TN 1N vo FN(VOELT)
p(Y) = 78 (1 4+ XOpX!) 1| x 5o % x T2
I'n(2)
vo+T
X [So + (Y = XBp) (1 + X X')"L(Y — XBy)|~ 7, (5)

derivation based on theorem A.19 in Bauwens, Lubrano and Richard (1999)
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Bayesian Vector Autoregressions

Marginal Likelihood

@ Since
So+ (Y = XBo) (I + XQX) 1Y — XBy) = 51,
and
[XQoX' +1] = | Qo] [ Q|
this gives:

T _N 7v+T
;TNXFN(%) 10117 V/2 |5,

p(Y)=m2 v
( ) rN(TO) |QO‘7N/2 |50|7Vo/2

(6)

@ A similar expression can be obtained for the Litterman prior (fixed variance

matrix).
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Bayesian Vector Autoregressions

Hyperparameters (tightness)

@ The value of the marginal likelihood in (6) is provided by default in some
computer packages such as Eviews.

@ Del Negro and Schorfheide (2004), Carriero, Kapetanios, and Marcellino
(2012): choose prior tightness by maximizing the marginal data density of
the model

o Giannone, Lenza, Primiceri (2016): treat tightness as a coefficient and
estimate it.
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Bayesian Vector Autoregressions

How to elicit the prior moments

@ How to specify the prior moments?

@ Use very well known stylized fact on macroeconomic time series. Litterman
(1979) and Doan, Litterman, and Sims (1984)

@ Use beliefs about the long run values of the variables (Villani 2011)

@ Use economic or finance theory (Ingrahm and Whiteman 1989, Del Negro
and Schorfheide 2004, Carriero 2015)
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Dummy variable implementation of priors

e Method 1 (fixed variance).
Model y = (Iy ® X)B+ v v~ N(0,X2® IT). We believe
that B ~ N(Bg, €),), which can be written as:

—UZ(,B—,Bo)NN(OrQo)_HBOZIB—’_U

and appended to the system:

)= Lot o[ ([2])- (%

*

0
2@/7’

@ This system can be estimated with GLS (Theil 1971). The GLS estimator

bis:
b (Z/*Q*_lz*)*l (Z/*Q*—ly*)

@ Using Q) = X ® It we can get back to the formula given before:

(O B+ (I X) (E@Ir)ty) =B
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Dummy variable implementation of priors

e Method 2 (random variance) (e.g. Sims and Zha)
@ Consider the conjugate N-IW prior, and assume we can write it as follows:

-1 -1
Oy = (XbXD) By = (XbXD) (XpYp)
So = (Yp—XpBo) (Yo —XpBo); vo=Tp
where Xp is a Tp X k matrix and Yp is a Tp X N matrix. Intuitively,
these are the moments of a regression of Yp on Xp.
@ For models imposing priors based on known and linear restrictions, one can
find such matrices.
@ The posterior moments are:
Ol=0,'+Zz=XXp+2'Z
B=0(Qy'By+X'Y) = (XpXp + X' X)L (XpYp + X'Y)

Andrea Carriero (QMUL) Bayesian VARs January 2018 48 / 69



Dummy variable implementation of priors

e Method 3 (random variance, nonlinear) Del Negro and Schorfheide. Close
to Method 2, but can handle cases where the restrictions towards which the
prior shrink can not be easily written using Yp and Xp, e.g. because they
are nonlinear (and possibly depend hyerarchically on some hyperparameter).

@ Just add pseudo-observations to the model:

TN K TN z 0
EANESTR A NATIORES
T*xN T*xk kxN T*xN

@ The posterior mean will be:

, X 1 ’ Y

[ X/ x'* ] Txk [ X/ X' :I TxN
Txk * X Txk * Y

X T*xk TEk X T*xk TEuN

_ (X,X+X*/X*)71(XIY+X*IY*)
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Bayesian Vector Autoregressions

Dummy variable implementation of priors

@ To remove the stochastic variation, use the population moments.

By = (X'X+EX'X])"YX'Y+E[XYY"])
(X'X + Ty (0) "1 (XY + T xry (6))

@ This means you do not actually need to simulate the artificial data!

@ Hyerarchical approach: model the hyperparameters 6
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Problems of the conjugate prior

o Conjugate prior is restrictive, as highlighted by Rothenberg (1963), Zellner
(1973), Kadiyala and Karlsson (1993, 1997), and Sims and Zha (1998)

@ There are many situations in which the form £ ® ¥ can turn out to be
particularly unappealing

First, it prevents permitting any asymmetry in the prior across equations,
because the coefficients of each equation feature the same prior variance
matrix ¥o (up to a scale factor given by the elements of X).

For example, the traditional Minnesota prior in the original Litterman (1986)
implementation can not be cast in such a convenient form, because it
imposes cross-variable shrinkage on lags of variables

Consider the case of a bivariate VAR in the variables y; and y» and suppose
that the researcher has a strong prior belief that y» does not Granger cause
y1, while he has not strong beliefs that y» itself follows a univariate
stationary process. This system of beliefs would require shrinking strongly
towards zero the coefficients attached to y» in the equation for y; and not
viceversa.

Andrea Carriero (QMUL) Bayesian VARs January 2018 51 / 69



Problems of the conjugate prior

@ Second, the Kronecker structure X ® ¥ implies the unappealing
consequence that prior beliefs must be correlated across the equations of the
reduced form representation of the VAR, with a correlation structure
proportional to that of the disturbances (as described by the matrix X).

e Sims and Zha (1998) discuss in depth this issue, and propose an approach
which allows for a more reasonable structure of the coefficient prior variance,
which attains computational gains of order O(NQ). Their approach is based
on eliciting a prior featuring independence among the structural equations of
the system, but does not achieve computational gains for an asymmetric prior
on the reduced form equations coefficients.
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Sims and Zha approach

@ In particular, the approach of Sims and Zha (1998) achieves conceptual and
computational gains by

o (i) working on the structural representation of the VAR, in which the matrix of
the errors is diagonal

o (ii) allowing independence across the coefficients belonging to different
structural equations, which amounts to the prior variance of the coefficients
being block-diagonal, which is desirable as it breaks the unreasonable
symmetry across equations implied by the conjugate N-IW prior.

@ These two ingredients ensure that the posterior variance matrix has a
block-diagonal structure, and therefore achieves computational gains of order
N2

@ However, such strategy still implies that the beliefs about the reduced form
coefficients are correlated across equations in a way that depends on the
covariance of the reduced form errors of the model, and gains are not
attainable if one wants to impose an asymmetric prior on these reduced form
coefficients
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Bayesian Vector Autoregressions

The Jeffrey's prior

@ This is the limiting case of the conjugate.
o It is specified as:
_N+1
p(p.X) o [

o It delivers:
Bly,Z~ N Z@Y¥1); T~ IW(S,v1)

with:
Y, = (X'X)h =T
Bi = (X'X)"HX'Y) = Bors
Si = YY-BY !B =YY-VYXXX) XY =EE

where E is the matrix of OLS residuals.
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Bayesian Vector Autoregressions

The independent N-IW prior

@ In this case:
B~ N(By Q) Z~ IW(vo,S0)

@ The conditional posterior of j is

Bly. L~ N(By. () (7)

with
0= (O '+ tex'Xx)

Br=u (O B+ (T @ X)y)
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Bayesian Vector Autoregressions

The independent N-IW prior

@ The conditional posterior of X is
Z|y,,3 ~ /W(Sl =5+S vi=vy+ T)

where
S=(y—(ne@X)B)(y - (In®X)B)
@ The joint posterior p(B, X|y) and the marginals can be obtained by drawing
in turn from the conditionals using Gibbs sampling.
@ There is no closed form solution for the marginal likelihood.
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The independent N-IW prior

@ Computational time can be taxing: Consider drawing m =1, ..., M draws
from the posterior of B. To perform a draw ™ from (7), one needs to draw
a N(Np + 1)—dimensional random vector (distributed as a standard
Gaussian), denoted rand, and to compute:

B =y (Qo_lﬁo +x 1t X’)y) + chol(Q)1) X rand, (8)
where X¢ = [1,y{_1,....yi_p]|" is the (Np + 1)-dimensional vector collecting

the regressors
@ The calculation above involves computations of the order of 40(N°).
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The independent N-IW prior

e Compute:
B™ =0 (07 g + (E71 @ X)y) + chol(() x rand, (9)

@ Indeed, it is necessary to compute:

e i) the matrix ()3 by inverting
ol =0+ (e XxX); (10)

o ii) its Cholesky factor chol(Q1);
e iii) multiply the matrices obtained in i) and ii) by the vector in the curly
brackets of (8) and the vector rand respectively.

@ Since each of these operations requires O(N®) elementary operations, the
total computational complexity to compute a draw I17 is 4 x O(Nﬁ).

o Also computation of Q;'vec(y ) requires O(N®) operations but this is fixed

Frp)
across repetitions so it needs to be computed just once.
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The independent N-IW prior

Some speed improvements can be obtained as follows.

@ Define Q;l = C'C where C is an upper triangular matrix and C’ is therefore
the Cholesky factor of Qfl. It follows that Q; = C~1C'~1 with C~1 upper
triangular.

@ Clearly, draws from C~! x rand will have variance Q)1 so we can use
C~1 x rand rather than cho/(Q1) x rand.

@ Moreover we can substitute Q3 = C~1C’~1 in (8) and take C~! as common
factor to obtain:

pr=ct [C‘l’ {Qo‘lﬁo + (@t ®X’)y} +rand] : (11)
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The independent N-IW prior

@ In the above expression C is triangular so its inversion is less expensive, in
particular one can simply use the command for backward solution of a linear
system as suggested by Chan (2015) instead of inverting the matrices:

™ = C\ [\ {0 o + (=7t @ X')y | + rand] (12)

where X = C\ B is the matrix division of C into B, which is roughly the same
as C71B , except it is computed as the solution of the equation CX = B.

@ A draw in this case still requires the computation of the Cholesky factor of
Qﬁl and its inversion, but the multiplications are avoided. Using (12) to
perform a draw requires only 20(N©).

@ While this is twice as fast as using (8), it is just a linear improvement and it
is not sufficient to solve the bottleneck in estimation of large systems
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Triangularization

o Carriero, Clark, Marcellino (2016) introduce an estimation method that
solves the problems we discussed above.

@ It does so simply by blocking the conditional posterior distribution in N
different blocks.

@ Recall that in the step of the Gibbs sampler that involves drawing ™, all of
the remaining model coefficients are given, and consider the decomposition
Y = A1AAY which gives:

ve = ATLADPe,

Vit 1 0 .. 0 A0 0 €1t
e | | a1 1 0 A9 €t

. 1 0 .0
VNt 37\/,1 a>‘f\/,/\/,l 1 0 0 )\?\]5 €Nt

where aj’-‘i and /\?‘5 are available under knowledge of X.

Andrea Carriero (QMUL) Bayesian VARs January 2018 61 / 69



Triangularization

@ We will also denote by ‘[S(i) the vector of coefficients for equation i contained
in row i of B, for the intercept and coefficients on lagged y;. The VAR can
be written as:

ﬁi’,),y,-,tf/ +A%2e1

|
e

+
™M=
=

Yt
i=11=1
N p .
yoe = B AN B i+ as AV Rer c + ASTen
i=1/=1
N p
YNt = :3(0) 22 N/y/t /+aN1A1t€1t+

. 0.5
+3N,N—1/\N71,t€N—1,t +ANEN, ¢

Consider estimating these equations in order from j =1 to j = N. When
estimating the generic equation j the term on the left hand side is known
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Triangularization

@ Therefore, we can define:

y_]f‘jt = yj,t’ — (ajl)\?;EE]ﬂt +...+ aj(,,j 1)\ -1, tej 1, t) (13)

@ The generic equation for variable j is:

0) 2 (i)
+ZZ //t/+)\ € t- (14)

and equation (14) becomes a standard generalized linear regression model for
the variables in equation (13), with independent Gaussian disturbances with
mean 0 and variance A; ;.
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Posterior triangularization

@ The distribution (7) can be factorized as:

p(BIA, AT.y) = p(pMpN=L pN=2) g1 A A7, y)
Xp(ﬁ(N—1)|[3(N—2)’ - -,ﬁ(l),A,AT,y)

IXp(,B(l)|A,A,y), (15)

with generic element:

= p(B{j}|B{1J*1},A, DA y)
x p(y|B{f}yB{lzj—l}yAyA)p(B{J‘}|B{1:j—1})'

where BU} = ﬁ(j)/ denotes the (transposed of the) j-th row of the matrix
B, and B{1Y=1} 3|l of the previous 1, ...,j — 1 rows (transposed).

@ The term p(y|B{j}, B{lzjfl},A,A) is the likelihood of equation j

o The term p(BU} BI1Y=1}) is the prior on the coefficients of the j-th

equation, conditionally on the previous equations.
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Posterior moments

o It follows that using the factorization in (15) together with the model in (14)

allows one to draw the coefficients of the matrix B in separate blocks
B} which can be obtained from:

BUN B A Ay ~ N(figy, Opuy)

with
1 2 1

_ — _ —1_ %/
Uiy = QB{J'} QB{J‘}EB{/} + Z Xjrt}\jvt Yjt

t=1

1 1 i 1
N _ — /
Qg Qg+ Zi XA e X
t=

where yj*t is defined in (13) and where Qgij} and jt .,y denote the prior

(16)

moments on the j-th equation, given by the j-th column of Hg and the j-th

block on the diagonal of 651.

@ Note we have implicitly assumed here that the matrix le is block diagonal.

This assumption can be easily relaxed
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MC sampling of B

The joint posterior distribution of B can be simulated recursively in separate
blocks B}, {2} g{1} {3} g{1:2} | BIN}|BILN=1} ysing (16).

This amounts to simple Monte Carlo simulation

This MC will produce draws numerically identical to those that would be
obtained using system-wide estimation

Any difference in the simulated posterior draws will be due to random
variation (which eventually vanishes) and rounding numerical errors.

o The total computational complexity of this estimation algorithm is O(N*).
This is considerably smaller than the complexity of O(Nﬁ) implied by the
standard estimation algorithm, with a gain of N2.
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Prior dependence

@ There might be cases in which a researcher wishes to specify priors which
feature correlations across coefficients belonging to different equations.

@ For this case, the general form of the posterior can be obtained easily using a
similar triangularization argument on the joint prior distribution, and equation
(16) generalizes to:

BUYN B~ A Ay ~ N(ft g1, Qging-1)

with
_ 1, %
Hplitj-13 = B{J\lj 1} {Z ty_/*t "’QB{JHJ B H - 1}}
a1 _ -1 —1y/
Qg1 = Qg{j\l:j—l} + 2 Xj,t}‘j,t th
t=1

where p o1y and Qpgpj1y are the moments of
BUY|B{Li-1} ~ N(p g -1y Qptini-1y). i-e. the conditional priors (for

equation j conditional on all of the previous equations) implied by the joint
prior specification.
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Prior dependence

@ The conditional prior moments can be obtained recursively using (??) and
standard results on multivariate Gaussian distributions:
gili-1}

_ -1
Hgunsy = Hgiy T Qa0 Qg1 ( _EB{LJA})'

_ -1 /
QB{/H:H} = QB{J}_QB{U][LJ*H}QB{[IJ—I][lzj—l]}QB{[j][l:j—l]}

where Q) ;) denotes the block of Qp corresponding to equation j,
Qpginj-1py-1y denotes all the blocks on the main block-diagonal, north-west
of Qpyy, and Qg ypy-1); denotes all the blocks to the left of Qg .

@ The computational cost of deriving these conditional prior moments is
negligible as they need to be computed only once outside the main MCMC
sampler.

@ Clearly in case of a prior independent across equations Q (-1} is a zero
matrix and these expressions simplify to pt 0 1y = ppy
and Qgpj1; = Qgyy, yielding (17) and (18).
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The Normal-diffuse (Zellner's) prior

@ In this case:

IESY
B~ N(By Q) p(E) o [Z]7 72
@ The posteriors are:

Bly.Z ~ N(By, )
Zly.p ~ IW(ST)
where B;,0)1 and S are:

0= (O '+ tex'Xx)?

B =01 (0718 + (X @ X')y)
S=(—Un®X)B)(y = (In®X)B)
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